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Quantum State Engineering in Multi-Level Systems
Using Shortcut to Adiabatic Passage
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We extend the shortcut to the adiabatic passage method, proposed by Chen et al. [Phys. Rev. Lett.
105, 123003 (2010)], to the creation of an arbitrary coherent superposition of states in a multi-level
system. We consider a multi-state system composed of an initial ground state, an excited state and
an arbitrary number of final states. In this method, the initial state is linked to the excited state
using a pump laser pulse and final states are coupled to the excited state using the Stokes laser pulses.
Furthermore, the initial state is coupled to the final states using additional laser fields. We show that
the problem can be reduced to the solution of a three-state loop system involving an initial ground state,
an excited state and a superposition of final states. This decomposition allows to create an arbitrary
coherent superposition of states using the shortcut to the adiabatic passage method. When compared
to other strategies, this method provides a fast and robust approach to the coherent superposition of
states.
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1. Introduction

The creation of a coherent superposition of quan-
tum states has a rich variety of applications, such as
chemical processes, quantum information process-
ing and nonlinear optics [1]. The stimulated Raman
adiabatic passage (STIRAP) [2-7] and w-pulse [§]
are two important quantum optics techniques used
to create a coherent superposition in multi-state
systems [9-12]. In recent years, STIRAP-like tech-
niques, such as a piecewise adiabatic passage
(PAP) [13-15], a train of coincident pulses [16]
and a digital adiabatic passage (DAP) [17] have
been very common and popular in fulfilling research
expectations [18-22]. The m-pulse is a fast tech-
nique but it requires resonant pulses and therefore is
highly sensitive to variations in the pulse area and
to inhomogeneities in the sample [23]. Although
the STIRAP method is insensitive to variations in
the experimental parameters, it usually needs a rel-
atively long interaction time. If the time required
for evolution is too long, the scheme may be use-
less because decoherence would destroy coherent
dynamics of the system.

In recent years, the acceleration of system dy-
namics to drive it to a desired final state has
been considered and, in fact, a lot of work has
been undertaken to find shortcuts to adiabatic-
ity [24-35]. It is shown that the shortcuts to adi-
abaticity can be used for fast population transfer
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in multi-particle systems [36], mode conversion
in optical waveguides [37, 38] and generation of the
Greenberger-Horne—Zeilinger states (GHZ) [39].
The proposed method in [27] is superadiabatic
STIRAP (sa-STIRAP) and based on counter-
diabatic driving. The basic idea of counter-diabatic
driving is to add auxiliary interactions to some ref-
erence Hamiltonian so that the dynamic follows ex-
actly the (approximate) adiabatic evolution driven
by the reference Hamiltonian. In a three-state sys-
tem, an additional field is applied on the transi-
tion of ground states to form a loop linkage of the
three states rather than the A-like linkage. This
method [27] provides a fast and robust approach to
population control and the time evolution of system
remains on a non-adiabatic pass.

In this paper, we show that the sa-STIRAP
method, hitherto used for complete population
transfer amongst three-state quantum systems, of-
fers an efficient and robust method for creat-
ing coherent superpositions of states in multi-level
systems. We consider a linkage pattern composed
of an initial populated ground state, an optional
number of final ground states and an excited state.
In our method, all ground states are paired to the
excited state using the pump and the Stokes pulses.
Apart from that, the initial populated ground state
is paired to the final ground states using laser pulses
different from the pump and the Stokes pulses.
It is shown that in the appropriate conditions for
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pulse amplitudes, the proposed linkage can be re-
duced to a three-state loop system which consists
of an initial populated ground state, a coherent su-
perposition of final ground states and an excited
state. Using the sa-STIRAP method in a reduced
three-state loop, the population is transferred from
the initial populated ground state to an arbitrary
coherent superposition of the final ground states.
Our method possesses all of the advantages that
one can consider for sa-STIRAP in the three-state
system such as the evolution in a short time and
robustness because of parameter variations.

This paper is organized as follows. In Sect. 2,
the sa-STIRAP method in a three-state system is
described. Section 3 proposes a general solution
to the implementation of sa-STIRAP method in
a multi-level system. In Sect. 4 the pulses are
designed and some numerical simulations are pre-
sented. Section 5 describes the robustness of our
method due to the fluctuations in the time delay
and peak Rabi frequency. Finally, Sect. 6 presents
a summary of the results.

