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Previous studies of Polish household budgets usually assumed two-part distributions of the incomes.
Low and medium incomes have been approximated by a log-normal distribution. On the other hand
high incomes have been described by the Pareto Type I model. In this paper we analyze cumulative
distribution of Polish household incomes. We observe significant deviations from the log-normal model
describing the lowest incomes. We propose a model which better describes the left end of the income
distribution. Eventually we construct a distribution consisting of the three parts, which seems to be well
suited to correctly describe the whole range of the incomes. We also investigate non-positive incomes
and the relation between them and expenditures.
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1. Introduction

Studies of incomes conducted within two last
decades show characteristic and universal for a ma-
jority of countries shape of income distribution.
The distribution is approximately log-normal with
deviation from it in the upper tail. Above
the certain income the distribution is dominated by
a power-law. The upper tail is occupied by a small
number of objects (about 1%–2%), but they own
a large fraction of total sum of incomes. This result
has been known since the studies of V. Pareto [1]
and dynamics of formation of the right tail of
the distribution is described in literature [2–4]. In
turn, a log-normal shape for low and medium in-
comes is related historically with the Gibrat’s law of
proportionate effect [5]. However, the assumptions
in Gibrat’s model are in disagreement with empiri-
cal evidence [6]. Additionally, Kalecki [7] noted that
Gibrat’s model leads to the variance of the distribu-
tion which increases indefinitely with time. Despite
of many modifications of the Gibrat’s model a dy-
namics of the log-normal shape for low and medium
incomes has not been sufficiently explained. It is
worth noting that this issue was explained for per-
sonal incomes in USA and Japan, where the income
distribution up to the about 90th percentile has
an exponential shape [8].

The joint log-normal & power law model was em-
pirically confirmed for personal as well as household
incomes in many countries [9–11]. The same results
were also obtained for Polish households [12] for
years 2003 and 2006. In [13] we compared the log-
normal & power law model with other models of in-
comes for years 2004–2012 and we confirmed earlier
results.

Analyzing cumulative distribution of Polish
household incomes, we observe significant devia-
tions from the log-normal model for the lowest in-
comes. The range of the lowest incomes is nar-
row (about 1%) but it is very important from
the socio-economic point of view. This part of
the income distribution is the subject of the studies
of poverty. In this paper we propose a model which
well describes the left end of the income distribu-
tion. We also take into account non-positive in-
comes which allow us to better understand a shape
of the left tail.

2. Data and models evaluation

Data from the Household Budget Survey (HBS)
project for years 2000–2015 was used in this work.
We studied total available income of households
based on the data contained about 32,000–37,000
of households depending on year. Household’s avail-
able income is a sum of household’s gross incomes
from various sources reduced by all income taxes
as well as by the social security and health insur-
ance taxes. The available income comprises: wages
and salaries, incomes from farms, self-employment,
properties, rents, various social benefits (including
retirement pensions and pensions), and other in-
comes (e.g. alimonies). Available income is allo-
cated to expenditures and savings increase.

As in previous studies [12], in order to compare
our results, we studied total incomes of the house-
hold instead of dividing it per number of persons.
We recalculated registered monthly incomes into
the annual ones.

96

http://doi.org/10.12693/APhysPolA.138.96
mailto:piotr_lukasiewicz@sggw.edu.pl


The 100 years anniversary of the Polish Physical Society — the APPA Originators

The models evaluation was performed based on
the empirical cumulative distribution Femp (xj) =
kj/N , where data xj for j = 1, . . . , N are sorted
ascending and kj is rank of income xj .

The theoretical cumulative distributions fitted
to data have the following forms: (i) Pareto
cdf: F (x;α) = 1 − (xM/x)

α for x ≥ xM , where
α > 0 is Pareto exponent; (ii) log-normal cdf:
F (x;µ, σ) = Φ ((ln(x) − µ)/σ) for xm < x < xM ,
where Φ is a cdf of standard normal distribu-
tion, and µ, σ > 0 are parameters, interpreted as
the mean and standard deviation of the logarithm of
income. In order to describe the left tail of the em-
pirical distribution we propose the power model:

F (x;β) =

(
x

xm

)β
, (1)

for 0 < x ≤ xm, where β > 0 is a parameter.
The density function of this distribution has a form:

f (x;β) =

(
β

xm

)(
x

xm

)β−1

. (2)

We fit the power functions to data using the stan-
dard method, transforming them to the linear form.
The Pareto model we fit to the complementary
cumulative distribution 1 − Femp. Starting from
the preliminary range of data with each iteration
we extend this range and measure the root mean
squared error,

RMSE =
1

k

√√√√ k∑
j=1

[
F (xj) − Femp(xj)

]2
.

