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In this paper the stability of a cantilever two-member column made of an aluminum host rod and a
discretely mounted piezoceramic rod is discussed. Both rods are connected to each other at the column’s
free end by an ideally rigid mounting head. Knowing that in practical engineering it is impossible to
achieve an ideal axiality of the load application and that the assembling of structure components may
lead to an unintended mounting inaccuracy, the presence of the unintentional eccentricity of the axial
load is taken into considerations. To prevent prebuckling of the column, the piezo rod is proposed to
be mounted discretely with an offset distance in regard of the host column. Next, the static deflection
and the internal axial force distribution are determined to estimate how the electric field application
modifies the static behavior of the system resulting originally from the external force loading. During
numerical calculation, the offset distance and the eccentricity of the external load are taken as control
parameters to prove that piezo actuation is efficient for suppressing column’s deformation when the
external eccentric load is relatively small. It is also shown that column deflection may be reduced,
reverted and even its rectilinear shape may be recovered.
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1. Introduction

Piezoceramic materials are widely used in engi-
neering to actively or passively enhance systems’
stability and/or alter their natural vibration fre-
quency via the piezoelectric actuation. In those
applications the reverse piezoelectric effect is used,
according to which the electric field acting on piezo-
ceramic material deforms its shape. In this way,
dependently on the electric field vector direction, a
compressive or tensile force may be induced in the
system.

Stiffening beam and column structures by ele-
ments made of piezoelectric materials and/or shape
memory alloys (SMA) is studied and discussed by
many researchers. Thompson and Loughlan [1] in-
vestigated the stability control and shape enhance-
ment of carbon-epoxy columns, by embedding ac-
tuators to two adjacent and parallel external sur-
faces. Through the induction of a controlled value
of voltage to the actuators, it was shown that the
generated residual force could counteract the bend-
ing moment resulting from the external load ap-
plied to structure. It was stated that the applica-
tion of a controlled voltage to the actuators may
cause partial or even complete lateral deflection re-
duction of the structure. De Faria [2] as well as
Zehetner and Irschik [3] studied the enhancement
of buckling loads via the piezoelectric actuation
in beams with supports preventing their longitudi-
nal displacement. Colocally mounted piezoceramic

patches, when supplied by the electric field, gener-
ated an axial force along the beam which counter-
acted the external axial compressive force. Przybyl-
ski and Sokół [4] investigated the reduction of lat-
eral deflection in a simply supported beam with dis-
cretely attached piezoceramic rod subjected to ec-
centric load. The problem was formulated on the
basis of stationary total potential energy principle
with the use of von Karman theory concerning non-
linear strain-displacement relations. Performed nu-
merical calculations proved that piezoelectric actu-
ation may be successfully applied to eliminate the
beam transversal displacement arising due to eccen-
tric external load. Buckling and flutter instability of
a non-conservative system in the form of a column
with one end fixed and the second one restrained
with a spring was discussed in [5]. It was shown in
that paper that if some of the design parameters i.e.
spring stiffness, mass ratio, follower force parame-
ter exceeds a certain critical value, the column may
undergo buckling and/or flutter instability.

It is worth noticing that the stability enhance-
ment of slender structures via piezoelectric actua-
tion is influenced not only by the introducted volt-
age and the length of piezoelements, but also by
their location on the structure and the way in which
those elements are attached. There are many stud-
ies, e.g. [6–8], concerning the optimization of vari-
ous type of physical, geometrical and constructional
parameters on shape and stability enhancement of
different intelligent structures.
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2. Formulation and solution of the problem

In this paper, the problem concerns a slender can-
tilever two-member column with discretely attached
piezoceramic (PZT) rod, shown in Fig. 1a. The first
column member (host) is made of aluminium and is
composed of two equidistantly located, aluminium
rods with rectangular cross-section (see Fig. 1b).
The second member, in the form of PZT rod is
made of P-41 material (material properties taken
according to the producer given information [9])
and is symmetrically located between two host col-
umn rods. Both column members are fixed to the
ground with one end, whereas their other ends are
connected by ideally rigid mounting head. Know-
ing that in practical engineering it is impossible to
achieve an ideal axiality of loading, an eccentricity
of the external force P acting in a constant direction
is taken into account. It is assumed that generation
of the compressive or tensile piezoelectric force in
the PZT rod, mounted with offset d measured along
z-axis in regard of the host member centroidal axis,
enables one to significantly counteract the system’s
bending moment resulting from the eccentricity ē of
external load P .

