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In this work, a piecewise linear representation of economic time series is presented. The representation is
based on calculating local maxima and minima in time series. Then, we study the localization properties
of the 1D tight-binding equation, where the on-site potential is replaced by a piecewise linear function.
The piecewise linear representation is derived from economic time series databases. We carry out
numerical work involving direct diagonalization to study eigenvalues of the system. This numerical
scheme is applied to different segments of the time series. It is shown that this mathematical tool could
be used as a moving indicator to study finance charts.
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1. Introduction

In the last years, theoretical frame of quantum
mechanics has been applied to finance [1–5]. Math-
ematical formalism of quantum mechanics can pro-
vide theoretical tools to model socioeconomic time
series [6]. Using this bridge, many techniques de-
veloped for quantum physics can be transferred to
analyze socioeconomic data.

Ever since the pioneering work of Anderson [7],
the study of quantum diffusion has been a central
topic in Solid State Physics. Quantum localiza-
tion is one of the most-studied topics in physics
encompassing systems as disparate as solid state
physics, light, sound, excitation in condensed mat-
ter physics and, most recently, cold atomic sys-
tems. For quantum diffusion, one of the oldest
models is the nearest-neighbor tight-binding model
(see Fig. 1),

t (un+1 + un−1) + Vnun = Enun, (1)
where t is the hopping amplitude, Vn is the on-
site potential, En is the energy eigenvalue and un
is the wave function amplitude at the n lattice
site. One well-known example of the using of (1)
is 1D incommensurate problem. In the Aubry-
André model, the on-site term is

Vn = λ cos (παnν) (2)
with an incommensurate frequency. In above equa-
tion, α is a real number, λ is the strength of the po-
tential (0 ≤ λ ≤ 2), and ν is taken to lie be-
tween 0 and 1. The slow spatial variation of Vn
is crucial in producing the localization properties

Fig. 1. Drawing of a one-dimensional atom chain.
One-dimensional tight-binding model.

of the model. For 0 < ν < 1 and 0 < |λ| < 2, it is
found the existence of a mobility edge in this one-
dimensional model [8, 9]. In the above potential,
the case where Vn = 2t is specially interesting:
the quantum system has an eigenspectrum which
forms a Cantor set in the thermodynamic limit.
In such a case, all the eigenstates are extended for
potential strength below a threshold value Vc = 2t
and localized above this potential energy value Vc.

In previous works, the localization properties of
a 1D tight-binding model have been studied [6].
The on-site potential values were derived from fi-
nancial time series and a diagonalization scheme
was applied to different segments of the data. In
such a model, successive differences of the natural
logarithm of the price P (n) have been employed
to modify the incommensurate potential Vn. But
because of the complex nature of financial mar-
kets, not all available data are real information,
creating the problem of discerning real information
from noise.
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The behavior of the Lyapunov exponent at
the mobility edge was studied in [6]. This property
was employed to try to forecast finance time series.
However, we know that the existence of noisy fi-
nancial data can limit the performance of predic-
tion techniques on time series. The main prob-
lem is the absence of prior knowledge on what is
noise and what is determinism. Taking this into ac-
count, the aim of this work will be to explore noise
reduction effects in the tight-binding approach.

2. Model

The method is based on calculating local maxima
and minima in time series. The piecewise linear
representation has the advantage of being straight-
forward and simple. In the segmentation procedure,
maxima and minima are compared with those previ-
ously found. Then, the values are obtained through
an iterative process. Firstly, each data point is
compared with its neighbor point and the differ-
ence between the two is calculated. Then, local
maxima xmax(n) and minima xmin(n) are estab-
lished, namely, xmax(n) and xmin(n) are the po-
sition in the x-axis of the local maximal or mini-
mal points, respectively, and δt is a time interval.
Next, the time series are replaced by the xmin(n)
and xmax(n) points after calculating local minima
and maxima. In this way, a picewise linear function
is obtained.

The δt value will be used to control the degree of
detail, i.e., the number of segments in the graph, to
be obtained by the segmentation procedure. If δt
is increased, the degree of detail will be decreased.
Figure 2 illustrates piecewise linear representations
at δt = 10 and δt = 5. As can be seen, the num-
ber of segments in the graph (degree of detail) is
increased as the time interval δt is decreased.

Fig. 2. Piecewise linear function and a financial
time series. EURUSD Daily versus time. Thick
line: δt = 10. Thin line: δt = 5.

