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Theoretical research suggests an emergence of the Majorana bound states at the ends of nanowires.
Experimental verifications of this concept have already been executed, e.g., in superconduc-
tor/semiconductor nanowire devices where interplay between a superconducting gap, spin-orbit coupling
and external magnetic field allows for the creation of zero-energy bound states. Recent experiments pro-
pose a topological phase diagram by a local modification of the effective chemical potential. We discuss
this possibility, using a model of an experimental system in the form of a semi-infinite S/N junction.
We calculate the zero-bias differential conductance G in the case of the homogeneous system, as well as
in the presence of the gate voltage. The relation between conductance and the effective gap in the sys-
tem is investigated. We show that G can reproduce the topological phase diagram in the magnetic field
vs. gate voltage space of parameters.
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1. Introduction

Proposed by Kitaev in 2001, a creation of the Ma-
jorana bound states (MBS) [1] is a very attrac-
tive concept due to its non-Abelian properties [2]
which can be used in performing a quantum com-
putation via a braiding operation [3–5]. This pro-
posal opened a period of intensive theoretical and
experimental studies of the MBS [6–8].

In the Kitaev toy model [1], the MBS emerge
at the end of the chain of spinless fermions with
inter-site pairing. From a theoretical point of view,
in the superconducting system with the spin-
orbit coupling, a mixture of both spin-singlet and
spin-triplet Cooper pairs can be expected [9–11].
In the presence of the significantly high magnetic
field, the pairing in only one branch exists [12]
which is formally equivalent to a spinless px + ipy
superconductor [13].

Experimentally, this situation can be performed
in the superconductor/semiconductor heterostruc-
tures [7]. In these types of systems, an interplay be-
tween an intrinsic spin-orbit coupling of a semicon-
ductor, a superconducting gap induced in a semi-
conductor (by the proximity effect with supercon-
ductors [14, 15]) and external magnetic field can
lead to the emergence of the MBS [16].

An example of a practical assembly of su-
perconductor/semiconductor nanowire devices is
presented in Fig. 1a. A semiconducting nanowire
(white) is partially covered by superconducting
(blue) and metallic lead (orange). This is the

Fig. 1. (a) Scanning electron micrograph of the
superconductor/semiconductor nanowire devices
studied in [20]. (b) Theoretical model of the ex-
perimental system: semiconducting nanowire (NW)
coupled with the normal metal (NM) lead and at the
junction a Coulomb blockade (CB) exists, NW is
coupled with the superconductor (SC), energy lev-
els are shifted by the background gate (BG) voltage.

procedure generally used for obtaining the het-
erostructures to realization of the MBS [16–20].
Moreover, recent progress in experimental tech-
niques of heterostructures preparation allow for the
construction of additional gates [21, 22]. These
gates (like a background gate (BG) in Fig. 1) can be
used to locally modify the effective chemical poten-
tial via the electrostatic control. Experimentally,
this can be used to reproduce the topological phase
diagram [19].

In the superconducting system with spin-orbit
coupling, an increase of magnetic field leads to
the closure of a gap and the reopening of a new
topological gap. This occurs in some magnetic fields
hc =

√
µ2 + ∆2 [23–25], where µ is the chemical po-

tential (measured from the bottom of the band),
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while ∆ is a superconducting gap in the absence
of the magnetic field. In practice, chemical po-
tential is fixed for given materials, while electron
concentration can be changed with a gate poten-
tial [19]. In this paper, we examine this concept
using the effective Bogoliubov–de Gennes tight-
binding model of a one-dimensional (1D) model of
the experimental system.

This paper is organized as follows: in Sect. 2,
the microscopic lattice model and the technique
are introduced. In sect. 3, the numerical results
are described. Finally, we summarized the results
in Sect. 4.

2. Model and technique

We focus on the single-band one-dimensional ap-
proximation which is valid when the electron occu-
pation is low and the interband spacing is large,
as compared to other energy scales in the prob-
lem [26]. The low-energy physics of the hybrid
devices can be relatively well captured by this ap-
proximation [26–29]. We describe the experimental
system (see Fig. 1a) using a semi-infinite model of
the superconducting/normal (S/N) junction which
is schematically shown in Fig. 1b. Here, the semi-
conducting nanowire (NW) is connected with the
normal metal (NM) lead. At the connection be-
tween NW and NM, a Coulomb blockade (CB) re-
gion forms [30]. Coupling of the NW with the su-
perconductor (SC) leads to the proximity-induced
superconducting gap ∆ (in calculations we assume
the constant value of the gap). Additionally, in
some part of NW we can modify a local chemical
potential by using a background gate (BG) voltage
VBG (the brown region in Fig. 1).

