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In this paper, a tunable multichannel THz graphene plasmonic filter based on a one-dimensional
Fibonacci photonic quasicrystal is proposed. The filter properties of this integrated plasmonic de-
vice are investigated theoretically by applying the transfer matrix method in numerical calculation.
The transmission spectrum can be flexibly tuned via a varying Fibonacci generation order, the chemical
potential of graphene and the thickness of the multilayer stacks of photonic quasicrystals. Furthermore,
the spectrum property of the proposed structure is sensitive to the refractive index of the dielectric
layers. The well-performed plasmonic filter paves the new way for designing THz on-chip graphene
devices.
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1. Introduction

Graphene is an allotrope of carbon in the form
of a two-dimensional, atomic-scale, honey-comb lat-
tice in which one atom forms each vertex. It was
originally observed in electron microscopes in 1962
and rediscovered, isolated and characterized in 2004
by Andre Geim and Konstantin Novoselov [1, 2].
It has attracted extensive research for the last fif-
teen years because of its unique electrical [3] and
optical properties [4, 5]. The intriguing features of
graphene are mainly exhibited in high carrier mo-
bility [3], dynamic tunability [6], constant light ab-
sorption [7] and low losses [8]. These unprecedented
characteristics of the atom-thick 2D material make
graphene a promising candidate for integrated op-
tical devices, such as enhanced absorbers [9], multi-
channel filters [10], optical biosensors [11], magneto-
optic modulators [12, 13], photodetectors [14] and
optical polarizers [15]. Graphene can support sur-
face plasmon polaritons (SPPs) in the THz fre-
quency range which is also called graphene plas-
monics (GPs) [16]. When compared to tradi-
tional metal-based plasmonics mainly generated
in the visible and near-infrared region [17], GPs
have shown better performance in the THz fre-
quency range for their strong optical field confine-
ment [4], longer propagation length [16] and flex-
ible chemical or electrostatic tunability [18, 19].
Moreover, researchers have proved that graphene
is capable of supporting both the TM-polarization

and TE-polarization SPPs [20] which shows more
potential applications and benefits in comparison
with the noble metals only supporting the TM
modes. With the abundance of research focused on
GPs, plenty of graphene-based plasmonic proposals
have been put forward, such as a directional cou-
pler [21], rainbow trapping [22] and graphene mod-
ulator [23]. All these devices show that this spe-
cial 2D optical material has a bright future ahead
in the field of integrated photonic facilities which
needs further and deeper investigations.

One-dimensional photonic crystals (PCs) are
multilayer structures made up of two alternative
dielectrics with different refractive indexes. Sim-
ilar to electronic semiconductors showing electron
band gaps in their band structure, PCs show pho-
tonic band gaps (PBGs) in their corresponding
frequency region which is known as the Bragg
condition [24]. Namely, PCs can allow or pro-
hibit the propagation of electromagnetic waves in
the multilayer structures for incident waves with
different frequencies. With comprehensive investi-
gations relating to PCs, a complete theory model
and experiment demonstrations have been estab-
lished [24]. Moreover, researchers have designed
plenty of useful devices related to PCs, such as
high-quality filters [25, 26], absorbers [27, 28] and
photonic waveguides [29]. Recently, endeavors have
been made to explore various transmission spectra
of photonic crystals but the spectra of the conven-
tional periodic one-dimensional photonic crystals
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generally do not easily generate multiple PBGs
in a specific frequency range. Hence, resorting
to quasiperiodic photonic crystals (QPPCs) seems
to be a reasonable solution to get a rich spec-
trum and multiple PBGs. The idea of photonics
in quasiperiodic structures was first proposed by
Kohmoto in 1987 by introducing the Fibonacci se-
quence into multilayer structures [30]. The field of
photonic quasicrystals has thrived for more than
the last thirty years [31–33]. It is still one of
the most vital areas in the field of photonic crys-
tals due to its intriguing properties. Generally, pho-
tonic quasicrystals indicate deterministic aperiodic
photonic crystal structures following substitution
rules [32], such as the Fibonacci sequence, Can-
tor sequence and Thue-Morse sequence in the one-
dimensional case. The so-called substitution rules
are defined by replacing a group of letter series
“Ā” representing a combination of dielectric mate-
rials stacks {. . .A, B, C, . . . } with a different let-
ter sequence “Ă” denoting the other combination
of block materials. By iterating the substitution
rules originating from the group “Ā” set, differ-
ent determinated aperiodic strings can be gener-
ated corresponding to several generation orders. By
this means, a diversity of an aperiodic photonic
structure has been proposed with different appli-
cations in research and engineering. For example,
the well-known Fibonacci quasiperiodic sequence
follows the substitution rule “A → AB, B → A”,
where A and B denote different dielectric ma-
terial layers. As the layer number of a corre-
sponding sequence order Fj follows the Fibonacci
number, this kind of photonic quasicrystals is
also named the Fibonacci sequence. Quasiperi-
odic structures adhering to substitution rules show
multiple band gaps and self-similar patterns in
their transmission spectrum. These structures
have shown many potential applications on various
occasions [34, 35].

