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We discuss experimental investigations showing that above a certain size of time-reversal (T ) invariance
violation the increase of the openness of a wave chaotic system can lead to an increase of the elastic
enhancement factor, that is, an enhancement of scattering in backward direction. In the experiment,
a quantum billiard with partially violated time-reversal invariance, characterized by the T -invariance
violation parameter ξ, which varies between zero for preserved and one for completely violated
T -invariance, is simulated with a flat quarter-bow-tie microwave cavity which contains two cylindrical
ferrites that are magnetized by an external magnetic field. The elastic enhancement factor FM (η, γ, ξ) is
investigated as a function of internal absorption and openness. Particularly, we focus on the frequency
range of strongest T -invariance violation where the increase of the number of open channels causes
a boost of the elastic enhancement factor FM (η, γ, ξ), instead of the expected lowering. Our study ex-
tends our recently published investigation [Phys. Rev. E 102, 042206 (2020)] towards a higher number
of open channels and therefore larger openness of the system.
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1. Introduction

According to the Bohigas–Giannoni–Schmit con-
jecture [1], the features of quantum systems with
a chaotic classical dynamics are reflected in the fluc-
tuation properties in their eigenvalue spectra and
coincide with those of random Hermitian matrices
with Gaussian distributed entries of zero mean be-
longing to one of the three fundamental symmetry
classes, namely the orthogonal, unitary, or symplec-
tic one characterized by the parameter β = 1, 2, 4,
respectively [2]. This conjecture was verified by nu-
merous experimental and numerical studies. Typ-
ical physical systems with preserved time-reversal
(T ) invariance and a fully chaotic classical dynam-
ics exhibit the statistics of real-symmetric random
matrices from the Gaussian orthogonal ensemble
(GOE). Some examples of such systems are quan-
tum wells [3], molecular spectra [4], microwave flat
billiards [5] and microwave networks [6, 7] which
are most suitable for the experimental verification
of random matrix theory (RMT) predictions. The
spectral properties of random matrices from the
Gaussian unitary ensemble (GUE) are observed in
systems with violated T -invariance, for example in
atoms in a constant external field [8], graphene

quantum dots [9], the Rydberg excitons [10], nu-
clear reactions [11, 12], microwave billiards [13, 14]
and microwave networks [15, 16]. Random ma-
trix theory was also successfully applied to sys-
tems with partially broken time reversal symme-
try [17, 18]. These studies have become an in-
spiration for the experimental analysis of physical
systems that exhibit the transition from GOE and
GUE behaviour [19, 20]. The transition from Pois-
sonian level statistics exhibited by classically inte-
grable systems to GOE or GUE statistics leading to
level correlations was also studied [21–25].

The specific features of the complicated scatter-
ing systems belonging to different symmetry classes
can be characterized quantitatively by the elastic
enhancement factor F (β)

M (η, γ), which is expressed
as the ratio of the elastic and inelastic scattering
S-matrix autocorrelation coefficients [26, 27]. It was
introduced by Moldauer [28] and investigated in
nuclear physics [29–32]. Its universality was thor-
oughly studied theoretically [30, 33] and experimen-
tally in various systems, including microwave cavi-
ties [5, 19, 27, 34–46] and microwave networks sim-
ulating chaotic quantum graphs with preserved and
violated time reversal symmetry [6, 16, 47–52]. The
above simulators are complemented by experiments
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with the Rydberg atoms strongly driven by mi-
crowave fields [53–65]. The enhancement factor de-
pends on the openness η = MT of a chaotic sys-
tem [31, 32], where M is the number of identi-
cal scattering channels i. In turn, T = 1

M

∑M
i=1 Ti

is the average of the transmission coefficients for
Ti = 1− |〈Sii〉|2 with 〈Sii〉 denoting the average
elastic S-matrix [31, 32]. The transmission coeffi-
cients provide a measure for the size of the coupling
of the scattering channels to the interior states.
The enhancement factor F (β)

M (η, γ) also depends on
the size of the internal absorption γ = 2πΓ/∆.
Here, ∆ denotes the mean resonance spacing and
Γ is the average resonance width, which in the ex-
periments with a microwave cavity consists of the
internal absorption width Γcav and the width Γesc

due to the impact of additional open channels which
describe the coupling between the scattering chan-
nels i, that is, the antennas and the interior region.

In this paper, we extend our experimental
study [20] towards larger openness η = M T , with
M = 12, thereby confirming that the increase of
the openness of a microwave cavity with partially
violated T -invariance can lead to an increase of the
enhancement factor.

