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The work is a brief review of the current state of knowledge about high-pressure superconductors with
a high value of critical temperature (Tc). The described results relate to hydrogen-rich superconductors
with particular emphasis on well-known hydrogen sulfide compounds and also include newly-discovered
lanthanum hydride compounds. Since in the considered systems the superconductivity is phonon-
induced, in theoretical predictions the Eliashberg equations formalism has been used, while some of
the results were extended by including the results obtained in calculations using the density func-
tional theory method. Theoretical predictions were compared with the results of experiments available
in the literature. A holistic view of the latest results may lead the way to discover the superconductivity
at room temperature.
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1. Introduction

The phenomenon of superconductivity, observed
for the first time in 1911 by Heike Kamerlingh-
Onnes, consists in the total disappearance of elec-
trical resistance and appearance of zero induction of
the magnetic field in a material cooled below a cer-
tain characteristic temperature, called the critical
temperature (Tc). This discovery is now consid-
ered to be one of the most important findings in
the history of physics. The first microscopic the-
ory providing a proper description of the supercon-
ductivity phenomenon observed in metals such as
Pb, Hg, Sn, Nb and their alloys was BCS theory
proposed in 1957 by Bardeen, Cooper and Schrief-
fer [1, 2]. The basis of this theory is an assump-
tion that below critical temperature electrons cou-
ple (the so-called Cooper pairs), creating a super-
conductive condensate. Generally, since the 1980s,
BCS theory has been regarded as the basic the-
ory of superconductivity. A new period of research
in superconductivity began in 1986 with the dis-
covery of ceramic superconductors synthesized on
the basis of copper oxides [3]. These materials were
characterized by substantially higher critical tem-
peratures than those of the conventional supercon-
ductors with the electron–phonon pairing mecha-
nism. Unfortunately, there arose a serious problem
concerning a proper description of thermodynamics
and electrodynamics of their superconductivity

within the classic BCS model. It turns out that
nowadays there is no complete, generally accepted
theory that would explain the pairing mechanism in
these systems and show the path of further search
for materials that could be superconductors at room
temperature [4, 5]. If critical temperature could
be raised to the level at which superconductors
could be cooled with the help of cheaper solutions
than liquid helium or nitrogen, it would undoubt-
edly lead to a revolution and a huge technological
breakthrough, similar to discovering electricity or
constructing a computer. It is one of the reasons
why wide-ranging research in this field has been
conducted for over 100 years.

The main aim of scientific research conducted
in this work was a theoretical analysis of high-
temperature superconductivity induced by an in-
teraction of electrons with a crystal lattice. Par-
ticularly, it focused on selected physical systems
in which hydrogen plays a key role in the pro-
cess of reaching zero resistance in a higher tem-
perature than the boiling temperature of liquid
nitrogen (77 K).

In 1968, Ashcroft for the first time paid atten-
tion to the possibility of inducing high-temperature
superconductivity in metallic hydrogen under high
pressure [6]. Recently, this trend in research has
been extremely popular which resulted in numerous
theoretical papers [7–11]. Unfortunately, due to
limited equipment capabilities, the existence of
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superconductivity in hydrogen has not been proven
experimentally till today. Although the year
2017 saw the publication of an experimental pa-
per on hydrogen metallization around the pressure
of 500 GPa [12], these results were severely crit-
icized by the scientific community which means
they cannot be treated as credible enough [13, 14].
It might finally turn out that superconductivity in
hydrogen does not exist at all but this requires
performing some more precise observations.

On the basis of his previous research on su-
perconductivity, Ashcroft predicted in 2004 that
introducing hydrogen into a crystal lattice of
heavier elements would lead to chemical pre-
compression [15] which would substantially lower
the pressure value of metallizing such a system in
comparison to the pressure required to metallize
pure hydrogen. At the same time, Ashcroft sug-
gested that we can expect superconductivity in such
a type of materials to occur at a high value of
critical temperature and within pressure values ob-
tained in laboratories. Numerous theoretical re-
search papers [16–20] confirmed the above men-
tioned predictions which inspired further experi-
ments. The results obtained by Li et al. [17] de-
serve our special attention since they conducted
a wide-ranging structural research on the compound
H2S within the pressure values of ≈ 10–200 GPa.
The obtained results showed that a growing com-
pression leads to the following series of structural
changes: Pbcm→ P2/c→ Pc→ Pmc21 respec-
tively for pressures of 8.7 GPa, 29 GPa and 65 GPa.
It is worth considering the fact that the obtained
theoretical results comply with previous experimen-
tal data obtained with the use of the X-ray diffrac-
tion (XRD) [21, 22]. Two last structural changes
occur at the pressure of 80 GPa (Pmc21 → P -1)
and 160 GPa (P -1→ Cmca). Interestingly, the re-
sults obtained in [17] contravene previous theo-
retical prognoses suggesting that H2S dissociates
into sulphur and hydrogen at high pressure [23].
However, it should be noted that a partial disso-
ciation of H2S was observed above 27 GPa dur-
ing research conducted with the use of the Ra-
man spectroscopy [24] and XRD [25] at room tem-
perature. The calculations of the electronic struc-
ture performed in [17] clearly suggest that the com-
pound H2S is an insulator till the pressure value
of 130 GPa. This result correlates quite well
with the value of metallization pressure equalling
about 96 GPa, determined experimentally [26].
What is more, Li et al. proved that within the pres-
sure range of 130 to 180 GPa, the compound
H2S shows the existence of superconductivity with
the maximum critical temperature of ≈ 80 K.

