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The work concerns the use of differential equations to modeling the process of manufacturing machine
parts by a casting method. Making a casting with good strength properties is a difficult task and usually
requires numerous computer simulations and their experimental verification at the prototyping stage.
Computer simulations are then of priority importance in determining the appropriate parameters of
the casting process and in selecting the dimensions of the riser for the casting fed with it. This requires
complex mathematical and numerical models that take into account thermal, flow and contraction
phenomena, but allow obtaining the results of numerical simulations effectively. The aim is to obtain
a casting free from shrinkage defects. This type of research is still valid and requires continuous
development. The paper presents the mathematical model and the results of numerical simulations
of the casting creation process. The basic physical phenomena of the metal solidification process in
the casting-riser system were modeled using the Finite Element Method (FEM). A partial differential
equation describing the course of thermal phenomena in the process of 3D casting creation was applied.
This equation was supplemented with appropriate boundary and initial conditions that define the
physical problem under consideration. In numerical simulations, by selecting the appropriate riser,
an attempt was made to obtain a casting without internal defects, using a simple method of identifying
their location. This is the main aim of the research as such defects in the casting disqualify it from use.
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1. Introduction

Constantly increasing customer demands for the
production of high-quality castings result in an in-
tensive technological development of their produc-
tion methods demanding continuous researches.
These studies are mainly aimed at obtaining cast-
ings without internal defects of the high strength
properties [1, 2]. Research on real objects is difficult
due to high temperatures occurring there, which is
why computer simulations make it possible to im-
prove casting methods [1–10]. For the analysis of
the casting process in a three-dimensional space,
an appropriate mathematical model should be for-
mulated, taking into account only the most impor-
tant phenomena occurring in the casting creation
process. It is connected with the necessity to ob-
tain an effective numerical solution, especially when
we only have a general-purpose program while per-
forming numerical simulations [5–7, 10]. The com-
plexity of the mathematical model is less important
in the case of expensive programs mainly dedicated
to foundry [1–4, 9]. Some researchers neglect the

movements of liquid metal in the numerical analysis
of the solidification process [5–7], but, in turn, they
focus on the analysis of the formation and growth
of a shrinkage cavity in the casting process [7].

This article analyzes the solidification process of
a casting using a model in which the movements
of the molten metal were neglected. By compar-
ing the obtained calculation results with the results
presented in [9], obtained taking into account the
movements of the liquid metal, their good agree-
ment can be stated. The effectiveness of feeding the
casting through the molten metal from the riser was
checked with the assumed dimensions of the riser in
the shape of a cylinder or a cone. By observing
the permanently changing shape of the solidus line,
it was assessed whether it was closed in the area
of the casting feed. Such a situation would mean
no feeding of this area with liquid metal from the
riser and the formation of shrinkage defects at this
point of the casting. We avoid this situation by
selecting the appropriate shape of the riser for the
casting under consideration, which was the aim of
this work.
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2. Mathematical model

The proposed model for the numerical simulation
of a casting solidification is based on the solution of
the heat conductivity equation [5–8]:

∇ ·
(
λ(T )∇T (r, t)

)
+ ρsL

d

dt
fs
(
T (r, t)

)
=

ρC(T )
∂T (r, t)

∂t
, (1)

where: T — the temperature [K], λ(T ) — the
thermal conductivity coefficient [W/(m K)], ρ(T )
— the density [kg/m3], C(T ) — the specific heat
[J/(kg K)], L — the latent heat of solidification
[J/kg], fs — the volume fraction of solid phase
fs ∈ [0, 1], ρs — the density of solid phase [kg/m3],
t — the time [s] and r(x, y, z) — the coordinates of
the vector of a considered node’s position [m].

Since the solidification front has been assumed as
fuzzy, the internal heat sources are not evident in
the equation of heat conductivity. Thus, the differ-
ential equation is assumed in the form [5–8]

∇ ·
(
λ∇T

)
− ρCef

∂T

∂t
= 0. (2)

In the applied model of solid phase growth, the
heat of phase transformation to the effective spe-
cific heat is introduced. In addition, assuming the
linear function of the solid phase fraction, the effec-
tive specific heat (Cef) for each phase is determined
as follows [5–7]

Cef(T ) =


cl(T ), T > Tl,

cls(T ) +
L

Tl−Ts
, Ts < T < Tl,

cs(T ), T < Ts,

(3)

where Tl, Ts — the liquidus and solidus tempera-
ture of the analyzed alloy [K] and cl, cls, cs — the
specific heat of the liquid phase, the mushy zone
and the solid phase [J/(kgK)], respectively.

The heat conductivity equation (2) was supple-
mented with appropriate initial conditions and the
boundary conditions.

Fig. 1. The cross-section of the casting-mould sys-
tem and identification of sub-regions of the consid-
ered region.

The initial conditions for temperature fields are
given as [5–7]

T (r, t0) = T0(x, y, z) =


Tm on Γg

Tin in Ωl

Tm in Ωm

. (4)

The boundary conditions, on the indicated sur-
faces (Fig. 1), specified in the considered problem
were as follows [5–7]:

λm
∂Tm
∂n

∣∣∣
Γm

= −αm

(
Tm

∣∣∣
Γm

− Ta
)
, (5)

λs
∂Ts
∂n

∣∣∣
Γg−

= λg
∂Tg
∂n

∣∣∣
Γg−

, (6)

λg
∂Tg
∂n

∣∣∣
Γg+

= λm
∂Tm
∂n

∣∣∣
Γg+

, (7)

and also
∂T

∂n

∣∣∣
Γ1−1

= 0, (8)

where Ta is the ambient temperature [K], Tm and Tg
— the temperature of the mould and the gap (pro-
tective coating) [K], respectively, λm, λg and λs —
the thermal conductivity coefficient of the mould,
the gap and the solid phase, respectively [W/(m K],
αm — the heat-transfer coefficient between the
mould and ambient [W/(m2 K)] and n — the out-
ward unit normal surface vector [m].

