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Two-dimensional complex plasma crystal is a suspended single-layer of micron-size grains in a plasma. The nar-

row and long two-row crystals are likely to be used as electrostatic wigglers. Therefore, electric properties
of such system is studied in the present work. The frequency of longitudinal electric field is twice the frequency
of transverse electric field. In two-row crystals, far from the crystal center, both longitudinal and transverse
electric fields decrease continuously. Frequency of longitudinal field decreases also, but the frequency of trans-
verse field is fix. By increasing distance between the crystal rows, the frequency of transverse field does not
change but the frequency of longitudinal field decreases. Value of both fields decrease while their ratio increases.
By increasing longitudinal distance between the grains, the frequency of transverse field does not change but
the frequency of longitudinal field increases until become twice the frequency of transverse field, and both electric
fields increase while their ratio decreases. These results may be useful in various fields of physics.
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1. Introduction

Complex (dusty) plasma is a plasma that contains
grains (particles). In an ordinary experiment, grains are
spherical with order of micrometer in size [1, 2]. First
observation of crystal formation in a plasma environ-
ment was done by independent groups in 1994 [3, 4].
Complex plasmas have been typically generated in par-
allel plate radio-frequency discharge. Grains introduced
into the plasma chamber become electrically charged.
Due to faster mobility of electrons, grains obtain negative
charge. Those grains with high charge and low temper-
ature form a complex plasma crystal [5, 6]. To measure
stability of the plasma crystals, Coulomb coupling pa-
rameter is used [7, 8]:

Γ =
kq2

d kB T
exp(−d/λD),

where k is the Coulomb’s constant, q is grains charge,
d is intergrain distance, kB is the Boltzmann con-
stant, T is grains temperature, and λD is Debye length
of the system. Complex plasma crystals are two-
dimensional (2D) usually. The reason is balancing be-
tween downward gravitational force and upward electric
field generated by lower electrode [9, 10].

The complex plasma crystals are suitable for funda-
mental researches because they are formed easily, and
because of direct optical imaging of individual parti-
cles with large size and large inter-spacing. This sort
of crystals has applications in different fields from nan-
otechnology to plasma physics and free-electron lasers,
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FELs [1, 11]. More examples include also in trapped ions;
few-body systems; formation, melting and phase transi-
tion of crystals; asymmetric crystals and crystal defects;
waves; and non-ideal plasmas.

Microstructure electrostatic wigglers is a new possible
application of complex plasma crystals. It is suggested
by Mirzanejhad and Bahadory [12]. Electrostatic wig-
glers can transfer energy to relativistic electron beam
in FELs. It is an advantage and can lead to a more
powerful laser. Various electrostatic wigglers are stud-
ied, e.g., metal and sinusoidal shape in [13, 14], while
electrodes with oscillatory voltages in [15].

In the microstructure electrostatic wiggler, charge and
consequentially potential and electric field of individual
grains are important [12]. Average grain charge has been
already reported, but there are no experimental measure-
ments of individual grains charge. ‘The 2012 Plasma
Roadmap‘ [16] has refered to this problem and stated
that developing novel probes to study charge distribu-
tions of grains in plasmas would be of great benefit.
The problem still exists and so far new studies consider
only the external electric fields [17-20].

We have simulated 2D plasma crystals with different
shapes in previous work [21]. One category of shapes,
meaning long and narrow two-row crystals, has been es-
pecially suitable as electrostatic wiggler. In this work,
we consider complex plasma with these type of crys-
tals and investigate electric fields of grains in detail.
We find shape and value of electric fields in different area
of the crystals, as well as for different grains distances.
In all kind of electrostatic wigglers, electric fields must
be determined. So, our results can be used in designing
and production of FELs specially, but they may be useful
in other fields as well (for example in solid-state physics).
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The perfect crystal without any vacancies are subject
of study of the present work. It is hard to produce ideal
crystals, however they are the reference base when one
needs to verify results of simulated and of real crystals.
Vacancy and any other disordering leading to non-ideal
crystals, will be a subject of our ongoing work.

2. Electric field of one grain

As mentioned in Introduction, electric field of in-
dividual grains are important. Grains potential en-
ergy also plays an important role in crystal forma-
tion. With assumption of the screened Coulomb (Debye-
Hückel) potential for a grain one can write potential for
a grain as [22, 23]:

U =
k q

r
exp (−r/λD) ,

where r is distance from the grain. The electric field
of single grain becomes

Egrain =
k q

r2

(
1 +

r

λD

)
exp (−r/λD) .

Because of the Debye shield, the electric field in com-
plex plasma is always less than vacuum environment.
Figure 1 shows that the electric field of one grain in com-
plex plasma, Egrain, is less than the Coulomb electric field
of one grain in vacuum, Ecoulomb. As expect, both fields
vanish in faraway.

