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The paper deals with the problematics of the measurement of engine oil level based on the correlation
between the attenuation of the surface Rayleigh wave and the fluid level. Available literature offers
a few methods, which utilizes the surface acoustic waves for such a purpose, leaving the problem not
completely resolved. The theoretical assumptions regarding Rayleigh wave formation on the free surface
were supported by numerical simulations in COMSOL Multiphysics software. The final part of this
article describes an experimental device that has been designed and manufactured for the measurement
purposes including the proposal of the measuring method based on the attenuation of Rayleigh surface
waves under the influence of propagation along the solid-liquid interface.
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1. Introduction

The proposed paper is focused on the possibil-
ity of measuring the level of engine oil with the
use of the surface waves. The approach is based
on the dependence of the surface wave amplitude
on the measured height. It originates from the fol-
lowing principles: The emitted longitudinal wave
within the wedge is hitting the wedge/prism inter-
face, where under certain conditions in terms of the
angle of incidence, the surface wave is being gen-
erated. An important condition for the formation
of a surface wave, considering a particular excita-
tion method, is the existence of a surface wave for
a given angle of incidence relative to the surface
of the functional part of the prism. Then, above
mentioned, ultrasonic wedges can be manufactured
with fixed or variable angle of incidence. Generated
in such a way the surface wave propagates through
an aluminum prism to its end, where it is reflected
and reciprocally converted into longitudinal wave,
again, using the wedge. Afterwards, it is possible to
estimate the amplitude ratio between the incident
and reflected wave. When a surface wave passes
through the solid-liquid interface, the wave interacts
with the liquid layer and some of its energy radiates
into the liquid in the form of a volumetric longitudi-
nal wave. The larger the interface, along which the

Fig. 1. Schematic description of the test stand.

wave radiates its energy into the liquid layer, the
smaller amount of the energy will be transmitted
through the solid waveguide and, at the same time,
the smaller amplitude of the reflected wave will be
registered. Figure 1 shows a schematic description
of the test stand.

2. Rayleigh surface waves

The discovery of the Rayleigh waves including
the mathematical description is associated with
the early 19th century, when this type of waves
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Fig. 2. Rayleigh wave propagating along the
boundary of the half-space.

has been described by the English physicist Lord
Rayleigh [1]. Rayleigh waves propagate along the
free surface, where the wave penetration is approx-
imately equal to one wavelength. Another inter-
esting fact is that Rayleigh waves do not exhibit
dispersion, i.e., the wave’s phase/group velocity is
not a function of its frequency [2, 3]. Consider-
ing a wave propagation along the positive x axis
(see Fig. 2), the particles on the surface and in its
close proximity are moving along elliptical orbits
counter-clockwise, while from a certain depth a ro-
tation will be reversed.

The identification of individual stress tensor and
displacement vector components is realized with use
of Helmholtz decomposition [4]. For the displace-
ment vector ū, one applies:

u = ∇ϕ+∇× ψ, (1)
where ϕ and ψ are the potential and the vector func-
tions, respectively, defined as

ϕ = ϕ(x, z) ψ = (0,−ψ(x, z), 0). (2)

In case of the equation of motion expressed in
terms of displacements

µ∇2ū+ (λ+ µ)∇ (∇ū) = ρ¨̄u (3)
it can be further separated into two wave equations.
One equation is for the dilatational waves and the
other one for the shear waves, i.e.,

∇2ϕ− 1

c2L
ϕ̈ = 0,

∇2ψ − 1

c2T
ψ̈ = 0, (4)

where µ and λ denote the Lame’s constants, ρ is
the mass density per unit volume, cL refers to the
wave speed of dilatational waves, cT is the wave
speed of shear waves. Assuming the harmonic
wave motion in the form of ϕ = Φ(z)e i (ωt−kx),
ψ = Ψ(z)e i (ωt−kx) and the following boundary con-
ditions: σz = τxz = τzy = 0, it is possible to
derive, not only the expressions for the individual
stress tensor and displacement vector components,
but also the Rayleigh wave equation. Moreover, one
can calculate the speed of Rayleigh wave in a given
medium:
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(5)
where

α2
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c2T
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1− 2ν

2− 2ν
, (6)

α2
S =

c2R
c2T

=
k2T
k2e
. (7)

Here, cR is the Rayleigh wave speed, k refers
to the wavenumber of Rayleigh wave, kT is
the wavenumber of shear waves, while ν is the
Poisson’s ratio [5, 6].

