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Resonant Degenerate Four-Wave Mixing in SO2
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We report an experimental investigation of degenerate four-wave mixing spectrum of SO2. A novel beam-split

technique is used to compensate the beam drift caused by the laser itself and disturbance from the environment.
Degenerate four-wave mixing spectra of the transition B1B1 ← X1A11 for SO2 are obtained. The degenerate
four-wave mixing signal intensity as a function of the total input laser energy is measured. The effects of the laser
field intensity on the degenerate four-wave mixing spectrum are analyzed. Our results show that the degenerate
four-wave mixing signal intensity rises with laser intensity and tends to saturate. Then, a dip begins to appear at
resonance in the profile with increase in laser field. The existence of saturation for degenerate four-wave mixing
signal intensity and spectrum profile confirms the prediction of previous theoretical work.
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1. Introduction

Laser techniques are now widely used for the study
of combustion and monitoring of pollutant formation.
Linear techniques such as absorption spectroscopy and
laser-induced fluorescence (LIF) are frequently used [1-3].
LIF allows 2-dimensional imaging and has been success-
fully applied in engines. Planar laser-induced fluores-
cence (PLIF) is used to image the flame topography of
a turbulent flame [4]. LIF and PLIF have been widely
applied [5–7] although interpretation of the signal is often
complicated by collisional quenching.

Non-linear techniques offer particular advantages in
such situations, owing to the coherent nature of the gen-
erated signal [8].

Degenerate four-wave mixing (DFWM) is a non-linear
optical process that is widely used for detection of trace
species [9–14] and for the measurement of thermody-
namic parameters [15, 16]. The physics of the DFWM
process has been the subject of numerous theoretical in-
vestigations since the late 1970’s. These theoretical ef-
forts were reviewed thoroughly by Abrams et al. [17],
and Williams et al. [18, 19]. Effects of laser polariza-
tion and collisions on DFWM signal generation in the
low-intensity or perturbation theory limit were analyzed
in great detail. Later, the theory was extended to in-
clude saturation effects. Reichardt and Lucht [20] and
Dai-Hyuk Yu et al. [21] predicted DFWM saturation ef-
fects with increase in laser field intensity.
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However, the extremely high demands of the stability
of the optical path arrangement limit its scope, and the
correctness of theoretical predictions lacks experimental
verification. In this paper, a novel compensated beam-
split technique is employed to improve the stability of the
optical system. An experimental study is carried out to
investigate the influence of the laser field on the DFWM
spectrum of SO2. Our results clearly demonstrate that
the DFWM technique provides an excellent tool to test
the accuracy of line positions, which is mostly limited by
the Doppler broadening.

2. The experimental setup

A forward DFWM setup has been used in the present
work. As shown in Fig. 1, in the forward geometry all
the laser beams are incident from the same side, and are
arranged in a three-dimensional box-type geometry. The
generated signal beam propagates in the direction that
fulfills the phase-matching condition.

Fig. 1. Phase-matching configurations for DFWM:
DFWM with forward geometry.
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Fig. 2. Experimental setup of DFWMwith forward ge-
ometry for the SO2.

The experimental setup for the DFWM measurements
is presented in Fig. 2. A chamber is filled with SO2.
A dye laser (ScanmatePro, LAMBDA PHYSIK) is used
to generate a laser output (10 Hz, 7 ns) tunable in the
296 to 324 nm wavelength range with a line width of
0.12 cm−1. The incident laser beam is split into four
beams (namely, beam1, beam2, beam3, and beam4)
through the splitting system based on compensated
beam-split technique (CBST). The beam splitters BS1
and BS2 are both divided into two parts made up of a
half-reflective coating and an anti-reflective (AR) coat-
ing, respectively. Beam 1 and beam 2 are pump lights,
and beam 3 is the probe light. The probe and the pump
fields are considered to have equal amplitudes. Beam
4 is employed to determine the output direction of the
DFWM signal, and it is blocked during data collection.
The pump and probe lights are focused into the cham-
ber by a quartz lens f1 of 400 mm focal length. The
DFWM signal is generated at the center of the box, and
propagates along the direction of k4, thus providing good
spatial separation from the intense pump beams. The
generated DFWM signal is then collimated by a quartz
lens f2 of 400 mm focal length. After being detected by a
photomultiplier tube (PMT), the signal is integrated and
averaged by a Boxcar gated integrator/averager, and the
data are stored on a computer disk for further analysis.

3. Results and discussions

Figure 3 shows a high resolution DFWM spectrum of
the transition B1B1 ← X1A11 for SO2, obtained with
a total incident laser energy of ≈ 300 µJ and a pressure
of 250 Pa.

The data clearly demonstrate the spectral resolution
afforded by DFWM. A comparison between the DFWM
measurement and the absorption spectrum of SO2 is also
given in Fig. 3. The ratios of the DFWM line intensities
differ considerably from those of the corresponding ab-
sorption spectrum. Indeed, the former is approximately

Fig. 3. Absorption spectra (a) and DFWM spectra (b)
of SO2.