2. Shortcut to adiabatic passage
in three-state systems

We consider a three-state system linked by two
time-dependent interactions to be referred to as
a pump between state |1) of energy E; and the ex-
cited state |2) having energy Eo, and the Stokes
interaction between the intermediate state |2)
and the final target state |3) having energy FEj.
The Hamiltonian within the rotating wave approx-
imation (RWA) [8, 40] reads as

L0 2 o
Hy(t) =5 | 2p(t) 24p 0s(t) |, (1)
0 0s(t) 245

where (2, and {2¢ — the pump and the Stokes—
Rabi frequencies. The detunings from res-
onance are defined by A, =w, — (E; — E1)/h,
AS = Ws — (|E3 —E2|)/h and Ag = Ap — AS,
while w, and wg are the laser frequencies of the
pump and of the Stokes laser, respectively. For
the transfer process of our interest, it is essential

Fig. 1.

(a) Level scheme of a three-state A-like sys-
tem. (b) Level scheme of a three-state loop system
in which an additional field was applied on the tran-
sition of ground states in a A-like system.
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to apply Az 0 (the two-photon resonance
condition). Now, considering A, = A (see Fig. 1a),
the three-level analysis can be written in an even
simpler form. Namely,

2p(¢)
2s(t)’

tan(2¢) = %, Q= /022(t) + Q(t),

where 6 and ¢ are the mixing angles.
the Hamiltonian eigenvalues are written as

B (t) = h2cot(6/2),
E_(t) = —hQ2 tan($/2),

EO =0
and the instantaneous eigenvectors as [40, 41]:

A+ (8)) = sin(6) sin(@)]1) + cos(6)[2)
+cos(6) sin(@)]3),

A= (£)) = sin(6) cos(6)[1) — sin(¢)[2)
+cos(60) cos(@)13),

tan(6) =

(2)

(3)
Then,

(4)
(5)
(6)

(7)

(8)

[Ao(t)) = cos(0)[1) — sin(0)[3). (9)
The simplest Hamiltonian H{(t) steers the dy-
namics along the instantaneous eigenstates |, (t))
of H}(t) without transitions among them and with-
out phase factors. Formally, in an arbitrarily short
time, it is given by [29]:

H{(t) =ik [0An)(Mn| =

0 $sin(h) 0
ih| —¢sin(d) 0  —dpcos() (10)
—6 écos(6) 0
with
i= oz [r05() — 2s2e)] . ()
b= soarr (2020 + 25()05(0)].

(12)
The total Hamiltonian is H(t) = H{ (t) + Hi(¢) and
thus three new interactions should be added to
the original Hamiltonian. The associated dynam-
ics is determined by the Schrédinger equation

., 0
iho [0(t)) = H{B)[Y(1), (13)

where the elements of the three-dimensional vector
|W(t)) are the probability amplitudes of the states.
If the transition between the ground states is
electric-dipole forbidden, a magnetic dipole transi-
tion may be used instead. When working in the adi-
abatic basis, the additional fields to |1) — |2) and
|2) — |3) are not necessary [27] and HY(t) may
therefore be simplified to

5 0 0 i,
H{(t):§ 0 0 0 ; (14)
—i, 0 0
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Fig. 2.
and time dependence of the |1, 2, 3) populations for
the STIRAP (a, ¢) and sa-STIRAP (b, d) methods,
respectively, for (2 = 1.5m MHz, A = 0.57 MHz,
T =8 pus and 7 = 0.097 in all cases.

Time evolution of the Rabi frequencies

where £, = 26 (see Fig. 1b). We impose that
the initial state of the system is |1) and also that
the pulses satisfy the well-known counterintuitive
sequence with f2g first and (2, later. Using these
conditions, the system will first be in the dark
state [A\o(t)) and after using H{(t) the system evo-
lution will follow exactly this eigenstate of H{ (t).
The population, therefore, will be completely trans-
ferred to |3). The adiabatic following |A\o(t)) takes
place for any choice of the protocol parameters,
even with very small values of the applied pump
and Stoke fields, and in arbitrarily short time.
In order to perform a numerical study, the pump
and Stokes pulses are considered as follows:

‘Qp(t) = “QOf(t - T)> 'QS(t) = Qof(t), (15)
sin? (wi) 0<t<T

t) = T ’ 16

1® { 0 otherwise. (16)