In this work, an economic time series will be re-
placed by a piecewise linear function at a fixed δt
value. In the same manner as in [6], an on-site po-
tential Vn of the original model will be modified by
such a piecewise linear function. As a result, the δt
parameter will be used to control noise reduction in
our quantum formalism.

In addition to this, we know that the Lya-
punov exponent is defined as the inverse localiza-
tion length [6], i.e.,

γj(Ej) =
1

N − 1

∑
j 6=l

ln |Ej − El| (3)

and the density of states as

D(E) =
∑
j

δ(E − Ej), (4)

where Ej are the eigenenergies. The Vn potential
needs to be modified in the same manner as in [6],
namely

V ′n = λ cos (παnν) + β(n, δt), (5)
where

β(n, δt) = ϑ ln

(
P (max)

P (min)

)
f(n, δt). (6)

Here, f is the piecewise linear function, ϑ is a co-
efficient, and P (max) and P (min) are the maxi-
mum and minimum price values in the time se-
ries, respectively. As can be seen in (6), if θ = 0
nonlinear effects vanish in our model. In order
to have visible results θ needs to have a higher
enough value. With no loss of generality, ϑ is taken
to be ϑ = 50 (see [6]).

3. Results

Our calculation involves direct diagonalization of
the Hamiltonian to obtain the eigenenergies. This
diagonalization scheme are applied to different seg-
ments of the time series. The time series is divided
into N/Ns smaller segments being N the time series
size. In our case, the segment size Ns is 100 points.

In Figs. 3 and 4 we show our numerical results
which clearly show the existence of a mobility edge
(and a metal-insulator transition) at E = 0. As can
be seen in Figs. 3 and 4, the density of states is
peaked in the middle of the energy band. In addi-
tion, the Lyapunov exponent reaches its minimum
value at E = 0. The special properties of such
a potential appear when πα is equal to 0.2 and
ν = 0.7 [8]. In this work πα is taken to be 0.2
and ν = 0.7.

Examining Figs. 3 and 4, we discover that we can
easily obtain the slope of γ(E),

χ(E) =
dγ(E)

dE
. (7)

Figures 5 and 6 show χ(t) (arbitrary units) versus
time (day). We have also plotted the piecewise lin-
ear function and the EURUSD and USDJPY daily
price, respectively.

If the price is decreased, the χ value will be in-
creased (see arrow on Figs. 5 and 6) due to the V ′n
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Fig. 3. Density of states and Lyapunov exponent
versus energy for the potential defined in (5). We
have taken πα = 0.2, ν = 0.7 and f = 0. The
mobility edge is at E = 0.

Fig. 4. Density of states and Lyapunov exponent
versus energy for the potential defined in (5). We
have taken πα = 0.2, ν = 0.7, f = an and a =
0.005. The mobility edge is at E = 0.

potential contribution. We have obtained a better
moving indicator when a piecewise linear function
is used [6]. In this way, such a mathematical tool
χ(t) could be used as a moving indicator to study
economic charts.

The aim of this work is to explore the use of
the mathematical tools of quantum mechanics in
finance. Some mathematical functions of quantum
theory can have specific properties which can al-
low us to detect disorder effects with a high degree
of sensitivity. Our attention will be paid only in
the mathematical characteristics. It is clear that it
makes no sense to associate physical quantities to
an economic system. It has no physical meaning.

The incommensurate equation (2) employed in
this work is the only known example of a one-
dimensional potential which allows extended and

Fig. 5. Thick line: χ (arbitrary units) versus time
(day). We have also plotted EURUSD daily price
at δt = 10. First point corresponds to daily price
2011/03/01. Last point corresponds to daily price
2017/11/22..

Fig. 6. Thick line: χ (arbitrary units) versus time
(day). We have also plotted USDJPY daily price
at δt = 10. First point corresponds to daily price
2012/07/11. Last point corresponds to daily price
2019/12/31.

localized quantum states at the same time [8, 9].
The existence of mobility edges and a metal-
insulator transition in (2) is unique. In analogy
to Anderson localization of quantum waves induced
by a random field, here we show that a piecewise
function behavior will be reflected in the localiza-
tion quantities of the potential. The piecewise linear
function will be derived from our economic data.

4. Conclusions

In summary, we analyze the localization proper-
ties of the 1D tight-binding equation, where the lat-
tice potential is derived from finance data. A diago-
nalization scheme is applied to different segments of
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socioeconomic time series. We have explored noise
reduction effects by the using of a piecewise linear
representation. We have shown the possibility of
having a new moving indicator based on a quantum
mechanical tool.
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