Fig. 4. The DFWM signal intensity as a function of
the total input laser energy for the SO2.

proportional to the square of the latter, mainly as a result
of the dependence of the DFWM intensity on the square
of the population difference of the resonant transition.

Moreover, a difference between the line widths mea-
sured by the two techniques can also be observed. As a
matter of fact, the measurement in [22] yielded a larger
line width than that in the present study. The nar-
row line width is partly due to the elimination of the
Doppler broadening achieved by the use of the phase con-
jugate geometry. The results presented here demonstrate
that Doppler-free, phase-conjugate DFWM offers a sub-
stantial improvement in resolution compared to Doppler-
limited techniques.

The DFWM signal intensity as a function of the total
input laser energy for the SO2 is given in Fig. 4. The
wavelength of the incident laser is 304.5 nm. The signal
intensity rises with laser intensity and tends to saturate.
While the laser energy is more than 510 µJ, the signal
intensity shows a slight decrease as the total input laser
energy increases.
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The expression for the DFWM signal intensity derived
by Abrams et al. was reformulated by Farrow et al. [23]
in the form

IPG = E
1

1 + (∆/γ12)2
I3/I2sat

(1 + 4I/Isat)3γ212
, (1)

where we use the notation IPG to denote the intensity
of the DFWM signal originating solely from an optical
absorption induced population grating. In Eq. (1) I is
the laser intensity, ∆ is the laser detuning and E repre-
sents a collection of constants dependent on the partic-
ular transition and experimental geometry used. Isat is
the saturation intensity and is given by

Isat =
ε0c~γ12Γ0

2|µ12|2

[
1 +

(
∆

γ12

)2
]
, (2)

where

Γ−10 =
γ−11 + γ−12

2

is the population decay time, and µ12 is the transition
dipole moment.

The parameter γ12 = γ1+γ2
2 +γPD is the coherence de-

cay rate. γPD is given by the elastic collision frequency
which derives from basic gas kinetic theory. γ1 and γ2
are given by

γ1 =
2
√

2c̄σ

kT
PBCET , (3)

γ2 = γnatural +

√
2c̄

kT
(2CETσ + σq)PB , (4)

where PB is the partial gas pressure of the buffer gas.
CET is determined by the number of degrees of free-
dom possessed by the buffer gas. We set CET = 0.5
for helium, which has 3 degrees of freedom. σ is the
SO2/buffer gas collision cross-section, which is estimated
to be 5.13×10−19 m2 [24, 25]. γnatural refers to the spon-
taneous emission rate (2.38 × 105 s−1 for SO2) [24]. σq
is quenching cross-section with the value given by [26] of
2.7× 10−20 m2.

In addition to the population grating induced by op-
tical absorption, it has been suggested that collisionally
induced or thermal gratings can also generate a DFWM
signal [26, 27]. The thermal grating signal can thus be
expressed as

ITG = A

(
BσqPSO2PB

m1/2
+
σBP

2
B

m
1/2
B

)
I (5)

where the constant B accounts for the relative impor-
tance of quenching collisions to that of buffer gas colli-
sions, mB is the mass of the buffer gas molecule and σB
is the collision cross-section of the buffer gas with itself
(2.1×10−19 m2 for He [26]). The parameter A in Eq. (5)
is analogous to E in Eq. (1). The total observed signal
can then be written as

IDFWM = IPG + ITG (6)
. The blue dashed line in Fig. 4 shows the results pre-
dicted by Eq. (6), i.e. the A&L model. In the low laser
energy region, the signal intensity increases with increase

in the laser intensity, and the experimental results are
consistent with the theoretical ones. On the other hand,
significant deviations between the experimental results
and those by the A&L model appear in the saturation re-
gion, where the results by the A&L model increase mono-
tonically with increase in the laser intensity, which does
not agree with physical reality. Indeed, from Fig. 4, it can
be seen that when I > 500 µJ, the signal intensity slightly
decreases as the total input laser energy increases.

In order to explain this discrepancy, it is worth to point
out that in the A&L theoretical model the population
difference between the excited and the ground states is
considered as a constant. However, as pump laser en-
ergy is increased, some particles which are pumped to
the excited state will transmit to the higher rotational
energy levels of the ground state. The transition process
will lead to a decrease in the population difference ∆N0

between the initial ground and excited states, which in
turn results in a slight decrease of the signal intensity as
the total input laser energy increases.

Moreover, the A&L model uses a perturbation the-
ory expansion of the medium susceptibility in terms of a
strong field formed by the two pump beams and a weak
probe field. Indeed, in our work, the pump and the probe
fields are assumed to have equal amplitudes. Both the
pump and the probe beam intensities are equal or exceed
the saturation level. Therefore, the A&L model does not
exactly reproduce our experimental conditions.

Here, for comparison we also show theoretical results
obtained by using a more sophisticated model based on
BLE theory, developed by Bratfalean et al. [28]. Actually,
the BLE model is used to calculate the saturation effects
on spectral line shape that are relevant to simulate molec-
ular spectra obtained by DFWM with saturating pump
and probe fields.