Generally, the transfer matrix method is widely
used in analyzing photonic crystals. In 2016,
S. Bin et al. demonstrated that photonic crystals
covered by a single layer graphene can be treated
as graphene plasmonic crystals. Thus, the trans-
fer matrix method is also applicable in graphene
coated grating structure [6]. Then, Y.C. Feng et al.
and D.F. Zhou et al. applied a quasiperiodic se-
quence such as the Fibonacci sequence [10] and
the arithmetic sequence [36] in similar structures
which show a multiple filter performance. However,
the dispersion relationship of graphene plasmonics
in the former three-layer structure is rather compli-
cated and hard to be calculated. In this paper, we
show that the dispersion relationship of the plas-
monic structures can be simplified when the layer
thickness exceeds 100 nm and the multiple filter
property is still maintained. The proposed tun-
able multichannel THz graphene plasmonic filter is
composed of a one-dimensional photonic quasicrys-
tal with monolayer graphene covered on the top of

Fig. 1. The schematic diagram of the pro-
posed quasiperiodic plasmonic filter following the
Fibonacci sequence. Light couples in at the point
Pin and the transmission properties are computed
at Pout point. The inset on the upper panel demon-
strates a simplified model for calculating the dis-
persion relationship for GPs propagating along
graphene.

it, as shown in Fig. 1. The simplified schematic dia-
gram of the dielectric-graphene-dielectric-substrate
(DGDS) structure is shown in the upper panel
of Fig. 1. The multilayer structures are alter-
native dielectric layers SiO2 (A) and TiO2 (B)
which are grown on the silicon substrate. These
dielectric materials are traditional optical materi-
als used in many types of researches. In calcu-
lation, we take the refractive index of SiO2 and
TiO2 as 1.45 and 2.13 [37], respectively. According
to the effective index theory [6], PCs propagating
graphene plasmonics can be regarded as plasmonic
crystals, therefore, the calculation method that ap-
plies to general PCs also applies to graphene-based
plasmonic crystals. Based on Maxwell’s equations,
we calculated the dispersion relationship of the pro-
posed structure by applying different boundary con-
ditions in different interfaces. The transmission
properties of the filter are derived by the transfer
matrix method (TMM) in simulation. Moreover,
we calculate the transmission properties of differ-
ent generation order of the Fibonacci sequence.
The tunable properties are discussed for various
graphene chemical potentials and multilayer thick-
ness. Finally, the influence of the dielectric refrac-
tive index on the filter performance is also investi-
gated. The proposed structure of the GPs filter pos-
sesses highly flexible tunability and is sensitive to
parameter changes. Therefore, the idea of introduc-
ing the quasiperiodic sequence may be helpful in de-
signing optical-electrical devices such as absorbers,
sensors and filters.

2. Theory model

The photonic crystal was grown on a silicon sub-
strate with a monolayer graphene covered on the top
of it, as shown in Fig. 1. The quasiperiodic or-
der of PCs is arranged in the Fibonacci sequence as
ABAABABA. . . . The inset of Fig. 1 is the simpli-
fied schematic diagram of the dielectric-graphene-
dielectric-substrate (DGDS) model and the thick-
ness of the alternative materials between graphene
and substrate is D.
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Fig. 2. Dispersion relationship of air/graphene/
SiO2 and air/graphene/TiO2 structures for differ-
ent chemical potentials in the THz regime.