As can be seen in Fig. 1, the change in the grain charge
has no effect on behavior of the electric fields. This has
been done and tested, e.g., by doubling the amount
of charge, one has doubled the amount of the elec-
tric field, while the shape of the electric field is un-
changed. So, for all calculations in this paper, we get
arbitrary but typical amount of the grain charge to be
q = 10000e [24, 25].

Fig. 1. Comparison of coulomb electric field in vac-
uum, Ecoulomb, and in complex plasma, Egrain. Source
charge is a grain at x = 0 and y = 0, and observation
line is at y = 0.

Fig. 2. Two-dimensional ideal lattice in complex
plasma. Blue colors show a two-row crystal. Obser-
vation line is plotted in red dash. Distance between
any two row is b = 1λD and distance between any two
successive grains in each row is a = 2λD.

Fig. 3. The longitudinal, transvers and total electric
fields of one grain. The grain is located at x = 6λD and
y = 1λD, and observation line is located at y = 2λD.

Our system, shown in Fig. 2, is two-dimensional.
We call the x and y components of the electric fields
as longitudinal and transverse components of the electric
fields, respectively, Ex and Ey. To determine the net
electric fields inside the crystal, the electric field of single
grain is calculated at first. Then, by using the superpo-
sition principle, the electric fields of all grains is deter-
mined. Consider now single grain located at x = 6λD
and y = 1λD, and ignore other grains. The observa-
tion line is chosen at y = 2λD. In Fig. 3 one can see
the electric field and its components in case of consid-
ered grain. At the grain location, i.e., x = 6λD, the com-
ponent Ey has maximum value and the component Ex

is zero. Further, there are the two oppositely directed
peaks of Ex for one peak of Ey. Away from the grain
location, Ex and Ey vanish exponentially. Other figures
of this paper are superposition of Fig. 3.
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3. Electric field in a two-row crystal

We define the following configuration as an ideal lat-
tice: each grain arranges in the middle of two grains
of top row and two grains of bottom row (see Fig. 2).
The arbitrary lattice consists of 8 rows with each row
contains 8 grains. By keeping two rows in the middle
of the lattice and omitting other rows, one obtains a spe-
cial kind of crystals forms: two-row crystal. Blue color
in Fig. 2 shows a two-row crystal. The properties of two-
row crystals were simulated and analyzed in [21].

The longitudinal and transverse electric fields, Ex and
Ey respectively, in middle of the two-row crystal in that
each row containing 8 grains are shown in Fig. 4. Obser-
vation line is marked by red dash line in Fig. 2 and as
x-axis in Fig. 4b. Figures 4a and 4b are the same but
they have different scale. In addition, Fig. 4b includes
the grains. Distance between two-row is b = 1λD and
distance between any two successive grains in each row
is a = 2λD (see Fig. 2). These are characteristic param-
eters. Other parameters will be used in the next section.

In ideal two-row crystals, as Fig. 4 shows, number of Ey

peaks is equal to number of grains, and number of Ex

peaks is twice the number of Ey peaks. Accordingly,
the frequency of electric field in the longitudinal direc-
tion is twice the frequency in the transverse direction.
Peaks of Ey occur at grains position x, where Ex is zero.
Importantly, between two successive grains both fields
are zero. We will now use notation Ex,max and Ey,max

to indicate maximum value of Ex and Ey, respectively.
At any position x that Ex has maximum value, the ratio
Ey,max/Ex,max is constant and equals ∼ 4.47. In Fig. 4a,
one can see also effect of crystal boundaries at the beg-
gining and the ending.

If we consider 4 rows of grains or more, such like
in Fig. 2, the electric fields behavior does not change,
however, its quantity change a bit. For example,

the electric fields for ten rows, where each row con-
tains 8 grains, was computed. Component Ex and Ey

have 32 and 16 peaks respectively. When the number of
rows in the lattice increases from two to ten, Ex,max in-
creases about 0.1%, Ey,max decreases about 1.7%, and
Ey,max/Ex,max ratio decreases about 1.9%. Results
of other cases are similar to this one. Thus one can con-
clude that other rows of lattices have negligible effect. In
the rest part of this paper we will study two-row crystals
with 8 grains in each row only.

Fig. 4. (a) The longitudinal and transverse electric
fields in the middle of the two-row crystal. (b) Mag-
nified middle part of panel (a) in addition to the grains
location.

Fig. 5. The longitudinal and transverse electric fields in different areas of the two-row crystal. The rows are located
at y = 0 and y = 1λD, and each row contains 8 grains.
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Fig. 6. Effect of transverse distance between the grains, b, on the electric fields of the complex plasma crystal. By in-
creasing b, the peaks height of both electric fields decreases, the number of Ey peaks does not change, and the number
of Ex peaks decreases.

