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Using standard transfer-matrix scheme, we performed numerical simulation of the field and the temperature
dependences of the magnetization and the heat capacity for exactly solvable quantum model based on spin-1/2 XX
chain with the periodically embedded Ising spins.
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1. Introduction

One-dimensional effective spin models of nanostruc-
tured magnetic materials like polymeric complexes of
transition metals are permanently attracting big interest
of the investigators due to their interesting physics and
potential applications in nanoelectronic devices and ro-
bust quantum communications [1–3]. On the other side,
some of these models can be solved exactly. This gives
very important opportunities for the verification of nu-
merous approximate methods in quantum theory of low-
dimensional magnetism [1].

We proposed exactly solvable 1D quantum spin model
based on spin-1/2 XX chain with the periodically em-
bedded equal Ising spins. This model can be treated
as the spin-1/2 XX chain system decorated by the im-
purity Ising spins. The energy spectrum of this model
has a relatively simple structure for arbitrary values of
equal embedded spins. We derived the corresponding ex-
act dispersion relations and determined the conditions
for the appearance of the localized energy levels at arbi-
trary value of embedded Ising spins. On the basis of these
results we performed some numerical studies of the low-
temperature magnetic properties of the model proposed
with the help of standard transfer matrix technique.

2. Model

Let us consider a set of finite XX spin 1/2 chains con-
nected by Ising spins S into the “ring”. The corresponding
Hamiltonian has the following form:
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Here J > 0 is the exchange integral for spin-1/2 XX
chain, J0 is the exchange integral of the Ising (or zz)-type
interactions with impurity spins, µB is the Bohr magne-
ton, g and g0 are g-factors for chain and Ising impurities
respectively,H is the longitudinal uniform magnetic field,
N is the number of spins in each XX chain, and L is the
number of chains.

For the model Hamiltonian (1) z-projections of the
impurity spins are the good quantum numbers, so these
Hamiltonians may be treated as a set of Hamiltonians of
finite spin-1/2 XX chains with the effective “impurity”
spins at the ends, considering σl = −S, . . . , S as the
parameter of the Hamiltonian. Taking into account the
periodicity, one can show that the Hamiltonian (1) has
the form

Ĥ(σ1, . . . , σL) =

L∑
l=1

Ĥl(σl, σl+1), σL+1 → σ1. (2)

By means of the Jordan–Wigner transformation (see, for
example [1, 2]) this Hamiltonian can be rewritten as

Ĥl = E0(σl, σl+1) + (h+ J0σl)a
†
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Here E0(σl, σl+1)=−[(g0µBH+J0)(σl+σl+1)+gµBHN ]/2,
h = gµBH.

We solved one particle Schrödinger equation in the
lattice site representation for (3) and derived the disper-
sion relations for the exact “excitation“ energies

εσlσl+1
= h− J

2

(
x+

1

x

)
. (4)

Here the parameters x obey the following equation:
(α1x+ 1)(α2x+ 1)− (α1 + x)(α2 + x)x2N = 0, (5)

were we used the notations α1 = 2J0σl/J ,
α2 = 2J0σl+1/J . Due to the structure of above equation,
there are two types of solutions x = exp(ikσlσl+1

), which
correspond to the quasi-continuous energy band
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εkσlσl+1
= h− J cos kσlσl+1

, (6)
and real valued |xσlσl+1

| < 1, which correspond to the
energy levels localized near the impurity spins. We
derived and analysed the conditions of the appearance of
the energy states, localized near the impurity spins. The
localized levels emerge at rather strong Ising interaction
between chains. They appear below or above zone (6)
at the critical values of model parameters α1, α2, N . For
Eq. (5) these parameters are determined as the branches
of two hyperbolas(

α1 ±
N

N + 1

)(
α2 ±

N

N + 1

)
=

1

(N + 1)2
. (7)

3. Transfer-matrix

The special structure of the model Hamiltonian per-
mits us to use standard transfer-matrix technique for nu-
merical simulation of the model’s thermodynamics. Sim-
ilar to what was done in [4, 5] by means of a standard
transfer-matrix scheme for decorated Heisenberg–Ising
1D spin models, we obtained the exact partition func-
tion of the systems considered

