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Keeping nuclear data libraries updated is crucial for securing nuclear facilities. This study contributes
to the progress made in the first-principles calculations and advancement in computational materials.
Specifically, this paper describes the ab initio derivation of vibrational properties of two important
materials used in nuclear facilities (graphite and beryllium) and evaluates neutron scattering cross-
sections and heat transport. To this end, a study was performed with the ABINIT code package, using
the carefully described structure of graphite and beryllium. Phonon spectra which affect the thermal
scattering law were identified and neutron scattering cross-sections calculations were performed. The
important neutron and heat transport functions were derived with the LEAPR and THERMR modules
of NJOY code.
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1. Introduction

Graphite and beryllium — due to their low
atomic weights, low neutron absorption cross-
sections and high neutron scattering cross-sections
— are successfully used in nuclear reactors as mod-
erators, reflectors or even filters. Furthermore, their
high strength at elevated temperatures, high subli-
mation point and resistance to rupture by thermally
induced stress make them the materials of choice in
nuclear technology [1].

This study describes the phonon dispersion spec-
tra, scattering law S(α, β) and the coherent, inco-
herent and total thermal neutron scattering cross-
sections for graphite and beryllium. The ab initio
calculation method was used, as well as two approx-
imations: local density approximation (LDA) for
a typical study of graphite and beryllium and gen-
eralized gradient approximation (GGA) in the case
of graphite. The effects of Van der Waals bonding
in a crystal were considered [2, 3].

2. Method and computational details

First, we precisely describe the crystal structure
of the studied material. This description includes
the lattice parameters, the atoms position, the
unit and supercell characteristics and the k-mesh
for the Brillouin zone (BZ) sampling. Afterwards,

the first-principles (ab initio) calculations were per-
formed and two main approximations, LDA and
GGA, were used. LDA assumes that the exchange-
correlation energy functional is local and the contri-
bution at each point is independent of other points
to simplify the calculations [4]. This approxima-
tion is used in the case of graphite without the Van
der Waals contribution and for beryllium. GGA
assumes that the exchange-correlation contribution
depends both on the magnitude of the electronic
density and its gradient [5]. For reasons of com-
patibility between this approximation and the Van
der Waals exchange-correlation options available in
ABINIT code, we opted to use it in the second
case of graphite. Based on these assumptions, the
phonon spectra are computed for both graphite and
beryllium.

The most important thermal properties which de-
rive from the phonon density of states (DOS) are
the heat capacity given by

Teff =
1

2

ωmax∫
0

~ωρ(ω) coth
(

ω

2kBT

)
dω, (1)

the effective scattering temperature used by the
LEAPR module in the generation of the thermal
scattering law data and given by

γ(0) =

ωmax∫
0

ρ(ω)
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coth
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)
dω, (2)
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and also the Debye–Waller integral of the form

Cv

3R
=

ωmax∫
0

ρ(ω)
ω

kBT

eω/kBT(
eω/kBT − 1

)2 dω, (3)

which is needed for calculating the elastic coher-
ent and the incoherent neutron scattering cross-
sections. Here, R is the gas constant, ω — the
frequency, kB — the Boltzman constant and T is
the temperature. These parameters are processed
by the LEAPR module of NJOY to generate the
thermal scattering law S(α, β) which will be used
by the THERMR module to calculate the scatter-
ing cross-sections.

3. Results and discussion

3.1. Atomic and electronic structure

Graphite has a lamellar or quasi-two-dimensional
structure belonging to the space group P6_3/mmc
(194). The bonding in graphite exhibits one of
the largest anisotropies of any solid. The nearest-
neighbor bond in graphite is considered stronger
than the nearest neighbor bond in diamond. This
strong bond is a covalent sp2 (σ-bond) and has
a short length of 2.45 Å. In contrast, the bond-
ing between planes is very weak and exhibits
Van der Waals interaction. The spacing between
layers is relatively large (6.70 Å) and the ratio
c/a = 2.73. Since beryllium atoms have the elec-
tronic configuration 2s2 with a hexagonal close-
packed structure, consequently beryllium belongs to
the same space group P6_3/mmc with the lattice
parameters: a = b = 2.2866 Å, c = 3.5833 Å and
c/a = 1.57.

The exact crystal parameters, obtained by the
assignment of the Wyckoff positions using Bilbao
Crystallographic Server data [6], are presented in
Table I.

The most common and abundant stacking se-
quence of the graphite crystal is the hexagonal
(α- or Bernal) structure with a -ABAB- stacking
order presented in Fig. 1a. Almost 85% of natu-
ral graphite has this stacking [7]. The unit cell of
graphite contains 4 carbon atoms (2 + 8 × 1

4 = 4),
two in each layer. For beryllium, the unit cell is
composed of 2 atoms (1 + 8 × 1

8 = 2), as shown
in Fig. 1b.

TABLE I

Wyckoff positions of carbon atoms in graphite.