In December 2014, the first experimental re-
sults [27] were presented (updated in June 2015 [28]
and confirmed in May 2016 [29]) which show
that the sample H2S prepared at low temperature
T < 100 K and compressed to high pressure ob-
tained in a diamond anvil cell (DAC) has high

Fig. 1. Critical temperature as a function of pres-
sure for the sample of H2S prepared at low temper-
ature (red balls) and the sample prepared at room
temperature which, due to pressure, was subject
to dissociation and formation of H3S (grey and
black balls) [28, 29]. Theoretical results come from
the research [17].

values of critical temperature. Especially when
it comes to the pressure range from 115 to 200 GPa,
Tc rises from 31 to 150 K [28]. As it was shown
in Fig. 1, the experimental results correlate very
well with theoretical predictions of Li et al. [17].
Interestingly, the sample prepared at room tem-
perature, above the pressure of 43 GPa, is subject
to dissociation of the original compound according
to the following scheme: 3H2S→ 2H3S+S [30–32].
In a newly formed system H3S, under the pressure
of 150 GPa, superconductivity is induced at crit-
ical temperature of 203 K. Moreover, one should
emphasise the fact that for H3S a strong isotope
effect coming from hydrogen was observed which
clearly suggests the electron–phonon character of
superconductivity. From the physical point of view,
the obtained result means that a superconductor of
the highest value of critical temperature known so
far has been discovered. Thus, the experimental
results discussed can be regarded as groundbreak-
ing from the point of view of research on widely-
comprehended high-temperature superconductivity.

In the light of the experimental facts above and
theoretical data, a natural direction of the scientific
research was expanding knowledge about supercon-
ductivity in the family of compounds H2S and H3S,
twin systems of H3Cl and H3P and the mixture
H3S1−xPx. First and foremost, researchers have
been looking for a way to raise the value of criti-
cal temperature in those systems and get as close
as possible to room temperature.

2. The model

From the physical point of view, the description
of superconductivity of the compounds in question
is based on the idea proposed by Fröhlich [33, 34].
This idea relies on the interaction of electron gas

716



The 100 years anniversary of the Polish Physical Society — the APPA Originators

with the vibrations of a crystal lattice which, within
the framework of second quantization, can be mod-
elled with the following statistical operator [35]:

H = H(0) +H(1), (1)
where

H(0) =
∑
jkσ

εjkc
†
jkσcjkσ +

∑
νq

ωνqb
†
νqbνq, (2)

H(1) =
1√
N

∑
jlν

∑
kq 6=0,σ

gjk+q,lk
ν (q)

×c†jk+qσclkσ

(
bνq + b†ν−q

)
. (3)

The values c†jkσ and cjkσ are accordingly the op-
erator of creation and annihilation of the electron
state in j-band at momentum k and spin σ ∈ {↑, ↓}.
Symbol εjk is defined by the formula: εjk = εjk−µ,
where εjk is the band energy of electrons and
µ signifies the chemical potential. Accordingly,
b†νq and bνq represent the operator of creation and
annihilation of a phonon in a mode ν and momen-
tum q and ωνq determines the value of phonon en-
ergy. The energy of electron–phonon interaction is
expressed by gjk+q,lk

ν (q).
Eliminating phonon degrees of freedom, with

the help of a canonical transformation, from
the above statistical operator we get a Hamilto-
nian of BCS theory which can be subsequently anal-
ysed within the framework of the mean-field ap-
proximation. Unfortunately, this approach does
not allow for a quantitative description of super-
conductivity of the systems in which the value
of electron–phonon coupling λ is ' 0.5 (a con-
ventional limit of weak coupling). In most hy-
drogenated superconductors, we deal with strong
λ > 1 or very strong λ > 2 electron interaction
with the crystal lattice. The compounds such as
SiH4, SnH4 and H2S would belong to the first
group [17, 36, 37]. On the other hand, the sys-
tems characterized by very strong electron–phonon
coupling are among others CaH6, YH6, YH10,
SrH10 and H3S [20, 36, 37]. Considering the facts
above, our analysis of thermodynamic properties of
the above mentioned materials was based on the for-
malism of the Eliashberg equations [38] constituting
the generalization of BCS theory for the systems
characterized by the strong electron–phonon cou-
pling [39]. Contrary to BCS theory, the results
obtained within the framework of the Eliashberg
formalism, at their quantitative level, comply with
experimental measurements, regardless of the fact
whether the analysed system is characterized by
a strong or weak electron–phonon coupling. There
are even some premises saying that the Eliashberg
formalism might be used for the analysis of ther-
modynamic properties of high-temperature oxygen–
copper superconductors [40, 41].

In order to develop the Eliashberg system of
equations, firstly one should write the opera-
tor (1) in a matrix notation with the use of the
Nambu spinor [42]. Next, to obtain a Dyson-type

equation [43], a Matsubara–Green function is de-
fined [44], where diagonal elements describe thermo-
dynamic properties of normal state above the criti-
cal temperature and non-diagonal elements charac-
terize superconductivity [45]. In the last calculation
stage, the procedure of self-consistent procedure for
the formula of self-energy is used.

