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The paper presents the results of theoretical and numerical studies on the issue of stability of a geomet-
rically nonlinear column subjected to follower force directed towards the positive pole (specific load).
Due to the geometric nonlinearity in the model, a recti- and curvilinear form of static equilibrium can
be distinguished. The loss of rectilinear form is local and does not lead to complete destruction of the
column, but significantly reduces its maximum load. The paper proposes to include in the model the
initial pre-stressing of the system and the local Winkler elastic foundation in order to increase the value
of bifurcation load. The boundary problem was formulated using the Hamilton principle and variation
calculus properties, and then solved using the perturbative method.
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1. Introduction

In the field of stability studies of geometrically
non-linear slender systems, various cases of con-
servative loading were considered: Euler’s [1], spe-
cific [2] and non-conservative load including Beck’s
generalized load [3]. In Ref. [4], the system was
subjected to a load subjected to a follower force
directed to the positive pole — the specific load
case [5]. The influence of the Winkler elastic foun-
dation and initial pre-stressing has been widely de-
scribed in the scientific literature. Various types of
supporting bases were considered in the tests: along
the entire length of all system bars (total) [6], the
entire length of selected system bars (partial) [7] or
on a certain section of bars along the length of the
system (local) [7, 8]. In Ref. [9], the combined ef-
fect of rotational and translational elasticity on the
critical load value of the column under the follower
load was considered. In article [10], the frequen-
cies vibrations were examined and the maximum de-
flections of the geometrically nonlinear Timoshenko
beam resting completely on the Winkler–Pasternak
elastic foundation were determined.

Local and global loss of rectilinear form of static
equilibrium of a geometrically nonlinear system,
discussed in [11] is the result of a comparative anal-
ysis of the bifurcation load value of this system and
the critical force of the comparative column (geo-
metrically linear system), with the assumed flexural
stiffness asymmetry.

2. Physical model

Figure 1 presents the physical model of a geomet-
rically nonlinear column resting locally on a Win-
kler elastic foundation.

The column (Fig. 1) consists of two external rods
with lengths l1, l2 and a central rod symmetrically
placed relative to the two external rods. In order
to model the local support on an elastic foundation
of elasticity K, the inner rod is divided into three
parts with l3, l4, l5, where

l1 = l2 = l3 + l4 + l5. (1)

Taking into account the presented description,
the system under consideration consists of five
members with the distribution of flexural and
compressive stiffness

(EJ)1 = (EJ)2, (EA)1 = (EA)2,

(ρA)1 = (ρA)2, (EJ)3 = (EJ)4 = (EJ)5,

(EA)3 = (EA)4 = (EA)5,

(ρA)3 = (ρA)4 = (ρA). (2)
The paper assumes a lower bending stiffness (EJ)3
of the internal bar with respect to the external
bars: (EJ)3 ≤ (EJ)1 + (EJ)2. The follower force
directed to the positive pole is carried out by the
loading and receiving heads of the circular outline.
The direction of the external load P passes through
a point O lying on the undeformed axis of the
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Fig. 1. Physical model of pre-stressed geometri-
cally nonlinear column with local Winkler elastic
foundation support NWMSP.

column and is tangent to the deflection line of the
free end, where the column is connected to the load
receiving head via an element of length l0. In order
to model the elastic base, parameters describing its
location and size have been introduced

lc = l4, ld = l3 +
l4
2
. (3)

The asymmetry of flexural stiffness of the system
is described by first Eq. (6), it was assumed
that the total flexural stiffness of the system is a
constant (second Eq. (6)):

µ =
(EJ)3

(EJ)1 + (EJ)2
,

3∑
k=1

(EJ)3 = idem. (4)

3. Mathematical model

The total potential energy V of the system con-
sists of energy of: internal forces, bending elasticity,
elastic base rigidity and external load components

V =
1

2

5∑
i=1

(EJ)i

li∫
0

[
yIIi (xi)

