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This paper presents the studies of possible correlations between the incomes of women and men
in the USA. In our previous paper, when we proposed a two-parameter model of spouses income dis-
tribution, we observed that the separate incomes of women and men could be correlated. In this paper
we prove that such correlations do exist, by computing the standard Pearson correlation coefficient.
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1. Introduction

In paper [1] we studied interdependences between
income distribution for families with two adults
atributions of personal incomes of males and fe-
males. We used microdata for years from 2001
to 2016 collected within the project Current Pop-
ulation Survey (CPS) in USA [2]. We considered
the main part of the income distribution for fam-
ilies, covering about 98%-99% of objects depend-
ing on year. We omitted a tail of the distribution
(1%-2%), which had the other shape than the main
part. Now, we assumed that the personal income
distributions of males and females have exponential
shapes. They can be approximated by the density
function

P(z;a) = x>0, a=(x),

exp(—z/a)
a
where x is an income (see [3, 4] and Fig. 1).

We also proposed in [1, 5] two-parametric model
of income distribution for families with two adults
defined as the convolution of two exponential dis-
tributions:
exp (—z/a) —exp (—x/b
Puriay - SR oG
where z is positive income and a, b > 0 are param-
eters of exponential distributions. In fact, the for-
mula derived in [1] is incorrect, it should have a form
of (1), see [5]. Let’s note, when X ~ P,, then
Var (X) = a? + b%. Thus, the variance is equal to
the sum of the variances of exponential distribu-
tions. If @ and b are parameters of personal income
distributions of males and females, then model (1)
will describe distribution of 92%-95% of the popu-
lation well, depending on year. On the other hand,
if these model parameters are evaluated by ex-
trapolating the function (1) to the income distri-
bution for families, then the model will explain

101

0.25 Females, 2015 year

R~ (Vag)exp(-x/ag)
0.2
ap =328 k§

o
o

Frequency

o

0.05

Il

100

o

(=1

50 150 200 250 300

o
=)

Males, 2015 year

o
=

Koy~ (Ve explxiay)

2= 538 kS

Frequency
o o o
o =1 e =
5 =] = ]

o
o
B

o
=1
]

o

100 1580 200
Annual Personal Income [k§]

250 300

Fig. 1. Empirical personal income distributions
and exponential fits for females and males in 2015.

about 98%-99% of the population. The results for
years 2006 and 2015 are presented in Fig. 2.
We showed that the differences are relatively small
during the years 2001-2009, and significantly rising
after 2009. We believe that the observed differences
indicate correlation between the male and female
incomes. In this paper we study the correlations
quantitatively, calculating the Pearson correlation
coefficient.
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Fig. 2. Cumulative income distributions of fami-
lies with 2 adults in 2006 and 2015 with models
(1) in log-log scale. The dashed line represents the
convolution of two exponential functions (for men
and women). The solid line is a result of the model
(1) fitted to the data. The grey data point were
excluded from data.

2. Correlations between incomes of spouses

To estimate the Pearson correlation coefficient

we use the following theorem. For any random vari-
ables X and Y:

Var (X +Y) = Var (X) + Var (Y)

+2Cov (X,Y), (2)
where Cov (X,Y) indicates the covariance of
the random variables X and Y.

Let the random variables Xj; and X repre-
sent the income of male and female, respec-
tively. ~ We assume they both have exponen-
tial shapes: Xp ~ a}} exp(—x/ap) and Xp ~
ay'exp(—z/ap). Based on (2) one can write:
Var (X + Xr) Var (Xa) + Var (Xrp) +
2Cov (X, XF), or simpler as:

Var (X + Xp) = a3 + a%

+QCOV (XM,XF) . (3)
Note that a3, + a2 is equal to a variance of the con-
volution Py (x;ans, ar). Since this function does not

describe the whole income distribution of families,
then Cov (X, Xr) # 0.
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Fig. 3. Values of the correlation coefficients vs.
year. Vertical lines indicate 95% confidence
intervals.

On the other hand, when neglecting in model (1)
the minor discrepancies between the model and
data at the right end of the distribution, we ob-
tain: (Xpy + Xp) ~ Py (z;0,a1,0a2), where aq,
ao are evaluated parameters and « is a normaliz-
ing parameter. Next, using the formula Var (X) =
E(X?) - (F (X))? it is easy to show that:

Var (Xpr + Xp) = a (2 — ) (a? + a2)

+a (2 —2a)aras (4)
We obtain a formula for covariance Cov (X7, Xr)
from (3) and (4):
a2 —a)
2 (
—% (a®aras + a3y + a3) . (5)

Dividing both sides of this formula by standard de-
viations of exponential distributions we obtain:

Cov (X, Xp) = a%—!—ag—&—alag)

9 _
Corr (Xp, Xr) = o a) (af +a%+a1a2)
QGMGF
1
" 2ayar (e®araz + a3y + af) . (6)

Using (6) we calculate values of the correlation co-
efficients between incomes of males and females for
years from 2001 to 2016. Errors are estimated using
the formula for mean square deviation. The results
are listed in Table I and in Fig. 3, where we present
dependence of the values of the correlation coeffi-
cient on time. The vertical lines on the plot rep-
resent doubled errors which are the approximation
of the 95% confidence intervals. The big values of
the errors for 2002 and 2003 are caused by relatively
big errors of fitted parameters of the model (1).

