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Dynamic Behavior of Vortices under Applied Current Drive
in Mesoscopic Superconducting Strip with Two Magnetic Dots
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Using a finite element method to numerically solve the time-dependent Ginzburg-Landau equations, we study

the dynamic behavior of vortices in a hybrid structure consisting of a superconducting strip with two magnetic
dipoles in the presence of a external homogeneous magnetic field and an applied current drive. Time-averaged
voltage-current, free energy, density of Cooper pairs, and vortex dynamics in the superconducting strip were
obtained. From the obtained results, the period of free energy oscillation is observed. The period of free energy
oscillation corresponds to the period of vortices variation under the applied currents drive. The obtained results
give a better understanding of free energy oscillation and vortices variation in the mesoscopic superconducting
strip under an applied current drive.
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1. Introduction

Superconductivity at reduced structure dimensions has
received an increasing interest mainly due to the huge ad-
vancements in modern nanofabrication techniques, which
have permitted exploration and discovery of new physi-
cal phenomena when approaching the mesoscopic limit
(dimensions of the order of coherence length ξ or pen-
etration depth λ), such as the giant vortex state [1],
multivortex state [2], vortex-antivortex [3], paramagnetic
Meissner effect [4], symmetry-induced antivortices [5],
fractional flux vortices [6], and vortices trapped in blind
holes [7]. The physics becomes even richer when an
electric field is applied to the system in addition to
a magnetic field, which will result in the phase-slip phe-
nomenon [8], magnetoresistance oscillations [9], fast mov-
ing kinematic vortices [10], and stroboscopic resonances
phenomena [11].

The mesoscopic superconductors have been considered
extensively both experimentally and theoretically [1–11]
up to now. For theoretic studies, the Ginzburg–Landau
(GL) theory [12] is probably the most successful macro-
scopic description of superconductivity [13]. Technically
speaking, GL theory is only valid close to the normal-
superconductor phase boundary where the order param-
eter is small. However, empirically it appears to have
a rather broader range of applications than this, and
even deep in the superconducting state (where mag-
netic imaging is performed), we find excellent qualitative
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agreement with GL predictions [13]. In this paper, we
investigated a mesoscopic two-dimensional superconduct-
ing strip with two magnetic dots under an applied current
drive, and time-averaged voltage, free energy, density of
the Cooper pairs, and vortex dynamics in the supercon-
ducting strip were obtained. Numerical simulations will
be performed in the framework of the time-dependent
Ginzburg–Landau (TDGL) model. The finite-element
method (FEM) [14–16] was used due to its ability to
handle complex geometries and complicated boundary
conditions, and the additional benefit of less comput-
ing time. The TDGL equations are numerically solved
to obtain the dynamic properties of the superconducting
strips. The work is organized as follows. In Sect. 2, we
show the derived TDGL equations and explain the nu-
merical method and procedure used in the calculations.
In Sect. 3, we analyze the results obtained for the su-
perconducting strips. Our results are finally summarized
in Sect. 4.

2. Time-dependent Ginzburg–Landau method

We consider a mesoscopic rectangle-shaped supercon-
ducting strip (see Fig. 1). Two point-like out-of-plane
magnetic dipoles are separated by a difference d between
their x-coordinates and placed at one distance Z1 and
another distance Z2 from the top surface of the supercon-
ducting strip. In our model, the effect of two magnetic
dipoles is equivalent to a magnetic strip. In other words,
the magnetic strip can create a stray magnetic which in
turn can be modeled by two point-like magnetic dipoles
directed perpendicular to the superconductor [17]. We
do not change the size of the superconducting strip for
all considered four cases. The strip is surrounded by
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Fig. 1. A sketch of the envisioned experimental setup.
Two point-like out-of-plane magnetic dipoles are sepa-
rated by a difference d between their x-coordinates and
placed at one distance Z1 and another distance Z2 from
the top surface of the superconducting strip with dimen-
sions Lx × Ly = 6ξ × 15ξ. The superconducting strip
is under applied dc current I and a perpendicular mag-
netic field H. A magnetic dipole has magnetic moment
m = (0, 0,mz).

vacuum with an applied magnetic field H = (0, 0, H) in
the z-direction and the transport current I = (0, I, 0)
in the y-direction. The GL theory describes the super-
conducting state through a complex order parameter ψ
for which |ψ|2 represents the density of the Cooper pairs.
The order parameter and the free energy can be deter-
mined by the TDGL equations, which are expressed by(

∂

∂t
+ iΦ

)
ψ = −(− i∇−A)2ψ + (1− |ψ|2)ψ, (1)

σ

(
∂A

∂t
+∇Φ

)
= Js − κ2∇×∇×A, (2)