In the case of superconductors with wide en-
ergy bands, such as hydrogenated compounds un-
der high pressure, the Eliashberg system of equa-
tions for the function of the order parameter ϕn =
ϕ (iωn) and the wave function renormalization fac-
tor Zn = Z (iωn) takes the following form (one-
band, isotropic version):

ϕn = πT

M∑
m=−M

Λn,m − µ?θ (ωc − |ωm|)√
(ωmZm)2 + ϕ2

m

ϕm, (4)

Zn = 1+
πT

ωn

M∑
m=−M

Λn,m√
(ωmZm)2+ϕ2

m

ωmZm, (5)

where ωn is the n-th fermionic Matsubara frequency
ωn = π (2n− 1) /β, and θ is the Heaviside step
function, whereas ωc signifies the cut-off frequency.
Conventionally, it is assumed that the value of ωc
falls within the range from 3ωD to 10ωD, where
ωD is the Debye frequency [46]. Its value, in
the case of analysed hydrogenated systems, falls
within the range from 200 to 350 meV, depending
on the value of the applied pressure. The pairing
kernel for electron–phonon interaction is defined in
the following way:

Λn,m = 2

ωD∫
0

dω
ωα2F (ω)

ω2 + (ωn − ωm)
2 . (6)

The Eliashberg function, i.e., α2F (ω), being
one of two input elements for Eliashberg equa-
tions, plays the role of a bridge between the-
ory and experiment. It is calculated most often
with the help of quantum-mechanical (DFT) meth-
ods [47–49]. It can also be determined experi-
mentally in the tunnel experiment [50, 51] or with
the use of the angle-resolved photoemission spec-
troscopy (ARPES) method [52]. From the theo-
retical point of view, an experimental approach is
crucial as it ensures the possibility of direct com-
parison of the obtained experimental and numeri-
cal results which constitutes a test for the accuracy
of theoretical calculations [53]. In the Eliashberg
formalism, in the situation where the experimental
value of Tc is known, the Coulomb pseudopoten-
tial µ? (the second input element for the Eliash-
berg equations) modelling decoupling interaction
between electrons is selected so that critical temper-
ature obtained from the numerical analysis complies
with its value obtained from experimental calcula-
tions. If there are no experimental data, an approxi-
mate value of the parameter µ? can be assessed with
the help of the Morel–Anderson formula [54, 55]:

µ? =
µ

1 + µ ln (εF/ωln)
, (7)
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where µ = ρ (εF)Uc. The symbol Uc repre-
sents the Coulomb potential and ρ (εF) signifies
the density of states (DOS) at the Fermi level εF.
The symbol ωln signifies the logarithmic frequency
of the form

ωln = exp

 2

λ

ωD∫
0

dω
ln (ω)α2F (ω)

ω

 . (8)

Professional literature usually accepts the value
between 0.1 and 0.2 for the parameter µ?. It can be
proven in a relatively simple way that the assump-
tion is correct in the case of the investigated hydro-
genated compounds. Let us note that the maximum
value of µ? can be defined once it is assumed that
µ → +∞ (the limit of infinite Uc) which lets us
write (7) in the following form [55]:

µ?max =
1

ln (εF/ωln)
. (9)

For example, for the compound of H3S under
the pressure of 200 GPa, we get εF = 17.506 meV
and ωln = 131 meV [56] which gives us a result
µ?max ≈ 0.2. Additionally, the paper [56] con-
firms that the above mentioned result complies with
the estimate of the critical value of µ? obtained with
the help of the Eliashberg equations, on the basis
of providing the experimental value of critical tem-
perature (µ?c = 0.204).

Taking a broader view on the issue, one should
pay attention to the fact that εF � ωln, thus
within the Morel–Anderson approach implemented,
the value of the Coulomb pseudopotential usually
is 0.1–0.2 and µ? � µ. The above result creates
a certain problem as in many cases high-pressure
superconductivity is characterised by µ? ≥ 0.3.
This situation occurs, for example, in lithium
where the Coulomb pseudopotential rises together
with pressure increase till the value of 0.36 for

p = 29.7 GPa [57]. This issue was solved by Bauer,
Han and Gunnarsson who made calculations up to
second order in Uc [58]. On the basis of these cal-
culations, they stated that retardation effects lead
to the decrease in the value of µ → µ?, however,
it is not as significant as in the case of Morel–
Anderson formula. In the case in question, the fol-
lowing formula was obtained:

µ? =
µ+ aµ2

1 + µ ln
(
εF
ωln

)
+ aµ2 ln

(
α εF
ωln

) , (10)

where the constant a = 1.38 and α ' 0.10. Within
the range of infinite Uc, one can obtain

µ?max =
1

ln
(
α εF
ωln

) . (11)

In the case of H3S, the value of the Coulomb pseu-
dopotential obtained with the help of the formula
above (µ?max ≈ 0.38) is clearly too high in relation
to numerical analyses. Nevertheless, the analysis
performed for H5S2 shows that in extreme cases for
hydrogenated compounds µ? can take bigger values
than 0.4 [59].

During the conducted research, we solved
the Eliashberg equations on an imaginary axis
and in mixed representation (the equations de-
fined simultaneously on the imaginary axis and
the real one). We used iterative methods described,
e.g., in [60]. In particular, the equations defined
on the imaginary axis let us determine quantita-
tively the value of critical temperature, the differ-
ence of free energy between normal and supercon-
ductive states, thermodynamic critical field, specific
heat for superconductivity and estimate values for
a band gap at the Fermi level and electron effective
mass. The exact values of the two last parameters
were determined with the help of the Eliashberg
equations in mixed representation [46, 61]:

ϕ (ω + iδ) =
π

β

M∑
m=−M

ϕm√
(ωmZm)2 + ϕ2

m

[
λ (ω − iωm)− µ?θ (ωc − |ωm|)

]
+iπ

+∞∫
0

dω
′
α2F (ω

′
)

[(
N(ω

′
) + f(ω

′
− ω)

) ϕ(ω − ω′
+ iδ)√

(ω − ω′)2Z2(ω − ω′ + iδ)− ϕ2(ω − ω′ + iδ)

]

+iπ

+∞∫
0

dω
′
α2F (ω

′
)