We observe values of the correlation coefficient
from about —0.2 to 0.1. The values are negative
till 2010, statistically consistent with zero between
2011 and 2014, and positive for the last two years.
The value of the correlation seems to increase af-
ter 2009 going from negative to positive. The di-
rection of the relation between incomes of spouses
changed after 2014. Negative correlations mean
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TABLE I

Estimated values of the correlation coefficients be-
tween incomes of males and females in USA.

Year Corr. Error
coefficient
2001 —0.207 0.035
2002 —0.189 0.084
2003 —0.198 0.070
2004 —0.128 0.030
2005 —0.148 0.030
2006 —0.164 0.040
2007 —0.175 0.023
2008 —0.145 0.035
2009 —0.162 0.044
2010 —0.103 0.015
2011 —0.006 0.024
2012 —0.011 0.021
2013 +0.024 0.025
2014 +0.019 0.019
2015 +0.116 0.019
2016 +0.076 0.021

the difference between incomes of spouses are rel-
atively big (low and high incomes come together).
Similarly, positive correlations mean the incomes
of spouses are closer to each other. Let note,
that obtained results show an existence of the rel-
atively week correlations, predominantly between
—0.1 and 0.1. Nevertheless, the results indicate
some sociological changes in American society af-
ter 2009. At this stage of the studies it is difficult to
point out socio-economic reasons of such behavior,
it requires further investigation. It appears, that it
is not possible at the statistical level of the analy-
sis of distributions. We do not address this issue in
this work, it requires data about personal incomes
of the family members.

However, we can provide an statistical explana-
tion of the observed changes of the correlation co-
efficient’s sign. According to (5) sign of the cor-
relation coefficient is a difference of a variance of
the distribution P, (z;a,a1,a2) and a sum of vari-
ances of the exponential distributions: a%; + a%.
We concluded in [1] that for family incomes be-
low certain xg, incomes of spouses are indepen-
dent and correlations arise beyond the threshold
zo (see Fig. 2, data point, at which the curves di-
verge). That would be true if cumulative functions
of the fitted model and the convolution have been
in agreement with each other for incomes = < xg.
Besides that, one would observe only positive corre-
lations because convolution drops faster thus having
smaller variance (see Fig. 2). These are not consis-
tent with our results, plots of cumulative distribu-
tions does not show differences in left and middle
part of the distributions. It turns out that the fit-
ted model and the convolution are not in agreement
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Fig. 4. Income distributions of families with 2
adults in 2006 and 2015 with models (1). The
dashed line represents the convolution of two expo-
nential functions (for men and women). The solid
line is a result of the model (1) fitted to the data.

with each other below xy and observed differences
are significant for the majority of years. We show
the results graphically in Fig. 4, where theoreti-
cal density curves and histogram representing left
and middle part of the empirical distribution are
shown. The fitted model is not compatible with
the convolution, while describing empirical distri-
bution better. The curve representing convolution
is moved right and is wider than the fitted model.
A magnitude of the observed discrepancies is dif-
ferent for various years, but the model fitted to
data is more concentrated than the convolution of
the distributions for the majority of years. Density
is bigger around the dominant point and is smaller
on the slope. Conversely, the fitted model reaches
further than the convolution thus having a bigger
variance in the range the highest incomes. The di-
rection and value of the correlation coefficient re-
sult from the opposite differences between models
in low — middle and high range of incomes. There-
fore, values of the correlation coefficient being eval-
uated with means of the theoretical distributions
(in the range 0 + co) are the consequences not only
of the differences above income xy but also of dif-
ferences below xgy. It seems that correlations be-
tween incomes of the family members occur in the
ranges of low and mean incomes of family members,
at least for some years. There are necessary more
detailed studies, which will allow to find out the in-
come threshold for correlations occurrences.
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3. Summary

In this paper one elaborated the formula to eval-
uate value of the correlation coefficient between in-
comes of males and females in families with two
adults. The formula was obtained based on two-
parametric model of income distribution for fami-
lies. Using the survey microdata for years 2001—
2016 in USA one showed that the correlations are
going from negative to positive, being relatively
small. We want to prove the results utilizing simula-
tion methods. We are going to evaluate the correla-
tions independently by generating the components
of the family incomes We also want to evaluate a
limit income of the family, above which correlations
occur. The further studies will be conducted in this
direction.

104

(1]

2]
3]

4]

[5]

References

P. Lukasiewicz, K. Karpio, A.J. Orlowski,
Acta Phys. Pol. A 133, 1441 (2018).

The USA Census Data.

A.A. Dragulescu, V.M. Yakovenko, Fur.
Phys. J. B 20, 585 (2001).

P. Lukasiewicz, K. Karpio, A.J. Ortowski,
Acta Phys. Pol. A 121, B-82 (2012).

P. Lukasiewicz, K. Karpio, A.J. Ortowski,
Acta Phys. Pol. A 133, 1441 (2018),
ERRATUM: Acta Phys. Pol. A 137, 436
(2020).


http://dx.doi.org/10.12693/APhysPolA.133.1441
http://www.census.gov
http://dx.doi.org/10.1007/PL00011112
http://dx.doi.org/10.1007/PL00011112
http://dx.doi.org/10.12693/APhysPolA.121.B-82
http://dx.doi.org/10.12693/APhysPolA.133.1441
http://dx.doi.org/10.12693/APhysPolA.137.436
http://dx.doi.org/10.12693/APhysPolA.137.436