]2
dxi

+
1

2

5∑
i=1

(EA)i

li∫
0

[
1

2

(
yIi (xi)

)2
+ uIi (xi)

]2
dxi

−Pu1(l1, t) +
1

2
P (R− l0)

[
yI1 (l1)

]2
+
1

2
K

l4∫
0

(y4(x4))
2
dx4, (5)

where yIi (xi), ui (xi) are lateral and longitudinal
displacements. The transverse displacement equa-
tions are

(EJ)j y
IV
j (xj) + Sjy

II
j (xj) = 0, j = 1, 2, 3, 5,

(6)

(EJ)4 y
IV
4 (x4) + S4y

II
4 (x4) +Ky4 (x4) = 0 (7)

where Si — internal force of i-th member of the
system.

By definition, the longitudinal forces in the outer
bars and individual parts of the middle bar are:

Si(t) = −(EA)i
[
uIi (xi) +

1

2

(
yIi (xi)

)2]
,

i = 1 . . . 5. (8)
Differential equations of motion towards the non-
deformed axis of the column are written in the form

∂

∂xi

[
uIi (xi) +

1

2

(
yIi (xi)

)2]
= 0, i = 1 . . . 5.

(9)
Double integration of Eqs. (11) in their respective
ranges and taking into account Eq. (10) enabled
the determination of formula describing longitudi-
nal displacements of individual bars of the system

ui(xi)− ui(0)=−
Si

(EA)i
xi−

1

2

xi∫
0

(
yIi (xi)

)2
dxi.

(10)
Geometric and natural boundary conditions of
the considered system (Fig. 1):

y3 (l3) = y4 (0) , u3 (l3) = u4 (0) ,

y4 (l4) = y5 (0) , u4 (l4) = u5 (0) ,

yI3 (l3) = yI4 (0) , yI4 (l4) = yI5 (0) ,

y1 (l1) = y2 (l2) = y5 (l5) ,

u1 (l1) = u2 (l2) = u5 (l5) ,

yI1 (0) = yI2 (0) = yI5 (0) = 0,

yI1 (l1) = yI2 (l2) = yI5 (l5) ,

y1 (0) = y2 (0) = y3 (0) = 0,

u1 (0) = u2 (0) = u3 (0) = 0,

yII3 (l3) = yII4 (0) , yIII3 (l3) = yIII4 (0) ,

yII4 (l4) = yII5 (0) , yIII4 (l4) = yIII5 (0) , (11)

(EJ)1 y
III
1 (l1) + (EJ)2 y

III
2 (l2) + (EJ)5 y

III
5 (l5)

− 1

R− l0
[
(EJ)1 y

II
1 (l1) + (EJ)2 y

II
2 (l2)

+ (EJ)5 y
II
5 (l5)

]
= 0, (12)

y1 (l1) = (R− l0) yI1 (l1) ,
3∑

k=1

Sk − P = 0, (13)

S1 = S2 = P
(EA)1
3∑

k=1

(EA)k

± S0,

S3 = S4 = S5 = S − S1. (14)
The distribution of internal forces in the bars of the
system is described by formula (14).
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4. Results of numerical computations

The following column designations are introduced
taking into account geometric and physical param-
eters, whereby:

• NWMSP (µ, R∗, K∗, l∗c , l∗d, S
∗
0 — a geomet-

rically nonlinear column resting locally on a
Winkler elastic foundation of a stiffness coef-
ficient K∗, subjected to pre-stressing S∗

0 and
external load P ,

• NP (µ, R∗) — geometrically nonlinear column
— comparative system, without pre-stressing
and elastic foundation,

• L2P (µ, R∗) — geometrically linear column—
comparative system, without an internal bar
(Fig. 1),

• dimensionless parameter of: bifurcation load
λ∗b , critical load λ

∗
c of NWMSP system and lin-

ear L2P geometric systems respectively, elas-
tic foundation parameter K∗, parameter of
the loading head R∗, parameter of initial com-
pression S∗