Js = Im(ψ∗∇ψ)−A |ψ|2 , (3)
where Φ is the electric potential, A is the vector poten-
tial, σ is the normalized conductivity, Js is the super-
conducting current density. The vector potential A can
be represented as A = Am + A1 + A0, where Am cor-
responds to the magnetic field, induced by the two mag-
netic dipoles (the magnetic moment m = (0, 0,mz)), and
A1 denotes the vector potential corresponding to an ad-
ditional external homogeneous magnetic field H. The
vector potential A0 describes magnetic field induced by
the currents, which flow in the superconducting strip. We
may neglect both variations in the order-parameter mag-
nitude and the A0 contribution because the thickness of
the superconducting strip is assumed to be sufficiently
small as compared to ξ and λ.

We scale the length in units of ξ = }/
√
2m |α0|, the

order parameter ψ in units of ψ0 =
√
−α0/β (with α0

and β being the GL coefficients [18]), A is given in units
of Φ0/(2πξ) (Φ0 = ch/(2e) is the flux quantum). The
magnetic field is in units of Hc2 = Φ0/(2πξ

2 =
√
2κHc),

where Hc is the thermodynamic critical field, κ = λ/ξ
is the GL parameter. The time is in units of GL relax-
ation time t0 = π}/(8kBTc). We scale the m in units of
m0 = Φ0ξ/(2π). The applied current density is given in

units of j0 = σn}/(2et0ξ) (σn is the normal-state conduc-
tivity), and the voltage scale is given by V0 = }/(2et0).
The free energy of the superconducting state, measured
in F0 = H2

cV/(8π) units, is expressed as

F =
2

V

∫ [
− |ψ|2 + 1

2
|ψ|4 + |(− i∇−A)ψ|2

+κ2 (B −H)
2
]
dV. (4)

For the magnetic field, the boundary condition reads:
(∇×A)|boundary = H. The transport current is intro-
duced via the boundary condition for the vector potential
in the x direction: ∇×A|z (x = 0, w) = H ±HI , where
HI = 2πI/c is the magnetic field by the current I. From
the vector potential it is possible to obtain the voltage by
using the V = ∂

∂t

∫
Adl. For the order parameter, we use

the superconductor–insulator boundary conditions, i.e.,
we set the normal component of the supercurrent across
the boundary to zero: n · (− i∇−A)ψ|boundary = 0,
where n is the outward normal unit to the surface. Fi-
nally, to simulate a infinite length strip, we apply periodic
boundary conditions in the y-direction. The TDGL equa-
tions and their discrete form are gauge invariant under
the transformations as follows: ψ′ = ψ e iχ, A′ = A+∇χ,
Φ′ = Φ − ∂χ/(∂t). We chose the zero-scalar potential
gauge, that is, Φ = 0 at all times and positions.

3. Results and discussions

We first consider the mesoscopic superconducting strip
with sizes of Lx × Ly = 6ξ × 15ξ. Our simulations have
been carried out by using σ = 1, κ = 1.2, and d = 6ξ
for the superconducting strip. The initial conditions are
|ψ|2 = 1 corresponding to the Meissner state and zero
magnetic field inside the superconductor. One magnetic
dipole m1 is located at site (3, 4.5, Z1), and another m2

is located at site (3, 10.5, Z2). We restrict ourselves to
the case when the stray fields of the two magnetic dots
are weak, so that no vortex-antivortex pairs are created
at zero applied current. Figure 2a shows time-averaged
voltage as a function of applied current (V (I)) at
H/Hc2 = 1.2, m1 = −20, m2 = 20, and Z1 = Z2 = 6.

Fig. 2. (a) Time-averaged voltage as a function of
the applied current in the superconducting strip. (b)
Free energy vs. time characteristics of the strip at
Z1 = Z2 = 6 and H/Hc = 1.2.
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Fig. 3. Contour plots of the Cooper-pair density at
I/I0 = 0.102. Blue to red means that the absolute
value of the order parameter ranges from minimum to
maximum.

Fig. 4. (a) Time-averaged voltage as a function of the
applied current in the superconducting strip. (b) Free
energy vs. time characteristics of the strip at Z1 = 6,
Z2 = 5 and H/Hc2 = 1.2.

Fig. 5. Contour plots of the Cooper-pair density at
I/I0 = 0.102. Blue to red means that the absolute
value of the order parameter ranges from minimum to
maximum.