The final limit values xm and xM were set when
the RMSE started to systematically grow up.
The log-normal function was fitted to data in
the range xm < x < xM using the nonlinear last
squared method.

3. Three parts of the income distribution

We evaluated models for each of the three parts of
the income distribution using the described above
method. The analysis covered all years within
the range from 2000 to 2015. We observe the com-
mon rule for all the analyzed years. The high-
est incomes are distributed according to the power
law, middle and low incomes are well described by
the log-normal distribution, while the lowest in-
comes follow the power model. The tails of the dis-
tribution of Polish household incomes are both de-
scribed by the power functions. The domain of each
model varies with years and do not exhibit any vis-
ible regularities. Each part of the income distribu-
tion, described by the corresponding model, covers
the following part of the population: (1) the right
tail 14% ÷ 26%, (2) the main part of the distribu-
tion 73% ÷ 85%, (3) the left tail 0.6% ÷ 1.2%.

We would like to pay attention, that a tail of
the distribution is a term which is not precisely de-
fined in statistics. Usually a tail refers to the part
of the distribution which is really far away from

Fig. 1. Three parts of the household income dis-
tribution in 2015. Top plot: right tail of the em-
pirical complementary cumulative distribution and
Pareto model (solid line) in log-log scale. Middle
plot: histogram for the main part of the income dis-
tribution and log-normal model in semi-log scale.
Bottom plot: left tail of the empirical cumulative
distribution and power model (solid line) in log-
log scale. Dotted line: 95% confidence interval of
the empirical cdf, dashed line: log-normal model
outside the range of its estimation.

the mean value. On the other hand a beginning of
a tail can be referred as the place where the distri-
bution changes its shape. In this work we estimated
the limit values xm and xM (for left and right tail)
by fitting appropriate models to data.

The results of the models’ estimations for year
2015 are summarized in Fig. 1. The complemen-
tary cumulative distribution is shown in the log-log
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Fig. 2. Left tail of the empirical cumulative distri-
bution in 2001 and 2007 in log-log scale. Solid line:
power model, dotted line: 95% confidence interval
of the empirical cdf, dashed lines: log-normal model
outside the range of its estimation.

scale in Fig. 1a. Dotted lines are 95% confidence
interval limits of the empirical cdf estimated based
on Wald method [14]

Femp (xj) ± 2

√
Femp (xj)

N

(
1 − Femp (xj)

)
.

The Pareto distribution is represented by a straight
line with −α slope. The power law model describes
the income distribution above 60,820 PLN (about
22% of the investigated population). In Fig. 1b,
the main part of the income distribution is pre-
sented as the histogram with the density function
of the log-normal model. The range of incomes de-
scribed by the log-normal model is from 7,680 PLN
to 60,820 PLN (about 77% of the population).
Figure 1c contains the low part of the income distri-
bution below 7,680 PLN (about 1% of the popula-
tion). The power function is represented, in the log-
log scale, by the strength line with the slope β. The
model is highly compliant with the data, the ob-
served deviations do not reach one third of the con-
fidence interval. A similar agreement with data is
observed for all the years. The sample of the results
is presented in Fig. 2 for years 2001 and 2007.

In the next step of the analysis we investigated
values of the models parameters estimators in time.
They are presented as µ̂, σ̂, α̂, and β̂ in Fig. 3. Their

Fig. 3. Estimators of the models parameters for
2000–2015: µ̂, σ̂ – log-normal model, α̂ — Pareto
exponent, and β̂ — power model. Error bars are
the size of the data points.

errors are of the size of data points thus they were
not being indicated. Increasing values of µ̂ reflect
the movement of the main part of the income dis-
tribution towards the higher incomes. They show
the increase of the mean logarithm of incomes in
the group of households with low and middle in-
comes. The clearly visible stability of the remain-
ing parameters is very interesting. The σ̂ parame-
ter reflects the Gaussian width of the main part of
the income distribution in a semi-log scale. The in-
crease of the σ̂ after 2005 is followed by its stability
at about 0.72 in years 2007–2015. The Pareto ex-
ponent α̂ characterizing the right tail of the distri-
bution changes between the limits 2.81 ÷ 3.24 and
fluctuates around 3.00. Similarly, an exponent β̂
describing the left tail fluctuates within 0.81 ÷ 1.36
and after 2006 it stabilizes at about 1.00. The unit
value of the parameter corresponds to an uniform
distribution of incomes.