3. Numerical simulation

The aim of realized simulations was to verify
the theoretical assumptions of the Rayleigh surface
wave formation in considered geometry. If a longitu-
dinal ultrasonic wave hits the interface between two
environments with different acoustic impedances,
refraction, reflection, or transformation to another
type of wave may occur. Relations between the an-
gles and velocities are given by the so-called Snell’s
law [7, 8]. The plexiglass wedge was considered for
the transfer of acoustic energy from the source of
oscillations to the prism.

The simulation did not consider the real inter-
face between the wedge and the steel prism. In this
case, the ideal contact between both geometries has
been defined. To create a Rayleigh surface wave,
the driving longitudinal wave from the source must
be hitting the plexiglass/steel interface under cer-
tain incident angle.

Figure 3 shows the course of the total displace-
ment on the geometry under consideration at se-
lected simulation times. The generated surface
wave propagates over the free surface of the steel
prism, where at time t = 50 µs, the wave is reflected
from the free end of the prism.

The existence of the surface Rayleigh wave in
the simulation was confirmed by the course of
the individual components of the displacement vec-
tor in x–y coordinates, measured at a selected point
(Point sensor mark, see Fig. 4) on the surface of
the steel prism. Elliptical trajectories were observed
counterclockwise.

Fig. 3. Total displacement field (Sim. time: 35 µs,
top to bottom).

Fig. 4. Geometry considered in the numerical
simulation.
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4. Experimental measurements

An experimental stand has been developed in or-
der to comprehensively investigate the relation be-
tween the immersion depth of the prism and the sur-
face wave amplitude. For the surface Rayleigh wave
excitation has been used a wedge with predefined
angle of incidence, which has been manufactured
from extruded plexiglass of 20 mm thickness. Al-
though a steel prism was considered in the simu-
lations, an aluminum prism was used for measure-
ments because of easy machinability and mechanical
adjustments. The considered material change had
no effect on the surface wave itself.

A two-channel Optel OPBOX V2.1 compact gen-
erator together with Olympus M109 5 MHz probe
was used for generation and acquisition of ultrasonic
waves. Castrol Edge 5W30 oil with room temper-
ature of 25 ◦C was used as a test liquid medium.
The aluminum prism was immersed in the oil across
a range of 0–40 mm in 4 mm increments, where for
each configuration in terms of the immersion depth,
multiple B-scans of the surface wave echo ampli-
tude have been captured. One has to note, that in
the initial position, which corresponds to the im-
mersion depth of 0 mm, was the oil level prism
touching the free surface of the liquid.

Figures 5 and 6 display the obtained dependen-
cies between the normalized wave amplitudes and
the immersion depth. The measured mean values of
the maximal amplitudes were then used for the de-
sign of the regression functions of first, second and
third order and also exponential one.

Fig. 5. Absolute amplitude signal envelopes corre-
sponding to selected prism immersion depths.

Fig. 6. Comparison of used regression models.

5. Conclusions

Polynomial regression models of the first, sec-
ond and third order, as well as the exponential
model were developed based on the normal distribu-
tion of individual samples. The individual models
have been designed on the basis of the mean val-
ues of the maximum signal amplitudes (100 mea-
surements) for each particular immersion depth.
By applying higher-order polynomials, the regres-
sion curve approximates the experimentally mea-
sured points in better way, however, the model then
describes to a greater extent the noise of the ex-
perimental data in itself, rather than the desired
functional dependence. Akaike information crite-
rion was chosen to select the appropriate regression
model, where the optimal regression model is char-
acterized by the minimum value of the AIC param-
eter (see Table I).

TABLE I

Evaluation of regression models based on Akaike
criterion.

Regression model AIC parameter
1st order polynomial −42.513

2nd order polynomial −66.764

3rd order polynomial −74.013

exponential function −75.503

By comparing the AIC parameters, it can be
stated, that the measured data best describes
the exponential regression model. Thus, the decay
of the signal amplitude exhibits exponential decay
with the immersion depth of the prism.
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