Figure 2a and 2c shows the time evolution

of the Rabi frequencies and populations using
the STIRAP Stokes—pump pulse sequence, re-
spectively. It can be seen that, by considering
Qo=27x2MHz, A=2rx0.1MHz, T=4us
and 7 = 0.17, the adiabaticity breaks down and
the population is not fully transferred to the fi-
nal state. Figure 2b and 2d shows the time evo-
lution of the Rabi frequencies and populations, re-
spectively, in which an additional field £2,(t) is ap-
plied on the transition of |1) — |3) (sa-STIRAP).
The laser parameters used in all cases of Fig. 2
are the same, however the population is fully
transferred to the final state in the case presented
in Fig. 2d.

3. Superadiabatic STIRAP
in multi-state system

We consider a N + 2-state system whose linkage
pattern is depicted in Fig. 3a. In our method,
the ground state |a) is coupled via the upper state
with 2,(t) and the other N ground states are
coupled via the upper state with N independent
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Stokes pulses Qél)(t)7 Qg)(t), ce QéN) (t). We im-
pose the Stokes pulses to be of the same shape.
In addition, we assume that the state |a) is cou-
pled to the other ground states |1),]2),...,|N)
with the same shape pulses Q,gl), 9(52), ceey Q,gN).
The N + 1 lower states are coupled via the excited
state |e) with pulsed interactions whose each pair
is on two-photon resonance. The total Hamiltonian
is H(t) = Hl(t) + H{(t), where Hl(t) and H{(t)
belong to the subspace S = {|a),|e), [1),...,|N)}
and in the rotating-wave approximation, they are
described by:

0 2 0 0 0
2p 24 0 2@ ... oM
Hot) ! 0 Q%: 0 0 0
0 21 0 257 0 o0 0o |
0o 2™ o o 0
(17)
0 0 i ie® ... io™
0O 0 0 0 0
Al =128 0 0o o 0
BO=5]i0® 0 0o o 0
™o 0o 0 0
(18)

For the sake of simplicity, the Rabi frequencies
of the couplings between the ground states and

the excited state £2,(), .Qél)(t), Qé?)(t), e QéN) (t)
are assumed to be real and positive as the popula-
tions do not depend on their signs. Our goal is to
transfer the IV 4 2-state system to a three-loop sys-
tem. We impose that the pulses meet the following

requirements:

Qé2) 9(52)
1 = = ta‘n(n )7
Qél) 9(51) 1
9(3) 9(53)
1) : @ (1) (2) = tan(n.),
V@@ ()2 (o)
Q(N) Q(EN)
5 = tan(ny_,), (19)
= (e & )ye
;(Qs ) ;(Qa )

where 71,7m2,...,Mny—1 are the time-independent
mixing angles. We emphasize that the parametriza-
tion of the mixing angles we have defined here
is different from the one used in [19] in which
the Morris—Shore (MS) [42-44] transformation is
used step by step to reduce a coupled Hilbert space
into a three-state A-like system. The corresponding
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Fig. 3.

(a) Linkage pattern of the N-pod system.
(b) Linkage pattern of the N-pod system in the new
basis.

time-independent transformation in the new bases

ST={|1),le), lpc), |énca): o), - - -5 lonen-1)}

reads as
I O
T:
(550)

where [ indicates the two-dimensional identity
matrix and O is the zero matrix. In turn,

(20)

X X2 X1X3 X1XN
1 Xo X2X3 Xn_1 XN
X1 X2X3 X2 XN
X2 X, X2 X; XN XN
_ X2 X3XN
T,=| xs 0 X2 X3 Xn_1XN (21)
-XZa
xyv O 0 0 o X~
with
x1=Ci1Cy...Cn_1,
X2 =51Cs...Cn_1,
XN = SN-1, (22)

where S; = sin(n;) and C; = cos(n;) and X is
given by

l

Y (03), (=123,...,N).

k=1

X, = (23)

The transformation (20) allows for the construction
of an equivalent system featuring a three-state
loop system in the subspace {|a}, e}, |dc)} with
the coupled state

l6c) = x1l1) + x2[2) + -+ + xw|N) (24)
and N — 1 uncoupled states in the subspace
{lonc), one,2)s-- -, [éne,n-1)} such that