[(
N(ω

′
) + f(ω

′
+ ω)

) ϕ(ω + ω
′
+ iδ)√

(ω + ω′)2Z2(ω + ω′ + iδ)− ϕ2(ω + ω′ + iδ)

]
(12)

and

Z (ω + iδ) = 1 +
iπ

ωβ

M∑
m=−M

λ(ω − iωm)ωmZm√
(ωmZm)2 + ϕ2

+
iπ

ω

+∞∫
0

dω
′
α2F (ω

′
)

[(
N(ω

′
) + f(ω

′
− ω)

) (ω − ω′
)Z(ω − ω′

+ iδ)√
(ω − ω′)2Z2(ω − ω′ + iδ)− ϕ2(ω − ω′ + iδ)

]

+
iπ

ω

+∞∫
0

dω
′
α2F (ω

′
)

[(
N(ω

′
) + f(ω

′
+ ω)

) (ω + ω
′
)Z(ω + ω

′
+ iδ)√

(ω + ω′)2Z2(ω + ω′ + iδ)− ϕ2(ω + ω′ + iδ)

]
, (13)
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where the symbols N (ω) and f (ω) mean
the Bose–Einstein and the Fermi–Dirac distri-
bution accordingly

N (ω) =
1

eβω − 1
and f (ω) =

1

eβω + 1
. (14)

3. Superconductivity
in hydrogen sulfide compounds

The discovery of a very high value of critical
temperature, especially exceeding 200 K in hydro-
gen sulfide compounds, was a kind of breakthrough
in the superconductivity research. This fact re-
sulted in an incredible increase in interest of sci-
entists in this group of superconductors associated
with the hope of further increase of Tc value. First,
extensive research was needed to fully understand
the properties of these superconductors.

In the first step, we have analysed the sys-
tem of H2S under the influence of pressure from
the range of 130 to 180 GPa [62]. For the value
of the Coulomb pseudopotential equalling 0.15,
we have reconstructed the experimental dependence
of critical temperature on pressure, Tc ∈ 〈31, 88〉 K,
and we have determined other crucial thermody-
namic values of superconductivity, such as the band
gap on the Fermi surface, the specific heat and
the thermodynamic critical field. Due to the strong
electron–phonon coupling and retardation effects,
the results obtained substantially differ from pre-
dictions of classical BCS theory. By generalising
the obtained results, we have estimated the max-
imum value of critical temperature possible to
be observed in compounds of HnS type, where
n = 1, 2, 3. In the beginning, we noticed that
the contributions for the Eliashberg function com-
ing from sulphur and hydrogen are most clearly
separated. In particular, in the range of low fre-
quency, the electron–phonon interaction coming
from sulphur is crucial, whereas for higher frequen-
cies the contribution of hydrogen becomes impor-
tant [17]. The situation in question is illustrated
in Fig. 2 which presents the results for the pressure
of 160 GPa at which Li et al. [17] note the highest
critical temperature equalling ≈ 80 K.

Fig. 2. Phonon spectrum, phonon density of states
(PhDOS) and the Eliashberg function α2F (ω) for
H2S under the pressure of 160 GPa [17].

Fig. 3. Critical temperature and non-dimensional
parameters R∆, Rc and Rh in the function of
the coupling constant λS

0 and λH
0 for selected val-

ues of the Coulomb pseudopotential [62].

Taking into account the above fact, a model
Eliashberg function can be written as follows:

α2F (ω) = λS0

(
ω

ωS
max

)2

θ
(
ωS
max − ω

)
+λH0

(
ω

ωH
max

)2

θ
(
ωH
max − ω

)
, (15)

where λS0 and λH0 constitute input for the con-
stant of electron–phonon coupling, from sulphur
and hydrogen accordingly. Furthermore, the sym-
bols ωS

max and ωH
max signify the maximum phonon

frequencies. On the basis of the previous re-
search, the following input parameters have been
assumed: λS0 ∈ 〈0.3, 0.8〉 and ωS

max = 70 meV [63],
and λH0 ∈ 〈0.5, 2.0〉 and ωH

max = 220 meV [8].
As a result of the analysis performed, it was found

out that the maximum value of critical temperature
for µ? = 0.1 equals 290 K. It should be empha-
sised that the Coulomb pseudopotential taken for
the calculations complies with the estimation per-
formed in Ashcroft’s fundamental publication [15].
From the physical point of view, the obtained value
Tc constitutes a very important result as it shows
that there is a real possibility to achieve supercon-
ductivity at critical temperature close to room tem-
perature. This result is always a direct motiva-
tion for further research aiming at finding a way
to raise Tc.

In a similar way, non-dimensional parameters
linked with the band gap, specific heat and
thermodynamic critical field have been deter-
mined: R∆ = 2∆(0)/kBTc, Rc = ∆C (Tc)/C

N (Tc)
and Rh = TcC

N (Tc) /H
2
c (0). It should be noted

that the relations above, within classic BCS the-
ory, take universal values: R∆ = 3.53, Rc = 1.43
and Rh = 0.168.

In the case of HnS compounds, the maximum
values of the parameters R∆ and Rc and the mini-
mum value of the parameter Rh clearly diverge from
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Fig. 4. Non-dimensional parameters R∆, Rc and Rh in the function of Tc/ωln. Experimental points taken
from [39]. The results for D3S(1) and D3S(2) correspond to critical temperature which equals 147 K and
159 K [68].

classic BCS theory and equal 6.53, 3.99 and 0.093,
respectively. The complete results in the function
of the constant of the coupling λS0 and λH0 for se-
lected values of the Coulomb pseudopotential are
gathered in Fig. 3. The presented results, and in
particular those for Tc, suggest that it is possible
to obtain superconductivity at room temperature
in the family of hydrogenated compounds built on
the basis of sulphur. This conclusion led to the pub-
lications of [64–67] which analyse selected options
that might lead to obtaining a critical temperature
higher than 203 K.