Atom
Wyckoff
letter

Site
symmetry

Atomic
orbit

C1 (graphite) b −6m2 (0, 0, 1
4
),

(0, 0, 3
4
)

C2 (graphite) c −6m2 ( 1
3
, 2

3
, 1

4
),

( 2
3
, 1

3
, 3

4
)

B1 (beryllium) a −3m (0, 0, 0)
B2 (beryllium) f 3m ( 1

3
, 2

3
, 1

2
)

Fig. 1. The hexagonal packed structure (left)
and the unit cell (right), for graphite (a) and
beryllium (b).

Fig. 2. The density of charges in graphite follow-
ing the 110 and 001 plans; from low probability
(yellow) to high probability (red).

VESTA visualization software, which is a 3D spe-
cialized program for structural models and electron
densities [8], was used in this work to produce struc-
tural geometries.

The graphite charges density is mostly condensed
in the interspatial plan as presented in Fig. 2.
As the density becomes higher in the covalent bond,
other phenomena also emerge with significant prob-
abilities such as the thermal and electric conductiv-
ity or vibrational modes. In the Van der Waals
bond, in turn, these phenomena are almost absent.
Thus, it is perfectly normal not to consider the vi-
brational effects of graphite in the study of phonon
modes for nuclear applications. Therefore, consid-
ering the two cases mentioned above, we investi-
gate the impact of the phonon modes associated
with each of them on the total neutron scattering
cross-sections.
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3.2. Phonon spectra

The ab initio calculations were performed using
ABINIT code. It allows to do lattice parameter
optimization, calculations of force constants and
density of states. For graphite, a 6 × 6 × 3 su-
percell (432 atoms) was used in both cases. The
obtained phonon spectrum shows two kinds of dif-
ferences (see Fig. 3): (i) the magnitude of peaks is
clearly higher for GGA+VDW calculations due to
the addition of phonon densities from the Van der
Waals bond and (ii) the shifting of some peaks.

While the acoustic shear (SH), longitudinal
acoustic (LA), optical shear (SH*) and longitudi-
nal optical (LO) branches are practically super-
posed, the branches of out-of-plane acoustic (ZA)
and out-of-plane optical (ZO) branches show some
deviation. This discrepancy is essentially caused
by the differences between LDA and GGA approx-
imations, on which the ab initio calculations are
based. Table II presents comparative results be-
tween our calculations and experimental data ob-
tained by Vitali et al. [9].

A general comparison does not allow to distin-
guish the best case to choose, since the two methods
accord with the experimental results in the major-
ity of modes and slightly diverge in others. Nev-
ertheless, slight differences in the calculation meth-
ods can cause significant differences in the resulting
phonon spectra. Figure 4 clearly shows such differ-
ences between our spectra and those of ORNL [10],
NCSU [11] and General Atomics (GA) [12], as pub-
lished by the International Nuclear Data Commit-
tee (INDC) [13].

Fig. 3. Graphite phonon frequency distributions.

Fig. 4. Graphite phonon frequency distribution
compared to GA, ORNL and NCSU.

TABLE II

Phonon branches compared to experimental results
in [eV] units.

Phonon
branches

ERSN
Exp. [9]

LDA GGA+VDW
ZA (Γ ) 0.016 0.019 0.016

ZA (M) 0.066 0.060 0.058

ZO+SH(M) 0.082–0.087 0.085–0.086 0.081–0.1

ZO (Γ ) 0.118 0.114 0.111

SH*(M) 0.177 0.178 0.180

LO (Γ ) 0.202 0.201 0.200

Fig. 5. Beryllium phonon frequency distribution.

Fig. 6. Total neutron scattering cross-section for
beryllium at 293 K.

Regarding the beryllium phonon spectrum, the
dispersion relations were calculated using the local
density approximation LDA only. In this example,
a 4 × 4 × 4 supercell (128 atoms) was considered.
Similarly, 4 × 4 × 4 k-mesh points were generated
by the Monkhorst and Pack scheme over the Bril-
louin zone. Beryllium is a polycrystalline metal,
thus the phonon distribution is a continuous spec-
trum, as it is shown in Fig. 5.

The phonon spectrum obtained by the LDA
method differs from that obtained by R.E. Mac-
Farlane (Los Alamos National Laboratory —
LANL) [14], however, the neutrons scattering cross-
sections (see Fig. 6) demonstrate a clear improve-
ment when using the ERSN phonon DOS in com-
parison with the one obtained by LANL.
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TABLE III

Effective scattering temperature Teff and Debye–Waller integral γ(0) for graphite and beryllium at 293 K.

ERSN
GA ORNL NCSU LANL

LDA GGA+VDW
Teff [K] (graphite) 734.43 731.55 713.72 775.15 723.17 714.3
γ(0) [eV−1] (graphite) 26.09 21.27 26.9 30.48 37.58 26.17
Teff [K] (beryllium) 421.42 – – – – 405.9
γ(0) [eV−1] (beryllium) 25.11 – – – – 28.69

3.3. Effective scattering temperature
and Debye–Waller integral

The effective scattering temperature and the
Debye–Waller integral are parameters correlated to
the phonon spectrum and used by the THERMR
module of NJOY code to evaluate the thermal neu-
tron scattering law S(α, β) (see (1) and (2)). These
parameters calculated by LEAPR are compared to
those obtained by GA, ORNL, NCSU and LANL
(Table III).