Out of the middle of the two-raw crystal, both
electric fields components and their values, change.
We move observation line step by step from the mid-
dle to the edges of the crystal. Figure 5 contains main
results. Ex at y = 1/4λD is similar to Ex at y = 3/4λD,
while the components Ey at y = 1/4λD and y = 3/4λ
have opposite directions. In both cases at observation
line possition, the Ex and Ey have 16 peaks. In case
when y = 1/3λD a little flat line appears between each
two successive Ex peaks. In the range from y = 0.4λD to
y = 0.6λD, peaks of Ex start to doubling from 16 to 32.
This process complete in y = 1/2λD. (Figure 4 is identi-
cal to case y = 1/2λD in Fig. 5). The behavioral changes
occur gradually and with complexity. Though, closer to
the crystal center, both Ex and Ey decrease continuously.

4. Effect of grains distance

In the previous section we focused on the electric fields
at different positions in the two-row crystal. The observa-
tion line is set exactly in the middle of the two-row crys-
tal. We will now examine the effect of longitudinal and
transverse distance between grains a and b (see Fig. 2.).

At first, we select a = 2λD as a constant and change
distance b step by step. Figure 6 shows results for
b = 0.2, 0.4, 1.4, 1.8, 2.6 and 3.4λD. Generally, by in-
creasing b peaks height of both electric fields decreases.
The number of Ey peaks does not change, and the num-
ber of Ex peaks decrease for a certain b value. For ex-
ample, at the minimal value of b = 0.2λD, both Ex and
Ey are maximal relative to other cases. From b = 0.2λD
to b = 1.4λD, the number of Ey peaks is equal to
the number of grains, which is 16, and the number of Ex

Fig. 7. The longitudinal and transverse electric fields
and their ratio as function of transverse distance be-
tween the grains, b.

peaks is twice them, that is 32. Starting from b = 1.8λD,
Ex peaks start to decrease, so that for b = 2.6λD
the number of Ex peaks is 18. At bigger distances,
the electric fields vanish gradually. Exception are only
the crystal boundaries. Ex,max, Ey,max and their ratio as
a function of b are plotted in Fig. 7. Both electric fields
decrease when increasing b, while their ratio increases.

Now, we set transvers distance between the rows
at b = 1λD and change a step by step. Figure 8 shows
results for a = 0.6, 0.8, 1.2, 2.0, 5.0 and 10.0λD. Note
that for longitudinal distance a = 0.6λD, the lattice be-
comes small. One can observed then only 2 peaks of Ex

at beginning and ending, and 16 peaks of Ey. In a =
0.8λD, the effect of inner grains appears. In a = 1.2λD,
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Fig. 8. Effect of longitudinal distance between grains, a, on the electric fields of the complex plasma crystal. By in-
creasing a, the peaks height of both electric fields increases, the number of Ey peaks does not change, and the number
of Ex peaks increases.

Fig. 9. The longitudinal and transverse electric fields
and their ratio as function of longitudinal distance be-
tween the grains, a.

the individual effect of each grain forms (but not com-
pletely) while the number of Ex peaks is less than in
normal case. This process completes in a = 1.4λD, so
that the number of Ex peaks becomes 32 and this is
twice the Ey peaks and twice the grains number (we
plotted a = 2.0λD for more clarity). Generally, by in-
creasing a, the peaks height of both electric fields compo-
nents increase. The number of Ey peaks does not change,
and the number of Ex peaks increases until a certain a.
In a = 10λD the electric fields of grains, have not over-
lap. Ex,max, Ey,max, and their ratio as function of a are
plotted in Fig. 9. Both electric fields increase when a
increases, while their ratio decreases. In fact, all results
concerned constant b are the opposite with the case for
constant a.

5. Conclusion

The electric field is one of the fundamental properties
of the complex plasma crystals. In this paper, we ana-
lyzed the electric field of single grain. It was shown that
the frequency of the longitudinal electric field is twice
the frequency of the transverse electric field. In near
areas to grains, the transverse electric field is stronger
than the longitudinal electric field. Ex is zero at grains
position x, while Ey is maximum at the same points.

We study also the effect of row numbers on electric field
behaviour. Our observations indicate that large num-
ber of rows have a little effect on the longitudinal and
transverse fields, and the first two rows have main effects
in fact. By increasing the number of rows in the lattice
from 2 to 10, peaks of Ex increases, but peaks of Ey

and ratio Ey,max/Ex,max decrease (less than 2%).
In the two-row crystals, away from its center, both Ex

and Ey decrease continuously. Frequency of Ex decreases
while frequency of Ey is fix. Due to this, the fields asym-
metry occurs gradually and with complexity.

Longitudinal and transverse distances between grains
have essential role in quality and value of the fields.
For constant longitudinal distance between grains,
the increase of transverse distance between rows does
not change Ey frequency but decreases the Ex fre-
quency. The value of Ex and Ey in turn decreases,
while their ratio increases. For constant transverse
distance between grains, by increasing longitudinal
distance between grains, both electric fields increase,
while their ratio decreases, Ey frequency does not
change, and Ex frequency increases until become twice
Ey frequency.
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In addition to cold plasma physics, the results
of the presented work may be useful for some other re-
search fields such as Wigner crystals and 2D materials.
Because of quantifying of the electric fields, the results
are also useful in design and production of microstructure
electrostatic wigglers.
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