In the absence of the gate, the described sys-
tem can be emulated by the effective Bogoliubov–
de Gennes tight-binding model [31]:

H0 =
∑
i,j,σ

[
−tδ〈i,j〉 − (µ̃+ σh)δij

]
c†iσcjσ

+iλ
∑
iσσ′

(
c†i+x,σσ

σσ′

y ciσ′ + h.c.
)

+∆
∑
i

(
c†i↑c

†
i↓ + h.c.

)
, (1)

where 〈i, j〉 are the nearest-neighbor sites in the lat-
tice, c†iσ (ciσ) is the electron creation (annihilation)
operator of the electron with spin σ in site i. Here,
t is the hopping integral, µ̃ = µ − 2t is the on-
site chemical potential (measured from the bottom
of the band), h is the Zeeman magnetic field, λ is
the Rashba spin-orbit coupling and σy is a Pauli
matrix.

We assume that the gate potential acts on
the electron locally, only in some part of NW around
the BG. Thus, the gate potential VBG is given in
the on-site term form:

Hgate =
∑
i

VBG(i)c†iσciσ, (2)

where we assume VBG(i) ≡ VBG for sites in the BG
region and VBG(i) ≡ 0 otherwise. Such assumption
casues that the chemical potential is locally modi-
fied by VBG. Thus, the effective chemical potential
takes the following form µ̃i → µ̃− VBG(i).

We calculate the conductance G of the system
using the S matrix method [32–34]. In particular,
the conductance of a S/N junction is given as:

G =
e2

h
(N −Ree +Rhe) , (3)

where N is the number of electron channels in nor-
mal lead, Reh is the total probability of reflection
from electron to holes in normal lead, while Ree is
the total probability of reflection from electrons to
electrons in normal lead. We performed the calcu-
lations in the semi-infinity S/N junction [27, 28],
using the KWANT code [35]. In a typical situa-
tion, G is quantized by G0 = e2/h [36]. However, in
the case of the “true” MBS measured of zero-energy,
a bias peak with G = 2G0 is expected [36, 37]. This
should be treated as a sign of realization of the MBS
in the system [38].

3. Numerical results

In our calculations, we take ∆/t = 0.3 and µ̃ = 0
in the case of the homogeneous nanowire VBG/t = 0.
The calculation was performed for a nanowire with
the length L = 100 and 200 which corresponds to
the BG region for i ∈ (50; 80) and (100; 180),
respectively.

Firstly we discuss the general properties of
the system (Fig. 2). The spectrum of the system is
shown in Fig. 2a and represents characteristic fea-
tures of the investigated system [39–41]. We ob-
serve a topological phase transition depending on
the magnetic field (for µ = 0, a transition occurs
at hc ' ∆). For the magnetic field h = hc, a band
inversion occurs [42] which is an evidence of transi-
tion from a trivial to a non-trivial phase. In the case
of the system with an edge, inside a topological
gap (for h > hc) we observe the existence of one
pair of the MBS with significantly small (close to
zero) eigenenergies. States outside of the topolog-
ical gap show an oscillating character which leads
to its crossing [39–41]. The spectrum of the system
was determined from the differential conductance G
(see Fig. 2b). Similarly to the previous study, an in-
crease in G intensity occurs in the crossing region
of eigenvalues [43].

Figure 2 also shows two cross-sections of G for
two values of h, namely below and above hc.
For the case of h < hc, a relatively small value of
G inside the trivial gap is observed. The situa-
tion is different in the case of h > hc, where in-
side the topological gap, a clearly visible increase of
G associated with the existence of the MBS states
is observed.