The problem has been formulated on the basis
of the variational principle of stationary total po-
tential energy. In the formulation the linear consti-
tutive equations for piezoelectric material and von
Karman theory of small strains and moderate rota-
tions with the nonlinear effect have been included.
On the basis of von Karman theory, the strain-
displacement relation in the x direction and the
member curvature can be expressed as
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dx
+
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2
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where ε(x) denotes the mid-plane strain, κ(x) is
the curvature and U(x), W (x) denote the axial and
transverse displacements, respectively.
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may be expressed as
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dW1 (x)

dx

∣∣∣∣
x=l

, (2)

where subscript i = 1, 2 denotes column’s host
and piezo member, respectively, Ei — the Young
modulus, Ai — cross-section area of i-th mem-
ber and Ji — i-th member substantial area mo-
ment of inertia with respect to the system’s neutral
axis, Ez is the magnitude of the electric field vec-
tor applied across the thickness of the piezo rod

Fig. 1. Two-member column subjected to load P
with eccentricity ē (a), column’s cross-section (b).

(parallel to the 3-axis), e31 = d31E2, ξ33 stands for
the dielectric constant of the piezoelectric material,
ē — external load eccentricity with respect to the
host member centroidal axis.

The process of solution of Eq. (2) in regard of
the non-conservative system with identical bound-
ary conditions has been presented in detail in [10].
In order to increase the applicability of obtained re-
sults, based on methods presented in [10], the prob-
lem has been solved on the basis of non-dimensional
parameters.

3. Numerical results and discussion

In this section the numerical results concerning
the shape enhancement of the column subjected to
eccentric axial load are presented. It should be
noted that all the column’s dimensions have been
related to the non-dimensional host column mem-
ber thickness h1. The width of host member is
b1 = 1.5h1, PZT rod thickness h2 = 0.5h1, its
width b2 = 3h1 and total column length 30h1,
respectively. Non-dimensional external load eccen-
tricity parameter e takes three values: -0.01, 0 and
0.01. Specific location of the PZT member has been
assumed, where offset d = 1/60, which corresponds
to the case where the PZT neutral axis coincides
with the outer contour of the host rods. The host
member is made of aluminium, for which the Young
modulus E1 = 70.0 GPa, whereas PZT member is
made of P-41 material for which E2 = 83.33 GPa
and the piezoelectric constant e31 = 8.333. It
has been assumed, in order to prevent depolariza-
tion of the PZT material, that the introduced elec-
tric field cannot exceed 2000 V/mm, which gives

204



The 100 years anniversary of the Polish Physical Society — the APPA Originators

Fig. 2. Shape enhancement via piezoelectric actu-
ation of a column subjected to axial load p2 = 0.4p2c
with eccentricity e = −0.01; other parameters:
d = 1/60.

Fig. 3. Shape enhancement via piezoelectric ac-
tuation of a column subjected to pure axial load
p2 = 0.4p2c , e = 0; other parameters: d = 1/60.

the maximum operational range of non-dimensional
piezoelectric force f2 ∈

〈
−0.45p2c , 0.45p2c

〉
, where p2c

is the nondimensional critical buckling load for the
analyzed system (p2c = π2/4).

The columns deformation for the actuated and
non-actuated systems subjected to load p2 = 0.4p2c
and different values of load eccentricity e are pre-
sented in Figs. 2–4.

As shown in the figures, an application of the
electric field to piezoceramic rod modifies the col-
umn deflection. In case of a column subjected to
the axial load with e = −0.01 — the eccentric-
ity measured in the opposite direction in regard to
the PZT rod shift (see Fig. 2) — the column de-
flection may be significantly reduced, however, the

Fig. 4. Shape enhancement via piezoelectric actu-
ation of a column subjected to axial load p2 = 0.4p2c
with eccentricity e = 0.01; other parameters: d =
1/60.

rectilinear shape of the column cannot be achieved.
In such case, harder PZT material should be used
which may operate under larger electric field inten-
sity or stack PZT elements should replace the piezo-
ceramic rod. The stack transducer operates in d33
working mode which characterizes greater perfor-
mance. In the case of e = 0 (Fig. 3), an induction
of the compressive piezoelectric force allows one to
obtain rectilinear column shape or even its deflec-
tion may be reverted. The closer the load is applied
to the column’s center of mass, the lower value of
piezoelectric force is required to achieve the recti-
linear column’s shape.

In case of eccentricity e = 0.01 (Fig. 4), the tensile
piezoelectric force has to be induced to completely
remove the column’s deflection. It should be noted
that with growing values of the external load, the
range of the column’s shape enhancement reduces.

4. Conclusions

The influence of piezoelectric force on the pre-
buckling behaviour of an eccentrically loaded col-
umn compound of a host aluminium rod and a PZT
rod attached with an offset in regard of the first one
is analytically modeled and thoroughly discussed on
the basis of numerical analysis. It has been demon-
strated that piezoelectric actuation is an effective
tool for reducing the column’s deformation resulting
from the external load eccentricity. Dependently on
the load eccentricity, properties of the PZT material
and the offset value, the deflection may be signifi-
cantly reduced, a rectilinear shape may be achieved
or even the column’s deflection may be reverted.
Performed analysis proved that the reverse piezo-
electric effect may be efficiently used for the shape
control of slender systems.
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