The numerical model uses the finite element
method in the weighted residuals formulation [5–8].

3. Examples of numerical calculations

To analyze the impact of the riser shape on
solidification of the casting, the following three-
dimensional system of casting-mould was consid-
ered (Fig. 1). The mould is a cross section 360×320
and 360 mm in thickness and its internal surface is
covered with an insulating coat. This insulating
coat is made from a water suspension of quartzite
dust with 2 mm thickness. The overall dimen-
sions of the casting are equal to ϕ240 × 90 mm.
Since the computer calculations of the casting to-
gether with the conical or cylindrical riser are made,
the dimensions of the cylindrical riser amount to
ϕ85 × 150 mm and of the conical riser are equal
ϕ85× ϕ140× 150 mm.

The numerical calculations were carried out for
the casting made of low-carbon cast steel and the
steel mould. The thermo-physical properties were
taken from [1, 2, 5] and are summarized in Table I
for the casting and Table II for other regions under
consideration.

The overheated metal with temperature of
Tin = 1850 K was poured into the steel mould with
initial temperature Tm = 350 K. The heat-transfer
coefficient between the mould and ambient was
equal to αm = 200 W/(m2K) and on the upper
surface of the riser between the slag and ambient
αs = 1 W/(m2K) [5, 7]. The ambient temperature
Ta was equal to 300 K.
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TABLE I

Material properties of the casting — cast steel.

Material property Liquid phase Solid phase
ρ [kg/m3] 7300 7800

C [J/(kg K)] 830 644
λ [W/(m K)] 23 45

Additional parameters
Tl [K] 1810
Ts [K] 1760
L [J/kg] 270000

TABLE II

Material properties used in the calculations for other
regions.

Material property Mould Protective coating
ρ [kg/m3] 7200 1600

C [J/(kg K)] 600 1670
λ [W/(m K)] 42 0.3

Fig. 2. Temperature distribution at t = 200 s
(variant I).

Fig. 3. Temperature distribution at t = 325 s
(variant I).

The professional SolidWorks Simulation program
was used for the calculations. Transient analysis
of the heat flow was carried out only by conduction
but with the change of the cooled metal phase, mod-
eled by temperature-dependent material properties
in the liquid phase of the solidifying region. The ge-
ometry of the system was divided into 545 299 tetra-
hedral finite elements that are defined by 742 553
mesh nodes.

Fig. 4. Temperature field above the solidus tem-
perature after 325 s (variant I).

Fig. 5. Temperature field above the solidus tem-
perature after 325 s (variant II).

Fig. 6. Temperature field above the solidus tem-
perature after 375 s (variant II).

The calculations were made for two riser shapes:
cylindrical (variant I) or conical (variant II). The
main difference between variants I and II consists in
the shape of the riser. The possibility of reducing
material consumption per riser was assessed, while
maintaining its functionality for feeding the casting.
Thermal phenomena, which proceeded in the mould
cavity until total solidification of the casting, were
analyzed (Figs. 2–6). The influence of the shape
change of the riser on the temperature distribution
in particular parts of the casting solidifying inside
the steel mould was determined.

Examples of calculation results are shown in the
form of temperature fields in Figs. 2–4 for the cast-
ing together with the cylindrical riser or in Figs. 5
and 6 for the conical riser. A continuous moving
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of the solidus line during the process of directional
solidification of the molten metal was observed, be-
cause it gives information about forming the casting
without shrinkage defects. If this line moves fluently
to the riser, where the solidification process of the
considered system should end, the casting free of
defects will be created (Fig. 6), if not, the defect
will form in the casting (Figs. 3 and 4).

4. Conclusions

The work concerns a computer simulation of the
unsteady process of the cast steel solidification in
a metal mould using the finite element method.
The solidification process of the molten metal in
the three-dimensional cast–riser–mould system
was analyzed, evaluating whether the conditions
are conducive to the formation of shrinkage de-
fects. Numerical calculations were made with
the assumption of a cylindrical or conical riser,
obtaining temperature fields allowing to follow
the position of the solidus line in subsequent
calculation stages (Figs. 2–6). It was observed
whether this line was not closing, disconnecting
the solidifying casting into smaller areas with
a difficult supply to them of liquid metal, because
this would result in a formation of a shrinkage
cavity in this place. In the final solidification
period of the system casting-cylindrical riser,
closing of the solidus line and location of the
shrinkage cavity in the upper part of the casting
was observed (Figs. 3 and 4), which proves that
such a riser did not fulfill its task. Changing the
shape of the riser to the conical one caused the
end of solidification to occur in the upper part of
the riser, which is allowed, because the riser with

the shrinkage cavity created in this way is cut off
and reprocessed (Fig. 6). Thus, the aim of this work
was achieved, because the appropriate riser was se-
lected for the solidifying casting in the metal mould
so that it was created without shrinkage defects.
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