Next important results were presented in the pub-
lication [68] where a detailed analysis of H3S com-
pound and its isotope counterpart D3S have been
conducted. Based on spectral functions determined
in [69], for the pressure of 150 GPa, the experimen-
tal value of critical temperature equalling 203 K for
H3S and 147 K for D3S were reconstructed. What
is more, the work thoroughly discussed the fact of
change in the value of isotope coefficient α together
with pressure. For pure metals, there is a rela-
tion TcM

α = const, where M is the atomic mass
of the isotope contained in the lattice structure of
the superconductor and the exponent α approxi-
mately equals 0.5 [70]. On this basis, the exponent
α can be described for the compounds analysed by

α = −
ln (Tc)D3S

− ln (Tc)H3S

ln (M)D − ln (M)H
, (16)

where (Tc)H3S ((Tc)D3S) is the critical temper-
ature of the hydrogen (deuterium)-based system
and (M)H ((M)D) is the hydrogen (deuterium)
atomic mass.

In the publication in question, on the basis
of linear matching of experimental data Tc(p)
for H3S and D3S and by analysing the value of
the Coulomb pseudopotential with the help of
the Morel–Anderson formula [54, 55], it was sug-
gested that the experimental value of Tc for D3S is
underestimated and should really equal about 159 K
which would allow for achieving the value of α

equalling 0.35 (the value observed under higher
pressure from 170 to 220 GPa). Otherwise, the co-
efficient in question is 0.47. Moreover, thermo-
dynamic properties of the analysed systems were
compared to properties of other conventional super-
conductors. It turned out that regardless of sub-
stantial deviations from BCS theory predictions,
H3S and D3S compounds ideally match the trend
set by other conventional superconductors. It is
illustrated in Fig. 4 by the overview of the non-
dimensional parameters obtained R∆, Rc and Rh
in the function of Tc/ωln.

The validity of applying classical formalism of
the Eliashberg equations for the description of hy-
drogenated compounds was confirmed in [56] with
the analysis of the influence of a lowest-order vertex
correction for the electron–phonon interaction on
superconductivity in H3S and its twin system H3P
for which the experimental results confirm the oc-
currence of a superconductive phase below the tem-
perature of 103 K [71]. In particular, using the den-
sity functional theory (DFT) methods implemented
in Quantum-ESPRESSO software, the electron and
phonon properties of the compounds in question
were determined and the Eliashberg functions were
defined as follows [47, 48]:

α2F (ω) =
1

2πρ (εF)

∑
νq

γνq
ωνq

δ(ω − ωνq), (17)

where the symbol γνq defines the width of phonon
lines:

γνq = 2πωνq
∑
ij

∫
d3k

ΩBZ

∣∣∣gjk+q,lk
ν (q)

∣∣∣2
×δ(εiq − εF)δ(εjk+q − εF). (18)

Then, on the basis of the determined functions
α2F (ω) for the pressure of 200 GPa, the experimen-
tal values of critical temperature (178 K for H3S and
81 K for H3P) have been reconstructed using classic
Eliashberg equations and extended equations com-
plemented by vertex corrections which take the fol-
lowing form [72, 73]:
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ϕn = πT

M∑
m=−M

Λn,m − µ?θ (ωc − |ωm|)√
(ωmZm)2 + ϕ2

m

ϕm

−π
3T 2

4εF

M∑
m=−M

M∑
m′=−M

Λn,mΛn,m′√
(ωmZ2

m + ϕ2
m) (ωm′Z2

m′ + ϕ2
m′)

(
ω2
−n+m+m′Z2

−n+m+m′ + ϕ2
−n+m+m′

)
× (ϕmϕm′ϕ−n+m+m′ − ωmZmωm′Zm′ϕ−n+m+m′ + 2ϕmωm′Zm′ω−n+m+m′Z−n+m+m′) (19)

and

Zn = 1 +
πT

ωn

M∑
m=−M

Λn,m√
(ωmZm)2 + ϕ2

m

ωmZm

− π3T 2

4εFωn

M∑
m=−M

M∑
m′=−M

Λn,mΛn,m′√
(ω2
mZ

2
m + ϕ2

m) (ω2
m′Z2

m′ + ϕ2
m′)

(
ω2
−n+m+m′Z2

−n+m+m′ + ϕ2
−n+m+m′

) (20)

× (ωmZmωm′Zm′ω−n+m+m′Z−n+m+m′ + 2ωmZmϕm′ϕ−n+m+m′ − ϕmϕm′ω−n+m+m′Z−n+m+m′) .

The obtained results allow to notice a consid-
erable reduction of the Coulomb pseudopotential
value, once vertex corrections are taken into ac-
count. It is a crucial result as it decreases the con-
tribution of the parameter whose function, in fact,
is to match theoretical results to experimental data.
However, further analysis showed that regardless of
the change in the value of the depairing parame-
ter by −9.3% in the case of H3S and by −5.7% in
the case of H3P, the course of the order parame-
ter obtained within the framework of the classic
Eliashberg equations does not differ from the one
obtained with the help of the equations extended
by vertex corrections. It means that the thermody-
namic properties of the systems in question can be
successfully analysed within the classical Migdal–
Eliashberg approach provided that the Coulomb
pseudopotential is appropriately matched.