2. Experimental setup

In the experiment, a fully chaotic cavity
(see Fig. 1) with the shape of a quarter-bow-
tie billiard was used. The area and the perime-
ter of the cavity are A = 1828.5 ± 5.0 cm2 and
L = 202.3± 2.0 cm. The cavity is made of two
plates of polished aluminum type EN 5754 which
are squeezed tightly together with 127 screws at
a 2 cm distance. The basin of the cavity was milled
out of the bottom plate. The height of the cavity
equals h = 1.2 cm corresponding to a cut-off fre-
quency of νmax = c/(2d) ' 12.49 GHz, where c is
the speed of light in vacuum. We considered mi-
crowave frequencies below νmax so that only trans-
verse magnetic modes were excited inside the cav-
ity. Then, the Helmholtz equation describing the
microwave cavity and the Schrödinger equation for
the corresponding quantum billiard are mathemat-
ically equivalent. The inner surface of the cavity
is covered with a 20 µm layer of silver to reduce
the internal absorption. The top lid of the cav-
ity contains 12 randomly distributed identical an-
tenna holes marked from 1 to 12 in Fig. 1a. The
two antennas 1 and 2 with lengths of 5.8 mm and
pin diameter of 0.9 mm play the role of the scat-
tering channels coupled to an Agilent E8364B vec-
tor network analyzer (VNA). More open channels
3 ≤M ≤ 12 were realized by attaching to the cav-
ity M − 2 additional antennas of the same size but
shunted with 50 Ω loads. Thereby, the openness of
the cavity was gradually increased.

All measurements were done in the frequency
range ν = 6–12 GHz, where the internal absorption
takes values between 6 < γ < 20. In this frequency

Fig. 1. (a) The experimental setup. The vector
network analyzer Agilent E8364B was connected to
the microwave antennas No. 1 and 2 with flexible
microwave cables. The top lid of the microwave bil-
liard contains 12 randomly distributed holes. An-
tennas of the same size were protruded through
these holes. Two of them were used as measuring
antennas while the others were shunted with 50 Ω
loads and represent additional open channels. The
T -invariance violation was induced by two pieces of
ferrite inserted into the cavity and magnetized by
external magnets M1 and M2 placed above and be-
low the cavity. A metallic perturber P was moved
inside the cavity alongside its walls in order to cre-
ate different realizations of the billiard. In part
(b), we show examples for |S12(ν)| (full line) and
|S21(ν)| (dotted line) measured in the frequency
range ν = 8.0–9.7 GHz for M = 2, M = 6, and
M = 12 open channels, respectively.

range, the wavelength is small as compared to the
cavity dimension, implying that it is within the
semiclassical regime. A metallic perturber with
perimeter L ' 26 cm and area A ' 9 cm2 was
placed inside the cavity and moved along the ver-
tical walls. This enabled to create 100 realizations
of a wave-chaotic cavity. In order to measure the
two-port scattering matrix

Ŝ(ν) =

(
S11(ν) S12(ν)

S21(ν) S22(ν)

)
, (1)

the microwave cavity was connected to the VNA
via two antennas at the positions marked by 1
and 2 in Fig. 1a. Violation of T -invariance was in-
duced by two magnetized cylindrical NiZn ferrites
(manufactured by SAMWHA, South Korea) with
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diameter d = 33 mm and saturation magnetiza-
tion 2600 Oe. They were inserted into the cavity
and magnetized by pairs of cylindrical magnets of
the same diameter and of height 30 mm of the type
N42 with coercivity 11850 Oe (943 kA/m) and mag-
netic field strength B ' 495 mT, that were placed
outside the cavity below and above the ferrites. The
magnetic field B induces a macroscopic magnetiza-
tion M of the ferrites across their cross-sections.
The precession of magnetization around B is tak-
ing place with the Larmor frequency ω0 = γGB,
where γG ' geff 14 GHz/T and geff ' 2.3 denote
the gyromagnetic ratio and the Landé factor, re-
spectively.

If the microwave frequency approaches that of the
ferromagnetic resonances, then the induced viola-
tion of time reversal invariance becomes stronger.
However, we observed that even for lower microwave
frequencies the induced violation of time reversal
invariance is quite significant. This leads to dif-
ferences between S12(ν) and S21(ν), while for sys-
tems with preserved T -invariance, the Ŝ(ν) matrix
is symmetric, i.e., S12(ν) = S21(ν). In our experi-
ment, the strongest effect was observed in the fre-
quency range of 8.3–9.3 GHz. In Fig. 1b, we show
examples for |S12(ν)| (full line) and |S21(ν)| (dot-
ted line) measured in the frequency range ν = 8.0–
9.7 GHz for M = 2, M = 6, and M = 12 open
channels, respectively.

3. Enhancement factor

For systems with partially violated T -invariance,
the enhancement factor FM (η, γ, ξ) is a complicated
function of the openness η [32], the Ohmic internal
absorption strength γ and the T -invariance viola-
tion parameter ξ.