Further we discuss the results related to the ho-
mogeneous system. In Fig. 3a and 3c, the effective
gap 2∆eff is presented. It is taken as a difference
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Fig. 2. (a) Spectrum of the system in the function
of the magnetic field h. (b) The differential con-
ductance G in the function of the bias voltage and
the magnetic field h. For two values of h pointed
with arrows, the contour of G (black lines) is shown.
Results for the homogeneous system (µ = 0) with
L = 100.

between two eigenvalues of the system, nearest to
the Fermi level. For the fixed chemical potential µ̃,
increasing the magnetic field to hc leads to closing of
the trivial gap. Note that at h = hc, the topological
phase transition occurs and a new topological gap is
reopened. However, in the finite system, for h > hc
the exponential suppression of the gap value can be
seen. It is a consequence of the existence of the
MBS localized at the end of the chain, with en-
ergy ∝ exp(−L/ξ) [44], where L is the system size,
while ξ is the correlation length. Additionally, for
larger values of h, a typical oscillation of 2∆eff is ob-
served due to the oscillating dependence of the en-
ergy levels around the Fermi level [45, 46]. The mag-
netic field dependence of 2∆eff has a strong influ-
ence on the zero-bias conductance G which is shown
in Fig. 3b and 3d. Independently from the length L
of the system, in the topological phase (h > hc),
G = 2G0 is observed which is an evidence of the ex-
istence of the true MBS in the system. This value
exists for the broad range of parameters h–µ, where
the 2∆eff is significantly small, i.e., typically when
2∆eff/t is smaller than ∼ 10−7, which corresponds
to the magnetic field h/t < 0.55 and 0.75 in the case
of L = 100 and 200, respectively. Independently
from this, in both cases, a boundary between the
trivial and non-trivial part of the phase diagram
is clearly visible and takes the form of parabolas
hc =

√
µ2 + ∆2.

Further, we discuss a non-homogeneous system,
in which a part of the nanowire has its effective
chemical potential modified by the BG voltage.
We also probe the system of different length of

Fig. 3. Effective gap values 2∆eff given as a dif-
ference between two eigenvalues nearest to zero en-
ergy in the system of a length (a) L = 100 and
(c) L = 200. Zero-bias differential conductance
G. Results for the homogeneous system of a length
(b) L = 100 and (d) L = 200.

Fig. 4. (a, c) Effective gap values 2∆eff given as
a difference between two eigenvalues nearest zero
energy. (b, d) Zero-bias differential conductance G.
Results for the non-homogeneous system.

the BG region. For L = 100 and 200 we take
the BG region for i ∈ (50; 80) and (100; 180), respec-
tively. Here it should be mentioned that the length
of the BG in the second case is large enough for
“true” MBS to emerge in this part. For simplicity
and without the loss of generality, we take µ = 0.
As previously, in both results, 2∆eff and G have
a well visible parabolic-like boundaries between the
trivial and non-trivial phase. However, in this
case, we observed an additional horizontal line with
a small value of 2∆eff with corresponding G = 2G0.
These results are independent of VBG and are associ-
ated with an existence of the non-trivial topological
phase at the non-BG region of NW . Moreover, its
position can be modified by µ.
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On the basis of the comparison of both results
(see Figs. 3 and 4), we can conclude that the length
of the BG region plays a similar role as the length
of the homogeneous system. Indeed, in practice,
the BG region can be treated as a “new” NW
separated from “old” NW. In our case, the non-
homogeneous system can be represented as a few
NW with different values of the chemical potential
connected together.

4. Summary

The Majorana bound states are characterized
by nearly-zero excitations whose values depend on
the length of the nanowire (Fig. 2). One of signs
of existence of the “true” Majorana bound states in
the system can be observed as the doubled quan-
tum of conductance G = 2G0. These quantities can
be useful in the experimental reproduction of topo-
logical phase diagrams, where the boundaries be-
tween the trivial and non-trivial topological phases
are given by hc =

√
µ̃2 + ∆2.

Typically, a condition for the emergence of
the topological phase depends on “internal” param-
eters of the system, i.e., on the chemical poten-
tial µ̃ or superconducting gap ∆. In this study,
we show a differential conductance G in the case
of the homogeneous system (Fig. 3). Contempo-
rary experimental techniques allow for local mod-
ification of µ̃ by “external” parameter, i.e., a gate
potential VBG. Therefore, by tuning VBG (and in-
dependently of µ̃), the main properties of the topo-
logical phase diagrams can be reproduced (Fig. 4).
Our calculation has been performed by modeling
the experimentally available system which has re-
cently been implemented [19] to confirm a realiza-
tion of the topological phase diagram in the super-
conductor/semiconductor nanowire devices. Both
the theoretical and experimental results confirm
the emergence of the topological phase in such
a class of systems.
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