4. Structure of the left tail
of the income distribution

The results obtained for the left tail indicate flat
distribution: a number of households with certain
income does not depends on the income value. In-
comes of the households in the left tail are ran-
dom in the range of 0 ÷ xm. This phenomenon
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Fig. 4. Expenditures vs. incomes for x ≤ xm. Ex-
penditures are showed as the percentile groups. In-
comes are expressed as the income rank starting
from 1 for the lowest income. The range of in-
come values is indicated on the additional horizon-
tal axis. The plots contain data for 2009 (top) and
2015 (bottom). The vertical dashed line separates
non-positive incomes (dots) and left tail incomes
(stars). See text for details.

is not usual in the income distributions and it may
indicate we deal with the households which are
not typical. In order to further investigate these
households we compare incomes with expenditures.
For completeness, we also take into account house-
holds with non-positive incomes. These households
gain at least part of their total incomes from busi-
ness activities. They report a lack of available in-
comes (incomes equal to zero) or a loss (negative
incomes) in the survey studies. The number of such
a households is approximately equal to the number
of households in the left tail. Dispersion of expen-
ditures vs. income rank is presented in Fig. 4 for
households with incomes x ≤ xm. The plots contain
data for 2009 (top) and 2015 (bottom). Because
of the very wide range of income values, we pre-
sented the rank of incomes on the horizontal axis
instead of income values. The rank starts from 1
for the minimal income. The range of income val-
ues is indicated on the additional horizontal axis.
Similarly, the expenditure percentile group number
instead of expenditures values is given on the ver-
tical axis. Thus, each point in Fig. 4 has two inte-
ger coordinates: position in the income ranking and

expenditure percentile group number. The vertical
dashed line splits data into two income groups: non-
positive and left tail incomes. Additionally, data
points in both groups are indicated in different way.

One shall expect an increase of expenditures with
income rank. However, this behavior is observed
only for some of households. Those households are
clearly visible in the right — low part of Fig. 4 for
2015, as the concentration of data points (indicated
by rectangle). The expenditures for those house-
holds are in the lowest percentile groups. This is
the first group of the households with low incomes,
as well as expenditures.

Let note the remaining data points in parts of
the plots for positive incomes are predominantly
distributed uniformly. The similar distribution of
data points is observed for the majority of the non-
positive incomes (except some excess of the high
percentile groups for the lowest incomes, indi-
cated by rectangle). The observed similarity indi-
cates the both groups could be considered together.
This is the observed second group of households.
For these households expenditures and incomes are
not related to each other. These households de-
clare low positive or non-positive incomes, while
their expenditures are observed in all percentile
groups. The possible explanation of the observed
behavior is that these households declare high costs
of running business while obtaining high revenues.
The amount of their expenditures indicates on their
real incomes hidden in the business expenses.

The observed low incomes in the left tail of dis-
tribution are the results of the balances between
the revenues and the costs. The households can de-
clare low incomes because of the true low revenues
or the high revenues and the high costs. For the for-
mer ones the expenditures are also small, while for
the latter ones observed low incomes are random be-
cause they are much smaller that the revenues and
costs. In other words, reporting low incomes having
high revenues requires a declaration of high costs,
e.g. in order to avoid taxes. Expected difference
revenues-costs is not necessary equal to zero, it can
be negative, zero or small positive. This explains
flat distribution of the lowest incomes.

5. Summary

In this paper we analyze cumulative distribution
of Polish household incomes in years 2000–2015.
We distinguish three parts of the income distribu-
tion which we parametrize using dedicated mod-
els. Based on the previous findings we approximate
high incomes by the Pareto Type I model, low and
medium incomes by log-normal model. For the low-
est incomes we propose a power model. The values
of the models parameters are evaluated for each year
and their changes discussed. A huge range (covering
on average 20% of the population) of the right tail
and its stable slope (about 3.0) are characteristic for
Polish household incomes. The width of the main
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part of the distribution is also stable (about 0.72)
after 2006. The slope of the left tail is stable (about
1.0, since 2007) too. The observed slope is compat-
ible with the uniform flat distribution of incomes.
Taking into account non-positive incomes, as well
as household expenditures we explain the shape of
the left tail as the result of the balance between
the revenues and the costs.
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