X2 X1
=224 X2
|¢NC,1> X2| >+ X2| >7

X3
X2 X3

X2X3

_X1X3 |
XoX3

lone2) = X, Xs

1)+ 13),

X1XN

X2XN
+
Xnv XN

Xn1 XN
X%
Xnv1 XN

) 12)

lone,N—1) =

X3XN

_l’_i
Xy XN

3) + - IN). (25)
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The transformed Hamiltonian H7T (t) = T1H(t)T
in the new bases {|a), |€),|dc)} reduced to a three-
state system reads as follows:

" 0 2p il
HT(t)=§ 2p 24 0F (26)

—inl? 0@ o
The linkage pattern in the new bases is presented

in Fig. 3b.
The Hamiltonian (26) can be written as
HT(t) = H} (t) + HE(t), where
0 2, 0
HI(@®) =5 | @ 24 0 (27)
<)
0 2 o
and
0 0 iR
HI(t) == 0 0 0 (28)
s 0(©)
—if2,7 0 0
Here,
N
. ,
28 =3 @y, (29)
\i:l
N .
2l =\ |32, (30)
i=1

Next, we consider that the reduced Hamiltonian
HE(t) in the new basis S = {|a),|e), |¢c)} steers
the dynamics along the instantaneous eigen-
states [AL(t)) of H{ (t) without transition among
them and without phase factors. The instantaneous
eigenstates |\L) of (27) are

IAT(8)) = sin(9) sin(p)|a) + cos(p)le)

+ cos(9) sin()|pc), (31)
T () = sin(8) cos()la) — sin()le)

+ cos(?) cos(p)|pc), (32)
A6 (1)) = cos(¥9)]a) — sin(V)|éc), (33)

where
2p(t)

tand = Qéc) (t), (34)
tan 2¢ = ?, (35)
2© = \Jap(0) + (@ (). (36)

By considering the sa-STIRAP method in
the three-state system, the following condition
should be satisfied:

H'(t) = ih)_|o:30) (AL

Now, considering in (28) that 289 = 29, such (37)
can be established that the additional transitions

(37)
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la) — le) and [¢c) — |e) will not be included
n (28). We can calculate ¥ as follows:
p() 27 (1) — 257 (1) 2p(1)

/- (2

(38)

N

such that

)= —— if) t)).

0= GG 2 (1)
We impose that the initial state of the system is |a)
but — just as it is in the three-level system —
the order of the pulses is counterintuitive (note that
0§ (t) must precede 2p(t)). Therefore, the reduced
system will first be in the dark state |Ad (¢)). When
applying H{ (), the system and the population will
be completely transferred to a coherent superposi-
tion of other ground state |¢¢(t)).

) 1

8 ()25 (39)

4. Pulses design and numerical simulations

We consider a situation, where the initial state of
the system is |a). Our aim is to transfer the popu-
lation from the initial state to a coherent superpo-
sition of states as follows:

N N
W(tp) = ajli) amd Y ajP =1 (40)
j=1 j=1

We design the pulses so that they satisfy the con-
ditions (19) and the conditions of sa-STIRAP in
the multi-level system. In order to perform the nu-
merical study, we used the pump and Stokes pulses

accordingly:
(t— )

.Qp(t) = .QQ SiIl4 (7(' TT)
t
Qél)(t) = a1 (2 sin? (ﬂ'T) ,

t
.Qg)(t) = apflysin? (ﬂ'T) ,

t
2N (1) = an 9y sin (WT> , (41)

where () is the peak value of pump Rabi fre-
quency which can be adjusted in the experimental
methods by the peak intensity of the pump laser
pulse. Also, o; 2 (i = 1,2,...,N) are peak val-
ues of the Stokes—Rabi frequencies which can be
adjusted using the peak intensity of the Stokes laser
pulse. The additional pulses 9(5” (i=1,2,...,N)
should be designed in such a way as to match
the sa-STIRAP conditions. We design these pulses
as follows:

ngl) = 20&1’[9,
thz) = 20(219,
QN = 2051, (42)
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Fig. 4. Time evolution of the Rabi frequencies and
time dependence of the |a,e,1,2) populations in a
multi-level system with N = 2 for the STIRAP (a,
c¢) and sa-STIRAP (b, d) methods, respectively, for
20 =27 x2MHz, T =4 pus, A=0.2r MHz and
7 =0.17 in all cases.