Z = TrTL, T (σl, σl+1) = exp

(
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T

)
×
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(
1 + exp

(
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T

))
. (8)

Here T (σl, σl+1) are transfer-matrix elements, which are
in fact the partition functions of the finite XX chains with
the Hamiltonian (3). To find, for example, free energy
per spin for finite number L of XX chains one needs all
eigenvalues of transfer-matrix T (σl, σl+1):

F = − T

(N + 1)L
ln

(
2S+1∑
i=1

λLi

)
, (9)

According to our numerical calculations, the tempera-
ture dependences of the magnetization and the specific
heat depend weakly on the number of unit cells L. For
local characteristics we restricted our study to the infi-
nite system and used only maximum eigenvalue of the
transfer-matrix.

4. Low-temperature thermodynamics

Using above results, we performed numerical simu-
lation of the field and the temperature dependences of
the magnetization and the heat capacity for our system.
One may expect the big effect of impurities when local-
ized levels exist. For antiferromagnetic Ising interaction,
the field dependence of the magnetization at very low
temperatures demonstrates a jump associated with the
spin-flip of impurity spins in sufficiently strong magnetic
field. We presented field dependence of magnetization
per spin for finite number of XX chains at low tempera-
ture in Fig. 1.

According to Fig. 1 dashed lines almost coincide with
the corresponding solid lines at very low temperatures.

Fig. 1. Field dependence of magnetization per spin at
T/J = 0.005 for S = 1/2, L = 3, J0/J = −2, g0 = 1.5
for g = 1 — curve 1, g = 2 — curve 2, for N = 8
— gray lines and for N = 9 — black lines. Dashed
lines correspond to one finite XX chain with effective
impurities at the both ends (see [6]).

Fig. 2. Temperature dependence of specific heat per
spin in dimensionless units at zero magnetic field, S =
1/2, L = 3, N = 7 for three different values of the
Ising interactions (solid lines). Dashed lines indicate the
specific heat for infinite number XX chain with the same
number of spins and dashed-dotted lines correspond to
XX chain with effective impurities at the both ends.

We found the possibility of two-peak behavior for zero-
field temperature dependence of specific heat (see Fig. 2)
at sufficiently strong antiferromagnetic Ising coupling.

We performed numerical simulation of the field depen-
dence of thermodynamic average value 〈σzl 〉 for above
model and found the possibility of oscillatory behavior of
this quantity in the weak fields and rather small values
of J0 at low temperatures (see Figs. 3 and 4) for S = 1/2
and S = 1, respectively.

This effect can be explained by the competition of the
antiferromagnetic interactions of these spins with the XX
chain and applied weak external magnetic field. Note also
that the above oscillatory behavior of local characteristic
〈σzl 〉 /S for all the impurity Ising spins is similar to the
unstable behavior of this quantity for several 1D XX spin
systems with one Ising impurity spin studied in [6, 7].
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Fig. 3. Field dependence of 〈σz
l 〉 /S for infinite system

with S = 1/2 at T/J = 0.01 and J0/J = −2, g = 1,
g0 = 1.5 for two different sizes of XX chains (N = 7, 8).
Dashed lines indicate one XX chain with effective Ising
impurities located at the both ends.

Fig. 4. Field dependence of 〈σz
l 〉 /S for infinite system

with S = 1 at T/J = 0.01 and J0/J = −0.2, g = 2,
g0 = 0.5 for two different sizes of XX chains (N = 7, 8).
Dashed lines indicate one XX chain with effective Ising
impurities located at the both ends.

5. Conclusions

This work is devoted to the analytical and numeri-
cal study of 1D exactly solvable quantum spin model:
a set of finite XX spin-1/2 chains connected by the Ising
spins S into the “ring”. We derived the corresponding
exact dispersion relation and determined the conditions
of the appearance of the localized energy levels. We also
performed numerical simulation for the low-temperature
magnetic properties of the model proposed with the help
of standard transfer matrix technique. Our analyses may
be treated as a generalization of the analysis given in our
previous works [6, 7].
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