0 refer to the total bending stiffness
and length of the system

λ∗b =
Pbl

2
1

3∑
k=1

(EJ)k

, λ∗c =
Pkrl

2
1

3∑
k=1

(EJ))k

,

K∗ =
Kl41

3∑
k=1

(EJ)k

, R∗ =
R− l0
l1

,

S∗
0 =

S0l
2
1

3∑
k=1

(EJ)k

. (15)

Figure 2 shows the range of changes in bifurca-
tion load of NP, NWMSP systems and critical load
of the L2P column in function of the coefficient of
flexural stiffness asymmetry µ. When λ∗b < λ∗c , that
means µ < µGR, µ ∈ (0, µGR), there is a phe-
nomenon of local loss of rectilinear form of static
equilibrium [6]. The effect of the initial pre-stressing
and the elastic base resulted in an increase in the
value of the dimensionless parameter of the bifurca-
tion load of NWMSP columns above the critical load
of the L2P system. The increase in bifurcation load
results in a lowering of the coefficient µGR value,
which leads to a reduction in the area of local loss
of rectilinear static equilibrium. Pre-stressing in the
area of global loss of rectilinear static equilibrium is
not recommended if the condition λ∗bNP

> λ∗bNWMSP

is met.
Figure 3 presents the bifurcation load (line 1) of

the NWMSP system as a function of pre-stressing
(parameter S∗

0 ) with the assumed flexural stiffness
asymmetry in the scope of local loss of rectilinear
form of static equilibrium. Curves (3,4) additionally

Fig. 2. Bifurcation load parameter of the pre-
stressed NWMSP column as a function of the flex-
ural stiffness asymmetry when K∗ = 60.

Fig. 3. The parameter of bifurcation load λ∗
b of

the NWMSP system and critical load λ∗
c as a func-

tion of internal force S∗
0 .

determined the range of changes in internal forces
S∗
1 + S∗

2 of the external bars of the system and the
internal bar S∗

3 . The critical load value λ∗c of the lin-
ear (comparative) system is determined by line 2.
It has been shown that in the pre-stressing range
S∗
0 ∈

(
S

′

0, S
′′

0

)
, the bifurcation load of the column

under consideration has been increased above the
critical force of the linear system (line 2). Under
the condition S∗

0 > S
′′

0 , the loss of a rectilinear form
of static equilibrium is the result of a buckling of a
pair of rods characterized by greater bending stiff-
ness (EJ)1 + (EJ)2). In the case of S∗

0 ∈ (0, S
′′

0 ),
the loss of the rectilinear form of static equilibrium
is determined by the combined effect of the initial
stressing, external load and the elastic foundation
of the system, which is associated with the assumed
asymmetry of flexural stiffness between bars of the
geometrically nonlinear system and the elasticity
of the elastic base. Based on the tests carried out,
it has been shown that pre-compression should be
carried out in the range of S∗

0 ∈ (S
′

0, S
′′

0 ).
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5. Conclusions

After carrying out numerical calculations, it was
found that the considered system is characterized by
local or global loss of rectilinear form of static equi-
librium. The parameter of flexural stiffness asym-
metry µ affects the value of bifurcation force of a
considered column, the smaller value of the flexural
stiffness asymmetry, the smaller force that the col-
umn carries. The ranges of pre-stressing and elas-
tic base parameters at which an increase in the bi-
furcation load of the column above the limit of lo-
cal loss of rectilinear form of static equilibrium is
obtained, was determined. It was found that pre-
stressing of the column in the whole possible range
is not recommended from the point of view of the
obtained bifurcation force. This applies especially
to large S∗

0 values, for which the results are op-
posite to the expected ones (significant reduction
of the critical load). Pre-stressing should be used
for columns characterized by local loss of rectilin-
ear static equilibrium. Appropriate selection of pre-
stressing parameters and the Winkler elastic foun-
dation increases the area of global loss of stability.
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