Figure 4 shows an example for the superposition
in the multi-state system with N = 2 so that the de-
sired state is |Ugesired) = %\1) + \/g|2>. In Fig. 4a
and 4c, the time evolution of the Rabi frequen-
cies and populations are plotted using the STIRAP
pulse sequence, respectively, in which the adiabatic-
ity breaks down and the population is not fully
transferred into the desired state. In Fig. 4b and 4d,
two additional fields, (Z(gl)(t) and Qf)(t), are ap-
plied on the transitions of |a) — [1) and |a) — |2).
In all cases, the pulses are designed using (41)
and (42) and the laser parameters are the same.
However, only in the case of Fig. 4d the full trans-
fer of population to the final state can be seen.

5. Robustness

In Fig. 5, the final fidelity F' = [(U(¢f)|Vdesired)|?
of desired state |Ugesired) = %|1>+\/g|2> is plotted
as a function of the time delay 7 and the peak Rabi
frequency (2, in the multi-level system with N = 2
obtained with the sa-STIRAP method. The plateau
region when F' = 1 corresponds to the region where
the pulse shapes fulfill (41) and (42). As expected,
the final fidelity of the desired state is not sensitive
to different values of 2y. As shown in Fig. 5, there
are two important limits for the pulse delay depend-
ing on ) values, namely, a lower limit (7 > 0.087)
and an upper limit (7 < 0.27") in which a complete
population transfer occurs to the final desired state.
The reason for these limits is that in this approach
we use the STIRAP Stokes-pump pulse sequence.

In [45], it is shown analytically that there ex-
ists a lower and an upper limit for the pulse de-
lay in the STTRAP pulse sequence. In the follow-
ing, we study the effect of deviating from the cal-
culated value for 2" (i = 1,2,...,N) on the final
fidelity numerically. In real experiments, the values
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1 (4x10¢)

Fig. 5. Final fidelity of the desired state |Vgesired)
is plotted against the time delay 7 and the peak
Rabi frequency (2 in a multi-level system with N =
2 in resonance case A = 0. The pulse shapes are
defined by (41) and (42). The other parameters are
the same as in Fig. 4.

N
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Fig. 6. The final fidelity of the desired state
|Wgesired) is plotted against 11 and 72 in a multi-
level system with N = 2 in resonance case A = 0.
The pulse shapes are defined by (41) and (43). The
other parameters are the same as in Fig. 4.

obtained for (Zéi) may differ from the values calcu-

lated in (43). In numerics, we assume that the 0
pulses are deviated by the 7; parameter as follows:

.Qél) = 27710(119,

0282 = 2nz059,

\QC(EN) = 277]\70[]\]19. (43)

It should be noted that the parameters n; used in

the above equation are different from the parame-
ters used in (19).

Figure 6 shows the final fidelity of the de-

sired state |Wgesired) as a function of 7, and 7.

As it can be observed, if the values of 9,5”
are smaller or bigger than the values calculated
with (42), the final fidelity will be affected in such
a way that it will be less than one. According
to Fig. 6, if both the 7, and 7, values are equal
to zero, it means that (i) the additional pulses have
been removed and (ii) the technique has changed
from sa-STIRAP to STIRAP. Due to the parame-
ters used in this method, the population obtained in
the STIRAP technique cannot be completely trans-
ferred to the desired state and so the final fidelity is
much less than one. Also, if the n; and 7, values are
more than one, (i) the sa-STIRAP technique condi-
tions will be destroyed and (ii) the final fidelity will
be significantly reduced.

799

6. Conclusion

We  have discussed the potential of
the sa-STIRAP method for creating preselected
coherent superpositions of states. As in STIRAP,
the Stokes pulses arrive before the pump pulse
but unlike STIRAP the initial populated ground
state is paired to the final ground state using laser
pulses different from the pump and Stokes pulses.
We have suggested a smooth-pulse realization
of the sa-STIRAP in multi-level systems which
requires: a pump laser pulse, N Stokes laser pulses
and N additional laser pulses that link the initial
populated ground state to the final ground state.
This method has similar properties to the three-
state sa-STIRAP, regarding the robustness and
efficiency and thus it can be considered as its ana-
logue in creating coherent superpositions of states.
We demonstrate that this method has a certain
robustness with respect to finite fluctuations in
the time delay and peak Rabi frequency.
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