It is known that the superconducting strip goes through
two levels of increasing resistance as driving current is
increased. Low resistance of the superconducting strip
is maintained up to a threshold current when maximal
current in the strip reaches the de-pairing current. The
threshold current is Ic/I0 = 0.125. With further in-
crease in applied current, superconductivity becomes ut-
terly suppressed in the strip, leading to a normal state
of higher resistance. Figure 2b shows free energy as a
function of the time (F (t)) at H/Hc = 1.2, Z1 = Z2 = 6

Fig. 6. (a) Time-averaged voltage as a function of the
applied current in the superconducting strip. (b) Free
energy vs. time characteristics of the strip at Z1 = Z2 =
6 and H/Hc = 1.2.

Fig. 7. Contour plots of the Cooper-pair density at
I/I0 = 0.120. Blue to red means that the absolute
value of the order parameter ranges from minimum to
maximum.

for I/I0 = 0.102 and I/I0 = 0.081, respectively. For
the chosen length of simulation region and the consid-
ered magnetic field, we actually had Nv = 5 vortices
moving in a single row, as shown in the contour plots of
the Cooper-pair density in Fig. 3. The interplay of the
vortices and currents leads to the free energy oscillation.
Namely, the applied magnetic field and the magnetic field
of magnetic dots induce reactive screening (and circu-
lating) currents in the superconductor, Is. The applied
dc current always enhances the supercurrent Is on one
side of the strip, while suppressing Is on the other side.
This directly affects the barriers for vortex entry and exit,
which is indicated in Fig. 2b and 3. There, points 1–5 are
used to denote one period of the vortex dynamics, mak-
ing the characteristic time intervals. We could observe
the period is τ/t0 ∼ 2000.

Figure 4a shows time-averaged voltage as a function of
applied current (V (I)) at m1 = −20, m2 = 20, Z1 = 6,
Z2 = 5, and H/Hc2 = 1.2, which shows that the thresh-
old current is Ic/I0 = 0.138. Figure 4b shows free energy
as a function of the time (F (t)) at Z1 = 6, Z2 = 5,
and H/Hc2 = 1.2 for I/I0 = 0.083, I/I0 = 0.102 and
I/I0 = 0.111, respectively. We could observe that the
oscillation period of free energy is τ/t0 ∼ 1000. For the
chosen conditions of simulation we actually had Nv = 7
vortices moving in a single row, as shown in the contour
plots of the Cooper-pair density in Fig. 5.
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Fig. 8. Time-averaged voltage as a function of the ap-
plied current in the superconducting strip.

Fig. 9. Contour plots of the Cooper-pair density at the
I/I0 = 0.02, 0.03, 0.06, and 0.09. Blue to red means
that the absolute value of the order parameter ranges
from minimum to maximum.

Up to now we studied the dynamic properties of the su-
perconducting strip when m1 = −20, m2 = 20. In what
follows, we consider the case for m1 = 20, m2 = −20.
Figure 6a shows the time-averaged voltage as a function
of the applied current in the superconducting strip at
H/Hc2 = 1.2, m1 = 20, m2 = −20, and Z1 = Z2 = 6. We
observed that the threshold current was Ic/I0 = 0.15.
Figure 6b shows free energy as a function of the time
(F (t)) at H/Hc = 1.2, Z1 = Z2 = 6 for I/I0 = 0.081,
I/I0 = 0.111, I/I0 = 0.120, and I/I0 = 0.129, respec-
tively. For the chosen conditions of simulation we ac-
tually had Nv = 8 vortices moving in a single row, as
shown in the contour plots of the Cooper-pair density
in Fig. 7. There, points 1–5 are used to denote one pe-
riod of the vortex dynamics, making the characteristic
time intervals. We could observe that the oscillation pe-
riod of free energy is τ/t0 ∼ 800. Figure 8 shows the
time-averaged voltage as a function of the applied current

in the superconducting strip at m1 = 20, m2 = −20,
Z1 = 6, Z2 = 5, and H/Hc2 = 1.2. We observed
that the threshold current was Ic/I0 = 0.10. Figure 9
shows the contour plots of the Cooper-pair density at
the I/I0 = 0.02, 0.03, 0.06, and 0.09. Under the drive
of different applied currents, we observed the different
distribution characteristics of vortices. With increasing
current, the motion of the vortices speed up.

4. Conclusions

Using the TDGL theory we studied the dynamic prop-
erties of the superconducting strips with two magnetic
dipoles in the presence of a external homogeneous mag-
netic field and an applied current drive. Through our re-
search, the dynamic properties of a superconducting strip
were obtained for two different directions of magnetic mo-
ments of the magnetic dots. We observed that the period
of free energy oscillation at the case of m1 = −20 and
m2 = 20 was larger than the one in the case of m1 = 20,
and m2 = −20. The period of free energy oscillation cor-
responds to the period of vortices variation, which was
induced by the applied currents. The obtained results
would be helpful to understand the characteristics of vor-
tices of mesoscopic superconductors in experiments.
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