The DFWM signal intensity is derived as

IDFWM =
α2
0ε0ck

2V 2(1 + δ2)Isat
2ns2π

×

∣∣∣∣∣
∞∑
m=1

2m(2m− 1)! Im3 − (1/2)Imp
m! (m− 1)! B̄2m

×
[
−Φ1(f,m) +

2mI3
(m− 1)B̄

Φ2(f,m)

] ∣∣∣∣∣
2

, (7)

where
B̄ = (1 + δ2) + 2E2

p + E2
3 , (8)

f =
2E2

p

B̄
, (9)

The parameter δ = (ω − ω0)T2 is the dimensionless de-
tuning from the atomic resonance. T2 is the transverse
relaxation time. a0 is the line-center small-signal-field
absorption coefficient. V is the volume of the interac-
tion region. n is the refractive index of the medium at
the observation point. Φ1(f,m) and Φ2(f,m) are spatial
integrals
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Φ1(f,m) =

π∫
0

(1 + cosx)m

(1 + f cosx)2m
, (10)

Φ2(f,m) =

π∫
0

(1 + cosx)m

(1 + f cosx)2m+1
. (11)

Equation (7) is used to calculate the signal intensity, as
a function of detuning and laser intensity respectively.

In order to calculate these theoretical spectra, a num-
ber of parameters in Eq. (7) must be specified. The
value of the dipole moments is derived from the published
Hönl–London factors [29]. The relative populations of the
rotational levels involved is determined by the gas tem-
perature. The value of the transverse relaxation time T2
is not easily determined from the literature and knowl-
edge of experimental conditions. A value of T2 is chosen
here as it is found to provide the best spectral fit.

The dependence of the DFWM signal intensity on the
laser intensity as predicted by the BLE model is reported
in Fig. 4 (red solid line). The deviations between the two
models mainly occur in the high energy region, and the
experimental trend is clearly better predicted by the BLE
model than by the A&L model. This result also indicates
that the BLE model more accurately predicts the DFWM
signal intensity saturation effect arising from both pump
and probe saturation.

The influence of molecular collisions on the production
of the DFWM signal is studied. Figure 5 displays the
DFWM signal as a function of the input laser energy with
a buffer gas pressure of 31.5 kPa. As discussed above,
the signal in Fig. 4 shows saturation. In contrast, by
keeping the input laser intensities in the same range as
used in Fig. 4, the DFWM signal shown in Fig. 5 is far
from saturation. The DFWM saturation characteristics
as shown in Figs. 4 and 5, therefore demonstrate the large
variations in saturation intensity with gas pressure.

In Fig. 5, the theoretical results obtained by using the
BLE model are also shown for comparison. The theo-
retical and experimental trends are qualitatively similar,
i.e., the signal intensity increases with increasing laser in-
tensity, and no saturation is observed. The effect of the
gas pressure on the saturation laser intensity can also
be understood in the framework of the BLE theory. In
fact, the γ12 is proportional to the square of the pressure.
Thus, when the gas pressure is changed by one order of
magnitude, the saturation intensity Isat will change, in
turn, by two orders of magnitude.

In Fig. 6 the line shapes measured for different pump
beam intensities and those predicted by the BLE theory
(red solid lines) are shown. Based on the BLE model,
when the incident beam intensity is much larger than
the saturation intensity at line center, the strong beam
saturates the absorbers, thereby causing decrease in the
signal intensity at resonance. Therefore, for strongly sat-
urating fields the spectrum develops the characteristic
dip at line center, as shown in Fig. 6 (red solid line).

Fig. 5. The DFWM signal as a function of laser input
energy with the buffer gas of helium and a pressure of
31.5 kPa.

Fig. 6. The DFWM spectrum profile of SO2 at differ-
ent input laser energy.

In our experiment, when the input energy is 307 µJ,
i.e., with low pump beam intensity, the maximum sig-
nal is obtained on resonance. Expectedly, as displayed
in Fig. 6, a dip begins to appear at resonance when the
pump beam intensity is 576 µJ. Hence, the theoretical
and experimental results have similar profiles. In addi-
tion, if the incident beam is detuned, the saturation of
absorbers that produces the large signal can be avoided.

4. Conclusions

An experimental investigation of the degenerate four-
wave mixing spectrum of SO2 is reported. A novel com-
pensated beam-split technique is used to significantly im-
prove the stability of the optical system. The DFWM
spectrum of the transition B1B1 ← X1A11 for SO2 is
measured. The DFWM line intensity ratios are approxi-
mately proportional to the square of the absorption spec-
trum ratios. Moreover, the DFWM line widths are nar-
rower than those of the absorption spectrum. Our result
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indicates that DFWM offers a significant improvement
in resolution compared to Doppler-limited techniques.
DFWM saturation effects predicted by the previous the-
ory are also experimentally verified. With the increase
of the incident laser energy, a dip begins to appear at
resonance in the profile.
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