The dispersion relation of the GPs propagating
along the x-axis between the graphene sheet and
the underlying dielectrics can be derived by apply-
ing boundary conditions into Maxwell’s equations.
Referring to the inset of Fig. 1, the spatial distribu-
tion of the dielectric constant is:

ε(z) =


ε1, z > 0

εd, −D < z < 0

εs, z < −D
(1)

where ε1 and εs denote the permittivity of the up-
per and substrate dielectric materials and εd indi-
cates the permittivity of the dielectric A or B, with
respect to εd1 and εd2. According to Maxwell’s elec-
tromagnetic theory, for a TM-mode case, theH and
E field component in each layer of the DGDS struc-
ture can be expressed in the form:

H1y = H1 exp (−k1z + iβx) , (2)

E1x = i
k1H1

ωε0ε1
exp(−k1z + iβx), (3)

E1z = −
βH1

ωε0ε1
exp (−k1z + iβx) , (4)

in layer 1 (z > 0), while
H2y =

[
H21 e

−k2z +H22 e
k2z
]
e iβx, (5)

E2x = i
k2

ωε0εd

(
H21 e

−k2z +H22 e
k2z
)
e iβx, (6)

E2z = −
β

ωε0εd

(
H21 e

−k2z +H22 e
k2z
)
e iβx (7)

in layer 2 (−D < z < 0). Similarly, in layer 3
(z < −D), we may have:

H3y = H3 exp (k3z + iβx) , (8)

E3x = i
k3H3

ωε0εs
exp (k3z + iβx) , (9)

E3z = −
βH3

ωε0εs
exp (k3z + iβx) . (10)

Here, ki =
√
β2 − εik0 [38] is the attenuation co-

efficients of the surface wave in the normal direc-
tion z of the interface in layer i. The wave vec-
tor along the propagation direction x is denoted as

β = neffk0, neff and k0 = ω/c is the effective refrac-
tive index and free-space wave vector, in which ω is
the angular frequency of photon and c is the speed
of light in vacuum. With monolayer graphene lying
between layer 1 and layer 2, the boundary condi-
tions at the interface z = 0 can be expressed as:

E1x = E2x, H1y −H2y = σE1x, (11)
where σ is the conductivity of the graphene layer.
At the interface z = −D:

E2x = E3x, H2y = H3y. (12)
Hence, the dispersion relationship of the DGDS
structure can be obtained in the following
way [10, 38]:(

εd
kd

+
εsub

ksub

)(
εd
kd

+
ε1

k1
+ i

σ

ωε0

)
= (13)(

εd
kd
− εsub

ksub

)(
εd
kd
− ε1

k1
− i

σ

ωε0

)
e−2kdD.

In the THz region, the propagation constant β � k0

(see Fig. 2) and (13) can be simplified to [39, 40]:
2ε1

β
= − i

σ

ωε0

(
1− ε1 − εs

ε1 + εs
e−2βD

)
. (14)

Note that (14) is the exact form of the dispersion
relation for the proposed structure in Fig. 1. With
a simple derivation, one can even write that

β = i
ωε0

σ

(εd + ε1)− (εd−εsub)(εd−ε1)
εd+εsub

e−2βD

1 + εd−εsub
εd+εsub

e−2βD
.

(15)
Clearly, larger dielectric thickness D would re-

duce the effect of the substrate on the dispersion
relationship (as D tending to ∞ means no sub-
strate) which is consistent with our intuitive specu-
lation. The value of β is ≈ 50k0 in our calculation
(Fig. 2), thus the term e−2βD can be neglected when
D > 100 nm. When e−2βD tends to 0, so (15) takes
the form:

β =
iωε0

σ
(ε1 + εd) . (16)

In the real experiment, the layer thickness is easy
to be achieved to D < 100 nm by vapor deposition
and the substrate material will have little influence
on the performance of the proposed device. Fur-
thermore, we will address the other limitation for
the layer thickness D < 50 µm because the opti-
cal chips made in cleanroom are generally in this
scale. Therefore, in the following discussion, we will
consider the DGDS structure without the substrate
layer and all the dielectric thickness dA (dB) is cho-
sen within the range of 100 nm < D < 50 µm in
calculation. The conductivity of graphene can be
expressed by the Kubo formula [41]:

σ = i
e2

4π~
ln

(
2 |µc| − ~ω + i~τ−1

2 |µc|+ ~ω + i~τ−1

)
(17)

+
ie2kBT

π~2 (ω + iτ−1)

[
µc
kBT

+ 2 ln
(
eµc/(kBT )+1

)]
.