Such systems can be described by an ensemble
of N × N -dimensional random matrices composed
of real symmetric and antisymmetric random ma-
trices, respectively, interpolating between GOE for
ξ = 0 and GUE for ξ ' 1 [27]. The openness
η can be relatively easily controlled in the exper-
iment. It depends on the number of open channels
M characterized by the transmission coefficients Ti,
where 0 < Ti < 1. The latter, in fact, describe the
coupling of the antennas to the electric field modes
inside the cavity. The openness η = MT = tH/tW
is defined as the ratio of two characteristic times,
namely, the Heisenberg time tH = 2π/∆ and the
dwell (or the Weisskopf) time tW = 1/Γesc [31],
which gives the time an incoming microwave spends
inside a cavity before it escapes through one of the
M open channels. The Ohmic absorption strength
γ is due to absorption of the electromagnetic field
in the walls of the cavity and in the ferrites. Then,
the total absorption of the microwave cavity is given
by γtot = η + γ.

It is commonly known that ferrite is a lossy ma-
terial. Hence, it causes a degradation of both
the internal absorption and the quality factor of

Fig. 2. (a) Total absorption width γtot versus mi-
crowave frequency ν forM = 2 (red circles), M = 6
(green squares) andM = 12 (violet triangles) chan-
nels, respectively. (b) The cross-correlation func-
tion Ccross(ε = 0) obtained from the analytical re-
sult [26], using the experimental values of η and γ
in a frequency range ν = 8.3–9.3 GHz for M = 2
(red full line), M = 6 (green dotted-dashed line)
and M = 12 (violet dotted line) channels, respec-
tively, versus the cross-correlation parameter ξ.

the system near the gyromagnetic resonance. The
average transmission coefficient T = 1

M

∑M
i=1 Ti

depends weakly on the microwave frequency and is
approximately constant in a 1 GHz frequency win-
dow. We checked that all antenna channels have
similar characteristics and found that all Ti were
within 20% of each other in the frequency range
from 6 to 12 GHz. In Fig. 2a the total absorp-
tion width γtot is presented versus microwave fre-
quency ν for M = 2 (red circles), M = 6 (green
squares) and M = 12 (violet triangles) channels,
respectively.

To quantify the violation of T -invariance we use
the cross-correlation coefficient

Ccross(0) =
<
[〈
Sflab
(
ν
)
Sfl∗ba

(
ν
)〉]√〈

|Sflab(ν)|2
〉〈
|Sflba(ν)|2

〉 , (2)

where Ccross(0) = Ccross(ε = 0; η, γ, ξ). For sys-
tems with completely violated T -invariance, the
cross-correlation coefficient vanishes Ccross(0) = 0,
because both Sab and S∗

ba are uncorrelated. In turn,
Ccross(0) = 1 for T -invariant systems. In Fig. 2b,
we show the cross-correlation function Ccross(0)
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obtained from the analytical result [26], using the
experimental values of η and γ in a frequency
range ν = 8.3–9.3 GHz for M = 2 (red full line),
M = 6 (green dotted-dashed line) and M = 12 (vi-
olet dotted line) channels, respectively, versus the
cross-correlation parameter ξ. The sizes of γ and
ξ were determined by comparing the distributions
of the experimental reflection coefficients S11 and
S22 and the cross-correlation coefficient to analyt-
ical and numerical RMT results [26, 27, 30, 66].
Figure 2b clearly shows that for a given value of
the cross-correlation coefficient Ccross(0), the value
of ξ increases in a function of the number of open
channels M . Note that for a given frequency and
magnetic field strength, the size of T -invariance
violation decreases with the openness of the cav-
ity. This is expected because it depends on the
electric-field intensity around the ferrite [19] which
decreases with increasing η.

The elastic enhancement factor FM (η, γ, ξ) is
given as

FM (η, γ, ξ) =

√
Caa(0; η, γ, ξ)Cbb(0; η, γ, ξ)√
Cab(0; η, γ, ξ)Cba(0; η, γ, ξ)

, (3)

where Cab(0) denotes the S-matrix autocorrelation
function
Cab(ε) =

〈
Sflab
(
ν
)
Sfl∗ab

(
ν + ε

)〉
, (4)

at ε = 0 [27] and Sflab(ν) = Sab(ν) − 〈Sab(ν)〉 is
the fluctuating part of the two-port S-matrix ele-
ment Sab(ν). The enhancement factor was stud-
ied theoretically and investigated experimentally
for systems with partially violated T -invariance in
the limit of isolated resonances Γ � ∆ [32, 34],
of strongly overlapping ones Γ � ∆ [47, 48] and
of weakly overlapping ones [26, 27]. It attains the
following limiting values:

F
(β)
M (η, γ)→

{
2 ≤ F (1)

M (η, γ) ≤ 3; ξ = 0,

1 ≤ F (2)
M (η, γ) ≤ 2; ξ = 1.