Research on the impact of vertex corrections on
superconductivity in the compound of H3S was also
carried out by Sano et al. [35]. These studies proved
that once the value of µ? is determined before-
hand, lowest-order vertex corrections, similarly to
anharmonic effects [74], substantially reduce (about
20%) the value of critical temperature. The neg-
ative influence of vertex corrections on the value
of Tc was also confirmed by the results of research
conducted for the compound of H3Cl [67]. How-
ever, it should be noted that the observed reduc-
tions amount to merely about 2%. The existence
of such big discrepancies derives from the differ-
ence in the method of analysing vertex corrections.
Our calculations are based on ignoring momen-
tum dependence and solving the Eliashberg equa-
tions with vertex correction in a self-consistent way.
On the other hand, Sano does not omit momen-
tum dependence but introduces a series of addi-
tional approximations and finally does not obtain
his result in a self-consistent way. It is worth em-
phasising that both the first and the second method
have their flaws. That is why the best solution

would be to introduce and solve complete equa-
tions in a self-consistent way. From the mathemat-
ical point of view, it is quite a complex issue but
worth our attention, like the analysis of high-order
vertex corrections.

The next paper [64] presents systematic research
which was aimed at obtaining critical temperature
close to room temperature. It focused on the in-
crease of pressure as one possible factor allowing
for the achievement of the desired effect. External
pressure can be regarded as a parameter which al-
lows for controlling the properties of researched ma-
terials. A change in pressure leads to a change
in the distance between atoms which in some con-
ditions can cause metallization of the system and
a transition into the superconductivity state. It also
influences the increase of such key values as the con-
stant of the electron–phonon coupling or critical
temperature. The best example is calcium which,
while exposed to compression, experiences a series
of structural transformations while its Tc grows till
the value of 29 K which so far has been the high-
est critical temperature obtained experimentally for
an element [75]. In the case of hydrogen, theoretical
research suggests that the increase in pressure to an
extremely high value of 2000 GPa might cause tran-
sition from the normal to superconductive state at
the temperature of 600 K [8, 76]. Of course, it is not
a rule that a pressure rise causes Tc increase. In cer-
tain circumstances, it can lead to Tc decrease and
even to a superconductivity loss. Such a situation
takes place, for example, in the case of lithium [77]
or the compound of MgB2 [78].

In the light of the information above, it turned
out to be very important to check how the sys-
tem H3S behaves in conditions of very high pres-
sure. The initial stage of research encompassed
the procedure of optimization of lattice constants
and atom location in an elementary cell by mini-
mizing the system’s enthalpy due to the value of
the assumed pressure. With the obtained minimum,
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Fig. 5. Critical temperature in the function of
pressure for H3S. Deviations from set values of Tc

were obtained for µ? = 0.11–0.15 [64].

further simulations could be made which were then
subsequently completed by calculations performed
within the frame of the Eliashberg theory. The re-
sults show that in the pressure range from 250
to 500 GPa, the system H3S of lattice structure
Im3m is dynamically stable. This fact manifests it-
self in a lack of imaginary frequencies in the phonon
spectrum. The enthalpy diagram in the func-
tion of pressure also confirms a tendency to keep
the cubic structure of the system above the value
of 180 GPa. Moreover, for all the pressure values
analysed, one can notice a clear maximum in elec-
tron density of states near the Fermi surface which,
to a large extent, is responsible for inducing high-
temperature superconductivity in H3S [35, 79, 80].
All this analysis leads to the conclusion that increas-
ing pressure to the limits of laboratory possibilities
(≈ 500 GPa) does not allow for obtaining the super-
conductivity state in the compound of H3S above
the temperature of 200 K.

Figure 5 illustrates the course of Tc in the func-
tion of pressure. Importantly, the results obtained
in the range from 250 to 350 GPa correspond very
well to experimental data for lower pressure val-
ues, marked in the diagram by red symbols [28, 29].
On the other hand, over 350 GPa, there is an op-
posite trend and critical temperature begins to
rise systematically till its maximum value equalling
155 ± 10 for the pressure of 500 GPa. The de-
scribed course strongly correlates with the function
of the electron–phonon coupling constant

λ = 2

ωD∫
0

dω
α2F (ω)

ω
(21)

and the course of the logarithmic phonon frequency
(ωln). The calculated values of λ and ωln were
drawn in the function of pressure in inset of Fig. 5.
The results above strongly suggest that experi-
menters should look for a different method which
would allow them to achieve the superconductivity
state in room temperature.

Fig. 6. The influence of sulphur isotope change on
the phonon structure of H3S [65].

Following that research path in [65], we exam-
ined the influence of sulphur isotopes on the su-
perconductivity state in H3S. In the case of replac-
ing hydrogen with deuterium in an elementary cell,
the reduction of critical temperature was experi-
mentally proved, whereas, in the case of sulphur,
professional literature does not contain any infor-
mation on this topic. Generally, we can distinguish
four stable, naturally occurring sulphur isotopes:
32S (31.972 u), 33S (32.971 u), 34S (33.968 u) and
36S (35.967 u). For all the cases above, numerical
analyses have been conducted within the pressure
range from 155 to 225 GPa. The pressure range was
not chosen at random and it strictly corresponds to
the experimental results obtained for the structure
Im3m which makes it possible to perform a compar-
ative analysis of the results obtained with the ex-
perimental data. As it was anticipated, the per-
formed research allowed to conclude that sulphur
isotope change does not have any influence on the
electron structure of the system analysed. However,
there are interesting outcomes in the phonon struc-
ture. Increasing mass of the sulphur isotope makes
the boundary of the input coming from sulphur
shift to the constant of electron–phonon coupling
towards lower values which means that the percent-
age input coming from hydrogen increases.