Here, e is the electron charge, kB is the Boltzmann
constant, T is the temperature, ~ is the reduced
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Planck constant, τ = µµC/(ev
2
f ) is the momentum

relaxation time of the electron, µ stands for electron
mobility at a range of 10000 to 40000 cm2/(V s),
vf = 106 m/s is the Fermi velocity and µC repre-
sents the chemical potential (which is also called
the Fermi energy) of graphene. The chemical po-
tential µC can be modulated by many external con-
ditions, such as gate voltage, magnetic field and
chemical doping. This intriguing property intro-
duces much degree of freedom when designing op-
tical integrated circuit devices. In (17), the for-
mer term corresponds to the intraband electron-
photon scattering process while the latter term cor-
responds to the direct interband electron transition.
In the THz region, the intraband process contri-
bution dominates while the interband process con-
tributes little to conductivity. Therefore, (17) can
be simplified to:

σ = i
e2µc

π}2 (ω + iτ−1)
. (18)

Based on the dispersion relationship of the DGDS
structure, we can compute the effective index
of air/graphene/silica and air/graphene/titanium
oxide structure as neff,A and neff,B, respec-
tively, where neff,A,B = βA,B/k0. All materials
are assumed as nonmagnetic here. A Fibonacci
quasiperiodic structure is based on the Fibonacci
sequence and the sequence expression is given by
substitution rule “A → AB, B → A”. The expres-
sion can be given by S0 = {B} and S1 = {A}, so
that S2 = {AB}, S3 = {ABA}, S4 = {ABAAB} and
S5 = {ABAABABA}, S6 = {ABAABABAABAAB}
and so on. Figure 1 shows the structure of one-
dimensional Fibonacci photonic crystal of the gen-
eration order S5 with thickness dA and dB.

We use the well-known transfer matrix method
(TMM) to obtain the optical properties of the pro-
posed structure and the characteristic matrix Mi

(i = A, B) of a single block is calculated by [42]:

Mi =

(
cos (βidi) − iq−1

i sin (βidi)

iqi sin (βidi) cos (βidi)

)
(19)

for the TM polarization wave, βi = k0neff, i and
qi = 1/neff, i (i = A, B). The total characteristic
matrix of the entire structure would be:

Mt =
∏
j

Mj =

(
M11 M12

M21 M22

)
, (20)

where j = A, B corresponds to the particular
layer index. For example, the characteristic matrix
for the one-dimensional Fibonacci photonic crys-
tal with the generation order S5 is presented by
M5 =MAMBMAMAMBMAMBMA. The transmis-
sion coefficient of the GPs on the FPCG structure
can be calculated using

t =
2p1

(M11 +M12pL)p1 + (M21 +M22pL)
, (21)

where p1 =
√
µ1/εL are the external ambient pa-

rameters of the incident and exit port Pin and Pout.
In this article, we mainly focus on the TM mode.

3. Results and discussion

Figure 2 shows the real part of the effective re-
fractive index neff for air/graphene/SiO2 struc-
ture and air/graphene/TiO2 structure with dif-
ferent graphene chemical potential µC according
to (16). In this plot, the red dashed line stands for
the chemical potential µC = 0.5 eV, the blue dot-
dashed line — for µC = 0.6 eV, the black dotted
line — for µC = 0.7 eV and the magenta solid line
for µC = 0.8 eV. As we can see in the picture, for
a given graphene chemical potential µC , the effec-
tive refractive index of GPs propagating in the in-
terface of air/graphene/TiO2 structure is much
larger than that of the air/graphene/SiO2 struc-
ture. This result can be referred to the dispersion
relationship in (16) as nSiO2

is smaller than nTiO2

for a particular wavelength. In a specific structure
(i.e., air/graphene/SiO2 or air/graphene/TiO2),
it is clear that with the increment of the graphene
chemical potential, the real part of the effective re-
fractive index of GPs decreases. The reason for this
tendency comes from (18). Obviously, the conduc-
tivity of graphene is proportional to the chemical
potential. Therefore, the effective refractive index is
inversely proportional to the chemical potential ac-
cording to (16). In a general case, the chemical po-
tential of graphene can be tuned by applying biased
gate voltage Vg on monolayer graphene and the de-
terministic relation of the chemical potential µC can
be given by µC = ~vf

√
πn and n = εdε0vg/(ed)

is the charge density of a graphene layer [1, 6].
The transform of the effective refractive index of
the DGDS structure for different chemical poten-
tial µC demonstrates that the proposed photonic
device is indeed tunable by varying gate voltages.

