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Based on our own research on thermodynamic properties of superconductors and a detailed review of
the available scientific publications on this topic, we have created a detailed analysis of the thermo-
dynamic critical field. The following publication allows to obtain a broader view of the importance of
the thermodynamic critical field in the process of searching for new superconducting materials with
the desired physical parameters. Understanding the thermodynamic critical field parameter is key to
comparing the thermodynamic properties of superconductors and could lead to a better understanding
of the phenomenon of superconductivity. It is especially important in terms of comparing the experi-
mental data with the data obtained using theoretical methods.
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1. Introduction

In the 1950s, starting from the general theory of
phase transitions of the second kind, Ginzburg and
Landau presented a theory describing the proper-
ties of superconductors. To this day, the equations
derived by these two Russian scientists are used by
everyone who deals with the theory of supercon-
ductivity. This developed theory allowed for a very
broad description of the thermodynamic properties
of superconductors, with particular emphasis on the
second type of superconductors. The Ginzburg and
Landau theory laid the foundations for the micro-
scopic theory of BCS superconductivity.

Many years of research by Ginzburg and Landau
allowed them finding, for example, the possibility of
assigning the phase transitions to order parameter
and the conversion of the thermodynamic potential
into a power series by its use. Moreover, Ginzburg
and Landau noticed that at a certain critical value
of the magnetic field Hc, a superconducting-normal
transition can be observed.

In 1957, Bardeen, Cooper and Schriffer began
a new chapter in conductivity research, namely
the microscopic theory of superconductivity (BCS).
This theory was used and significantly extended by
Eliashberg, thanks to which in its present form it al-
lows to determine the thermodynamic properties of
superconductors in which there are strong interac-
tions of electrons with the phonon lattice [1].

Many modern scientists have attempted to work
with Eliashberg’s equations to study new supercon-
ductors [2]. The presented results obtained on the

basis of these equations are much closer to the con-
ducted experiments than the previous applications
of the BCS theory itself. When taking into account
the strong electron-phonon pairing and the vertex
corrections, it is possible to obtain results with very
high accuracy.

2. Thermodynamic critical field

From the many described parameters, this time
we focused on the thermodynamic critical field.
Applying the Ginzburg–Landau theory, it is pos-
sible to estimate the upper critical field for a super-
conductor. We should then look at this parameter
more broadly. In the case of the analysis of the
first type of superconductors, we observe a transi-
tion between the normal and superconducting state,
induced by the magnetic field Hc, and this is the
first type of transition. According to current knowl-
edge, there are two types of the thermodynamic
critical field.

The thermodynamic critical field is expressed by
the relation

Hc(T ) =
a√

2bµ0

(
Tc − T

)
, (1)

while the second critical field of type II supercon-
ductors is described by

Hc2(T ) =
√

2κHc(T ) =
1

2πµ0ξ2
φ0, (2)

with

κ =
λL
ξ

=
me

e~

√
4b

µ0
, (3)
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Fig. 1. Thermodynamic critical fields and free en-
ergy difference between the normal and supercon-
ducting states for UHx systems.

where λL — the dependence of the depth of pene-
tration of magnetic field induction on temperature,
κ — the Ginzburg–Landau parameter which helps
to determine the type of superconductor, and µ0 is
the magnetic permeability of vacuum [3]. A very
important observation in our research is the fact
that the temperature dependence of the critical field
near Tc is a linear function and at the phase tran-
sition temperature it reaches exactly zero [4, 5].

In our studies using the Eliashberg formalism, the
thermodynamic critical field Hc is calculated using

Hc√
ρ(0)

=

√
−8π

(
∆F

ρ(0)

)
, (4)

where ρ(0) is the electron density of states in the
Fermi energy.

In our research, we also calculated the difference
between the free energy ∆F in the normal and su-
perconducting states. This is expressed as

∆F

ρ(0)
= −2π

β

M∑
n=1

(√
ω2
n + ∆2

n − |ωn|
)

×

(
ZS
n −

|ωn|√
ω2
n + ∆2

n

ZN
n

)
. (5)

Here, ZS
n and ZN

n are the wave normalization func-
tion factors.

We performed our calculations for three
uranium–hydrogen compounds based on research
of Kruglov et al. [6]. The calculation results of
the free energy and thermodynamic critical field
differences are presented in Fig. 1.

As previous studies show [7–9], hydrogenated
compounds can be expected to have a high critical
temperature to become superconducting at a rel-
atively low operating pressure. As we have also
shown in our earlier works, the formalism of the
Eliashberg equations applied to compounds with
a strong electron–phonon correlation gives excel-
lent results, unlike other calculation formulas which
often lead to an underestimation of the critical
temperature.

One can see clearly in Fig. 1 that both the free en-
ergy difference and the thermodynamic critical field

reach zero at the critical temperature. The free en-
ergy dependencies are marked with solid lines: the
orange line for UH7, the red one — for UH8, and
the blue line for UH9. Analogously, the correspond-
ing values of the thermodynamic critical field were
marked by means of orange, red and blue circles.

4. Conclusions

The Eliashberg equations play a key role in the
theoretical considerations about the superconduct-
ing state at the present moment. Their modifica-
tions, such as vertex corrections, allow for obtain-
ing better and better theoretical models and thus
are helpful in the search for high-temperature su-
perconductors.

The thermodynamic parameters obtained in this
way are the closest to the experimental data as op-
posed to other methods. Conducting research tak-
ing into account the thermodynamic parameter of
the critical field is necessary to check the induc-
tion of the superconducting state. It is also worth
paying attention to the behavior of superconduc-
tors in a magnetic field. Namely, when a strong
magnetic field with a value above Hc2 is applied to
a type II superconductor, its transition to a normal
state can be observed. If then the value of the mag-
netic field applied to this superconductor was grad-
ually reduced, a transition into a mixed state could
be observed and this transition would be a type II
transition.

In the studies on uranium hydrides described
above, as well as in the previous studies focused
on lead, the course of the thermodynamic plot of
the critical field with the same characteristic curve
shape can be observed.
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