Figure 6 presents phonon structures and Ph-
DOS for two extreme cases: the isotope with
the minimum atomic mass (32S) and the isotope
with the maximum atomic mass (36S). The area
marked yellow shows the range of frequencies in
which vibrations coming from sulphur are of pri-
mary importance. Due to the above mentioned
shift, we can observe a non-typical isotopic effect
reflected in the critical temperature increase to
the value of 242 K at the pressure of 155 GPa and
the isotope of 36S.

Figure 7 shows detailed results. The value
of the Coulomb pseudopotential was matched in
such a way as to make it possible to reconstruct
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Fig. 7. Critical temperature in the function of
pressure for H3S with different sulphur isotopes [65].

experimental results for the average sulphur mass.
Analysing the Tc change graph in the function
of pressure, one has to pay attention to the fact
that despite reversed and non-trivial isotope effect,
a pressure growth is accompanied with a general de-
crease in critical temperature, in accordance with
the trend set by experimental points. The results
presented in the work [65] show that the growth in
the value of critical temperature by almost 40 K,
in relation to a record-like experimental result, is
possible. It is one more proof of electron–phonon
pairing character in the compounds of hydrogen and
sulphur, provided that theoretical results are exper-
imentally proven.

In 2016, a record value of Tc equalling 280 K
was predicted in the compound H3S0.925P0.075 [81].
A widely-ranged numerical analysis has been per-
formed in [81], based on the method of virtual
crystal approximation (VCA). In this method, in
an elementary cell of H3S, atom S is replaced with
a pseudopotential which is a specially constructed
superposition of two atoms, S and P in the propor-
tions corresponding to the assumed chemical com-
position. This method is much more effective than
the supercell method as calculations rely on a primi-
tive cell, though in some situations it might turn out
much less credible. Analysing in detail the results
from [81], one can observe that critical temperature
for the system H3S0.925P0.075 grows systematically,
together with pressure from the value of 224±18 K
for 150 GPa to 260±20 K for 250 GPa. This result
goes against the trend set by experimental data for
H3S which show Tc decrease accompanied by pres-
sure growth in the range beyond 150 GPa [27]. Due
to this fact, the study in [66] focuses on the verifi-
cation of the method consisting in a partial replace-
ment of sulphur with phosphorus atoms, based on
calculations of supercells measuring 2 × 2 × 2 and
containing 64 atoms.

Figure 8 presents a set of three analysed su-
percells which correspond to the following con-
figurations: (a) H3S0.875P0.125, (b) H3S0.5P0.5

and (c) H3S0.375P0.625. For each presented cell,

Fig. 8. Supercells formed by doubling an elemen-
tary 8-atom cell in each direction. Grey balls rep-
resent hydrogen atoms, yellow ones stand for sul-
phur atoms and red ones correspond to phosphorus
atoms [66].

Fig. 9. Critical temperature in the function of
pressure for H3S1−xPx [66].

there were performed calculations of electronic and
phonon structure, and electron–phonon interaction
for the pressure of 155, 180, 205 and 230 GPa.
The dynamic stability of the analysed systems was
confirmed. Next, critical temperature calculations
performed with the use of formalism of the Eliash-
berg equation for a wide range of the Coulomb pseu-
dopotential, from 0.1 to 0.2, showed that doping
the compound of H3S with phosphorus negatively
influences the superconducting state. In particular,
one could notice a smaller value of critical temper-
ature in the whole range of the analysed pressure
values. Interestingly enough, similarly to the case
of the work mentioned before, it was possible to re-
construct a trend observed in the experiment, con-
sisting in the decrease in Tc values accompanied by
a pressure growth (Fig. 9). It proves a very big
inaccuracy of the VCA method used in the publica-
tion [81] to determine superconductivity character-
istics. The result obtained in [81] does not lead to
the conclusion that a partial replacement of sulphur
atoms with phosphorus atoms in an elementary cell
of H3S would allow for achieving superconductivity
at the temperature close to room temperature.

When analysing the experimental data, it is
not difficult to notice that phosphorus and sul-
phur, which in their coupling with hydrogen display
the highest critical temperature values, are neigh-
bours in the periodic table of elements (elements of
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Fig. 10. Order parameter in the temperature func-
tion and critical temperature in the function of pres-
sure for H3Cl [67].

the third period, group VA and VIA). Taking this
into account, it may be assumed that also the com-
pound of chlorine and hydrogen might display su-
perconductivity properties (chlorine — an element
of the third period, group VIIA), so in [67], the sys-
tem of H3Cl has been analysed. One more hypothe-
sis also seems correct. It says that as electronegativ-
ity of an element X in the cell H3X grows, also crit-
ical temperature of the system rises [82]. Chlorine,
sulphur’s neighbour, shows higher electronegativity
than phosphorus and sulphur, thus, it is a potential
candidate for analysis. Considering the facts above,
a complete calculating procedure was performed,
which consisted in finding a potential crystal struc-
ture for which the enthalpy of the system H3Cl
reaches the lowest value, in determining electron
and phonon properties and in determining constant
values for the electron–phonon interaction for pres-
sure values from 150 to 250 GPa. It has been shown
that for the compound H3Cl, the structure Im3m
is the most advantageous energetically and dynam-
ically stable in the pressure range analysed. What
is more, it allows for a transition into superconduc-
tivity characterized by very strong electron–phonon
coupling λ = 2.21 at the pressure of 150 GPa. Sub-
sequently, a pressure growth makes the value of
λ drop to 0.91 for p = 250 GPa. On the basis of
the determined spectral functions, the critical tem-
perature for H3Cl was determined alongside with
the use of the classic Eliashberg equations and their
extended versions, enriched with lowest-order ver-
tex corrections. Additionally, the results obtained
were compared with the results calculated with
the help of the analytical McMillan formula [83].
Due to a lack of any experimental data, the above
mentioned calculations were performed with the as-
sumption of a constant value of the Coulomb pseu-
dopotential (µ? = 0.13). This made it possible to
determine the influence of vertex corrections on Tc.
It turns out that for a fixed value of µ?, vertex
corrections only slightly reduce the value of criti-
cal temperature and band gap.