The transmission spectrum is depicted in Fig. 3
for various generation orders Sj of the Fibonacci se-
quence in the THz regime. Multiple PBGs are ob-
tained for different Fibonacci orders due to the in-
trinsic property of the Fibonacci structure which
is similar to previous papers [10, 30]. The chemi-
cal potential of graphene is fixed to µC = 0.7 eV,
with a layer thickness of alternative blocks chosen as
(a) dA = 50 nm, dB = 60 nm and (b) dA = 60 nm,
dB = 50 nm. We can find three well-performed
band gaps located at 35 THz, 58 THz and 78 THz
in Fig. 3a and five band gaps located at 35 THz,
46 THz, 58 THz, 68 THz and 78 THz in Fig. 3b.
Clearly, the number and location of the band gaps
can be tuned by varying the layer thickness of con-
sisting materials. Note that in the calculation,
we choose the layer thickness almost at random
and optimize a good performance at this range.
Thus, it is possible to design another filter per-
formance by tuning block thickness and bias volt-
age properly. Further, with the growth of the it-
eration order, the dominant band gaps merely
move with a little turbulence at the edge of each
band. The turbulence shows a trend of redshift
as shown in Fig. 3. This property is universal in
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Fig. 3. Transmission spectrum for different gen-
eration order of the Fibonacci sequence S6, S7,
and S8. The layer thickness is (a) dA = 50 nm
and dB = 60 nm and (b) dA = 60 nm and
dB = 50 nm, the chemical potential of graphene µC

is set as 0.7 eV.

a quasiperiodic photonic structure which is known
as self-similarity. The self-similar pattern keeps
a set of significant characteristics unchanged in
the transmission spectrum and changes little in
the course of the iterating process. Moreover,
the transmission of the GPs decreases significantly
from ∼ 60% to ∼ 30% with the evolution of the Fi-
bonacci order from S6 to S8. The reason for
transmission declination is mainly the increase of
the propagation length of the GPs with the rise of
generation order. The S8 conformation composite
F8 = 34 layers while regarding S6 the layer number
is F6 = 13.

The tunable feature of the graphene-based plas-
monic filter is demonstrated in Fig. 4. The picture
depicts the transmission property of the Fibonacci
sequence S7 in the THz region where a chemical po-
tential varied from 0.5 eV to 0.8 eV. The structure
parameters remain unchanged against those calcu-
lated in Fig. 3. The red dashed line, blue dash-
dotted line, black dotted line and the solid ma-
genta line correspond to the spectrum when µC
equals 0.5 eV, 0.6 eV, 0.7 eV and 0.8 eV, respec-
tively. For the sake of illustration, we take the log-
arithm operation to the transmittance. It is evi-
dent that the three band gaps of the corresponding
chemical potential undertake blueshift for increas-
ing µC . The first band gap f1 altering from 30 THz,
to 32 THz, 35 THz and 39 THz corresponds to
graphene chemical potential µC increase from 0.5 eV
to 0.6 eV, 0.7 eV and 0.8 eV, respectively. Simi-
larly, the center of the second band gap f2 located
at 48 THz, 53 THz, 57 THz and 61 THz corresponds
to different µC ; the mid-frequency of the third

Fig. 4. Transmission spectrum for different chem-
ical potentials of graphene for the Fibonacci se-
quence S7. The chemical potential of graphene µC

is set to be 0.5 eV, 0.6 eV, 0.7 eV and 0.8 eV. The
other parameters remain the same as in Fig. 3.

band gap f3 transforms from 64 THz to 71 THz,
76 THz and 82 THz, correspondingly. The reason
for the blueshift of each band gap can be attributed
to the change of the effective refractive index of
the building blocks in the DGDS structure which
is shown in Fig. 2. The effective refractive index
of the DGDS structure is reduced with the increase
of graphene chemical potential. Thus, the effective
optical length decreases. According to the Bragg
condition describing the resonate frequency of peri-
odic structures, we know that the resonance wave-
length declines for the reduced optical length. Thus,
the blueshift emerges. This result confirms that
the principle is still applicable in the case of the Fi-
bonacci quasiperiodic crystals. At the same time,
the result also indicates that the proposed struc-
ture owns flexible tunability with only little change
in the graphene chemical potential µC .