Regarding the graphite effective scattering tem-
peratures, the values obtained in our results are
in good agreement with those found in published
works, with the exception of a slightly higher tem-
perature published by ORNL. In the case of the
Debye–Waller integral, our results remain very close
to those obtained by GA and LANL, whereas NCSU
values are exceptionally higher. We also noticed
that adding the Van der Waals effect slightly re-
duces the effective temperature and the Debye–
Waller integral. Regarding beryllium, only few re-
sults exist in the literature regarding the effective
temperature and the Debye–Waller integral, mean-
while our results remain in good agreement with
those of LANL.

The effective scattering temperatures are affected
by higher frequencies (although below 0.20 eV).
This explains the good agreement with the NCSU
values. In fact, our two phonon DOS spectra and
their phonon spectrum are very close in this domain
of frequencies. While the Debye–Waller integrals
are affected by lower frequencies (under 0.05 eV),
our spectra are closer to general atomic phonon
DOS, given similar results for the Debye–Waller in-
tegrals. Similar results were obtained for beryllium.

Fig. 7. Heat capacity calculated by ABINIT code
for graphite and beryllium.

In fact, we find some differences with the results
obtained by R.E. MacFarlane. These results are
specifically due to the difference in the phonon val-
ues used to regulate these parameters.

3.4. Heat capacity and effective temperature

The heat capacity, important in determining
the heat transport in materials, is calculated by
ABINIT (3). Figure 7 shows that the graphite cor-
responding curves in the two approximations accord
perfectly. Since both the thermal and electrical
charge transport are associated with the covalent
bond for graphite, the heat capacity is slightly af-
fected or almost independent of the Van der Waals
bonds. Comparison of the heat capacity results for
graphite and beryllium revealed important differ-
ences. It is higher for graphite than for beryllium
for almost all temperatures, except in the range
of 180–240 K, consistent with the well-known good
thermal conductivity of graphite.

Fig. 8. Thermal neutron scattering law for
graphite at 293.6 K.
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3.5. Thermal scattering law S(α, β)

The LEAPR module of NJOY requires a dis-
crete grid of values of vibrational densities of states.
Hence, the phonon spectra are arranged adequately
to be treated in such a form. The thermal scatter-
ing laws obtained for several values of momentum
transfer α and energy transfer β for both graphite
and beryllium are presented in Figs. 8 and 9.

The two cases of graphite show no notable differ-
ences (almost superposed in all points). Thus, we
opted to present the one with the case where the
Van der Waals is taken into consideration.

3.6. Neutron scattering cross-sections

The thermal scattering law S(α, β) obtained by
the LEAPR module is processed by the THERMR
module of NJOY to provide separate results of the
elastic coherent, inelastic incoherent and the total
scattering cross-sections.

Fig. 9. Thermal neutron scattering law for beryl-
lium at 293.6 K.

Fig. 10. Inelastic and coherent elastic neutron
scattering cross-sections for graphite at 293 K.

Fig. 11. Inelastic and coherent elastic neutron
scattering cross-sections for beryllium at 293 K.

The obtained results for graphite elastic and in-
elastic scattering cross-section in LDA approxima-
tion (Fig. 10) are in good agreement with those ob-
tained by LANL [15] and the National Nuclear Data
Center (NNDC) [16] for intermediate and high ener-
gies. In the case of lower energies, the inelastic scat-
tering cross-sections published by LANL are higher
than ours and those of NNDC.

As expected, the Van der Waals effect exhibits
some differences at high energies, thus the addi-
tion of this bound, which was neglected for a long
time, indeed affects the elastic and inelastic scatter-
ing cross-sections.

For the beryllium case, Fig. 11 shows the inelas-
tic and coherent elastic neutron scattering cross-
sections for beryllium at room temperature, while
Fig. 6 gives the total neutron scattering cross-
section for beryllium at the same temperature.

The total scattering cross-sections obtained in
this work (ERSN) using the local density approxi-
mation show a good agreement with LANL results
and the experimental results [17, 18], which vali-
dates the method used in this study for obtaining
the total neutron cross-section.

4. Conclusion

It has recently become crucial to improve and re-
view the nuclear data libraries in view of the ad-
vancement made in the ab initio calculations of the
phonon spectra which are necessary for the thermal
neutron scattering law parameters determination.
In this work, graphite and beryllium, two materi-
als largely used in nuclear reactors, were reviewed.
In graphite, the Van der Waals bonding was taken
into consideration as it shows significant influence
on the scattering cross-sections behavior. The two
approximations (LDA and GGA) demonstrate sat-
isfactory thermal and vibrational responses which
are in accordance with the experimental data pub-
lished in the literature. In the case of beryllium, the
improvement of the total neutron scattering cross-
section was notably achieved using the LDA ap-
proximation. In future, similar studies should apply
ab initio procedures to prospective novel materials
such as high-entropy alloys.
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