As Fig. 10 shows, pressure has a significant influ-
ence on the order parameter and on Tc as it makes
a critical temperature drop from 198 to 77 K in

the range of 150 to 250 GPa. Thus, the highest
obtained result is close to the record value of crit-
ical temperature, experimentally observed in H3S
and may constitute a departure point for further
high-pressure experimental measurements. Addi-
tionally, the paper tackles the issue of the isotope ef-
fect which clearly confirms the classic pairing mech-
anism in the system of H3Cl, provided it is experi-
mentally verified.

4. Superconductivity
in lanthanum hydrides compounds

The latest discovery in the research of hydrogen-
rich compounds that can be considered as
groundbreaking was an experimental confirma-
tion of superconductivity in the LaH10 compound
with Tc exceeding 250 K [84]. In particular,
it has been shown that in the LaH10 compound
the critical temperature of the superconducting
state strongly depends on pressure and reaches:
T ac = 215 K and T bc = 260 K for pa = 150 GPa and
pb ∈ (180–200) GPa, respectively. Such promising
results became an impulse for further investigations
of lanthanum hydrides.

The high-pressure phase stability and supercon-
ductivity of lanthanum hydrides LaHm was ex-
plored in [85]. In particular, a number of LaHm
phases (m = 4, . . . , 9, 11) at different pressures
was found. Calculation of the critical tempera-
ture for all these cases in the required pressure
range by using ab initio method or a numeri-
cal solution of the Eliashberg equations would be
very time consuming. Therefore, the A–D formula
has been used [86]. This approach allows to cal-
culate — easily and with a fairly good approxi-
mation — the value of the critical temperature,
as seen in Fig. 11. One can notice there that
LaH10 shows the highest value of Tc of all con-
sidered cases and thus, a more accurate analysis
of LaH10 is required, namely, the Eliashberg for-
malism and superconducting density field theory

Fig. 11. Superconducting temperatures Tc, ob-
tained using the A–D formula with µ? = 0.1 for a se-
ries of lanthanum hydrides at 150 and 180 GPa [85].
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(SCDFT) [85]. In fact, our results agree with the re-
sults achieved by Drozdov et al. [87] which can be
related to the introduction of the superconduct-
ing phase in the R3m structure (Tc = 206–223 K).
Other experimental results reported in [88] should
be related to the superconducting state which is
induced in the Fm3m structure where suppos-
ingly the value of the critical temperature reaches
even 280 K. It is worth to mention that previously
unknown polyhydride P6/mmm— LaH16 was ana-
lyzed in [85] indicating a superconductor with Tc of
up to 156 K and the superconducting gap of 30 meV
at 200 GPa. This means that the addition of further
hydrogen atoms does not improve the properties of
the superconducting state in that case.

Taking into account the structure of the Eliash-
berg function for hydrogenated compounds, one can
find clearly separated parts coming from hydro-
gen and the heavy elements which is caused by
a huge difference between atomic masses of hydro-
gen and those elements. Therefore, the addition of
a lighter element, like scandium or yttrium atoms,
could fill the gap in the Eliashberg function which
would mean increasing the electron–phonon cou-
pling and, as a consequence, significantly increas-
ing the value of critical temperature. Applying
the above reasoning in [89], it has been shown
that the expected range of the critical temperature
values for the LaScH and LaYH compounds can
reach room temperature. There were taken into
account two pressure values: pa = 150 GPa and
pb = 190 GPa and for LaScH the results were as
follows: T ac ∈ 〈220, 267〉 K and T bc ∈ 〈263, 294〉 K,
while for LaYH there were: T ac ∈ 〈218, 247〉 K
and T bc ∈ 〈261, 274〉 K. It should be noted that
the mentioned results were obtained by using
the A–D formula and should be confirmed by ad-
vanced DFT calculations. Despite this, it provides
a good basis for further search of high-temperature
superconductors.

5. Summary

Finally, it should be clearly emphasised that
the topic concerning hydrogenated compounds is
still open. Intensive research carried out in many
leading scientific centres all over the world aims not
only at increasing critical temperature but also at
decreasing external pressure required for metalliza-
tion and transition into a superconducting state.
This may ensure the practical use of such supercon-
ductors in the future. One of the possible ways to
achieve that might be increasing the concentration
of hydrogen atoms in the elementary cell. There
are many hopes concerning the systems analysed
in the last years in which one heavy atom matches
six or ten hydrogen atoms. In particular, the fol-
lowing compounds should be mentioned: CaH6

(Tc = 235 K) [16], YH6 (Tc = 247 K) [36], MgH6

(Tc = 270 K) [90] and YH10 (Tc = 291 K) [36].
As far, we have theoretical predictions only. Lack
of experimental verification hinders further progress

in analysing these superconductors. Another way
to rise the value of critical temperature could be in-
creasing electron–phonon coupling by adding atoms
of the appropriate elements like in the case of
lanthanum hydrides compounds. Taking into ac-
count a relatively short time since the experimental
confirmation of superconductivity in LaH10, next
discoveries related to this superconductor can be
expected soon.
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