In Fig. 5, the transmission property is analyzed
for different structure parameters of the consisting
layers in the graphene plasmonic filter. It can be
seen that the center frequencies of the band gaps are
sensitive to the width of the dielectric layer. We in-
vestigate the effect of layer thickness dA on the filter
performance in Fig. 5a and the influence of layer
thickness dB on the filter performance in Fig. 5b.
In numerical calculation, we choose Fibonacci se-
quence S7, graphene chemical potential µC = 0.7 eV
in the THz frequency range. In Fig. 5a, the thick-
ness of SiO2 (dA) varies from 45 nm to 55 nm while
the thickness of TiO2 layer (dB) is fixed at 60 nm.
With the increase of dA, the band gaps tend to
shift to the lower frequency. The same outcome
appears in Fig. 5b, a wider layer thickness of TiO2

would induce a redshift in the transmission spec-
trum. Differently from the blueshift caused by in-
creasing chemical potential shown in Fig. 4, the red-
shift phenomenon appears here. Though, the cause
of the redshift is similar to the above discussion —
a larger optical length. As a result of the larger
optical length induced by increasing layer thick-
ness, the resonance frequency of quasiperiodic pho-
tonic crystals tends to decline. Therefore, the
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Fig. 5. Transmission spectra for different thick-
ness of layer A (a) and layer B (b) for the Fibonacci
sequence S7. The thickness of layer A is set as
45 nm, 50 nm and 55 nm and the thickness of
the layer Bis set as 50 nm, 55 nm and 60 nm.

Fig. 6. Transmission spectrum of the Fibonacci
sequence S7 for different refraction indexes of
layer B. The refraction index of layer B is set
as 2.1, 2.2 and 2.3.

mid-frequencies of the band gaps shift to lower
value. Further, we note that to choose a proper
thickness of block A and B, we need to take into
account the effective index of the GPs. To be more
specific, as the effective index shown in Fig. 2 is on
the level of ∼ 100, the effective wavelength of GPs is
within the scope of (30 nm, 100 nm) for the wave-
length within (3 µm, 10 µm). Thus, to get better
filter performance, the optical length of block A and
B should also be around this range.

Finally, we investigate the influence of the refrac-
tion index nB on the performance of GPs filter with
the same structural parameters as those used above.
The result is shown in Fig. 6. From (16) and Fig. 2,
we can see that the propagation constant β and the
effective refractive index neff of graphene plasmonic
is sensitive to the structure geometry. The propa-
gation constant β and the effective refractive index

neff increase with the growth of the dielectric re-
fraction index nd. In Fig. 6, the red dashed line
denotes nB = 2.1, the blue dash-dotted line de-
notes nB = 2.2 and the black dotted line denotes
nB = 2.3. The transmission spectrum of the mul-
tichannel THz plasmonic filter with a different di-
electric index indicates that with the increasing of
the refraction of nB , the band gaps tend to redshift
just like the result of Fig. 5. The degree of sensitiv-
ity displayed in Fig. 6 illustrates that resonant fre-
quency tends to vary 0.1 THz for every 0.1 refractive
index change. This result means that we can design
a multichannel THz filter corresponding to the spe-
cific frequency range. Also, the redshift is due to
the increment of the optical length when the dielec-
tric index nB increases.

4. Conclusions

We propose and analyze a tunable multichan-
nel THz graphene plasmonic filter based on
one-dimensional Fibonacci photonic quasicrystals.
The transmission properties are calculated in dif-
ferent cases. Both the internal change (structural
parameters) and the external variable (graphene
chemical potential/gate voltage) can induce a fre-
quency shift in the graphene plasmonic filter. Also,
the Fibonacci sequence order is reliable to tune
the filter performance. The proposed structure
of the GPs filter possesses highly flexible tunabil-
ity and is sensitive to external changes. There-
fore, the proposed structure paves the new way
for designing multiple and tunable optical-electrical
devices filters, sensors and integrated photonic
circuits.
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