(5)

When T -invariance is partially violated, a typ-
ical, classically chaotic quantum system is de-
scribed by an RMT model interpolating between
GOE and GUE. Then, in the limit of strongly
overlapping resonances and of many open chan-
nels M , the transition from preserved to com-
pletely violated T -invariance occurs in the range
1 < FM (η, γ, ξ 6= 0) < 2. In the experiment, the
presence of the magnetized ferrites leads to par-
tial violation of T -invariance. Its strength was con-
trolled by changing the volume of the ferrites or
the strength of the external magnetic field. The
largest value of ξ = 0.49 was achieved in the fre-
quency range of ν = 8–9.6 GHz to which we restrict
in the following.

The experimental results for the enhancement
factor FM (η, γ, ξ) for M = 2 (red circles),
M = 6 (green squares) and M = 12 (blue trian-
gles) for ξ = 0.49 measured in a frequency range
ν = 8–9.6 GHz are shown in Fig. 3. The results
were obtained by averaging over 100 different cavity

Fig. 3. The lower part of the figure shows the elas-
tic enhancement factor calculated from the two-port
scattering matrix Ŝ(ν) measured for the microwave
billiard with partially violated T -invariance in a fre-
quency range ν = 8–9.6 GHz for M = 2 (red cir-
cles), M = 6 (green squares), and M = 12 (vio-
let triangles) open channels. The black dashed line
shows the RMT limit FM (η, γ, ξ = 0) = 2 for very
strong absorption. The upper part of the figure
shows the elastic enhancement factor measured for
the microwave billiard with preserved T -invariance
in a frequency range ν = 8–9.6 GHz for M = 2 (red
full line), M = 3 (grey dotted-dashed line), and
M = 7 (blue dotted line) open channels.

realizations in order to reduce significant fluctua-
tions of the enhancement factor. Each realization
corresponds to a different position of the metallic
scatterer which was moved alongside the vertical
walls. The black dashed line shows the RMT limit
FM (η, γ, ξ = 0) = 2 for very strong absorption.
The enhancement factor FM (η, γ, ξ) for ξ = 0.49 is
below FM (η, γ, ξ = 0) = 2 which is impossible for
a system with preserved T -invariance. The behav-
ior of the enhancement factor clearly indicates the
presence of partial T -invariance violation. Further-
more, the value FM (η, γ, ξ) depends on the number
of the scattering channels. The smaller the number
of channels, the lower the value of the enhancement
factor FM (η, γ, ξ).

Moreover, for a fixed M the enhancement factor
FM (η, γ, ξ) increases with increasing frequency and,
thus, with increasing Ohmic absorption strength
γ = γtot − MT . This is distinct from the
case of preserved T -invariance where for fixed
M the enhancement factor FM (η, γ, ξ = 0) de-
creases with increasing γ. This phenomenon is
clearly seen in the upper part of Fig. 3, where
we show for comparison the enhancement factor
FM (η, γ, ξ = 0) for the same microwave billiard
but with preserved T -invariance. The elastic en-
hancement factor was measured in a frequency
range ν = 8–9.6 GHz for M = 2 (red full line),
M = 3 (grey dotted-dashed line), and M = 7
(blue dotted line) open channels. For a fixed M ,
it decreases with the microwave frequency, i.e.,
with increasing absorption strength γ.
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4. Conclusion

We investigated partial T -invariance violation in
a fully chaotic quarter-bow-tie microwave billiard
by utilizing properties of the elastic enhancement
factor FM (η, γ, ξ). The experimental and numerical
results for the enhancement factor corroborate the
visible crossover from orthogonal to unitary sym-
metry (GOE → GUE). Ferromagnetic resonances
were induced for ν > 8 GHz by magnetized ferrites
inside the cavity. In this range, the enhancement
factor lies below the lower limit FM (η, γ, ξ = 0) = 2
predicted for the orthogonal symmetry class. The
dependence of the strength of T -invariance viola-
tion appears to be a function of the openness η de-
termined by the number of scattering channels M ,
where we found out that the smaller the number
of channels, the lower the value of the enhance-
ment factor FM (η, γ, ξ). It is important to point
out that for a fixed M , the enhancement factor
FM (η, γ, ξ) increases with increasing Ohmic absorp-
tion strength γ which is distinct from the case of
preserved T -invariance where the enhancement fac-
tor FM (η, γ, ξ = 0) decreases with increasing γ.
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