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Quantum signatures of classical chaos in the spectral properties of non-relativistic quantum billiards are
well understood by now based on the semiclassical and the random matrix theory aproach. The experimental
detection of relativistic phenomena featured by graphene implicated an increasing interest in the properties of
graphene billiards and relativistic quantum billiards consisting of massless spin-1/2 particles governed by the Dirac
equation and confined to a planar domain. Confinement is attained by imposing appropriate boundary con-
ditions on the wave function components. We chose those proposed for neutrino billiards. By now numerical
studies have been performed on the spectral properties of neutrino billiards of various shapes. Our main focus
is the question to what extent the semiclassical approach in terms of trace formulae applies to such systems.
We derive trace formulae for circular and elliptical neutrino billiards. The associated eigenvalue equations have
been solved analytically for the circular billiard. We present analytical solutions for elliptical neutrino billiards.
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1. Introduction

A classical billiard [1–4] (CB) is a bounded two-
dimensional domain, in which a point particle moves
freely whereas upon impact with the boundary it is re-
flected elastically. Since its dynamics only depends on
its shape, such systems are widely used to investigate
the effects of the classical dynamics on properties of the
associated quantum system [5–8], referred to as quantum
billiard (QB) in the sequel. The eigenstates of a QB are
obtained by solving the Schrödinger equation of a free
particle and imposing the Dirichlet boundary condition
on the wave functions, that is, requiring that they should
vanish along the boundary. Within the field of quantum
chaos numerous numerical and also experimental studies
with microwave billiards [9–15] on the quantum signa-
tures of classical chaos focused, e.g., on the validity of
the Bohigas–Giannoni–Schmit (BGS) conjecture [16–19]
for chaotic systems and the Berry–Tabor (BT) conjec-
ture [20] for integrable ones. The former states that
the spectral fluctuation properties of a chaotic system
coincide with those of random matrices from the Gaus-
sian orthogonal ensemble (GOE), if time-reversal T in-
variance is conserved, and with those of random matrices
from the Gaussian unitary ensemble (GUE), if it is vio-
lated. According to the BT conjecture the fluctuation
properties in the eigenvalue spectra of a quantum system
with classically integrable counterpart are well described
by those of random Poissonian numbers. Both conjec-
tures were confirmed for typical quantum systems by
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these theoretical, numerical, and experimental studies.
Yet, there also exist examples of billiards with certain
shapes of which the spectral properties were shown to
exhibit GUE statistics even though T invariance is pre-
served, that is, to deviate from the expected behav-
ior. One example are billiards of which the shapes have
a threefold symmetry and no further one like, e.g., a mir-
ror symmetry [21–23], another one are constant width
billiards [24–26]. In these billiards the observed GUE
behavior is attributed to the unidirectionality of the as-
sociated classical dynamics.

Already in 1987 Berry and Mondragon proposed neu-
trino billiards [27] (NBs) as another example exhibiting
GUE statistics when their shape gives rise to a chaotic
classical dynamics and has no geometric symmetries.
Neutrino billiards are described by the Dirac equation
of massless spin-1/2 particles which are confined to
a bounded two-dimensional domain by imposing the re-
quirement that there is no outward current. Note that
these billiards were introduced and given their names
before the revelation that neutrinos have mass. It was
shown in this reference that NBs with a circular shape
exhibit Poissonian statistics whereas the spectral prop-
erties of NBs with the shape of a chaotic Africa billiard
coincide with those of random matrices from the GUE.
Interest in NBs re-emerged with the pioneering fabrica-
tion of graphene [28] and the thereby triggered interest
in the spectral properties of graphene billiards [29–37],
that is, finite size sheets of (artificial) graphene. Since
NBs do not have a classical counterpart the question
arose, whether their spectral properties depend only on
the shape of the billiard as in the corresponding QBs.
In order to gain insight into this problem we focus on
the semiclassical limit of the eigenvalue problem of cir-
cular and elliptical NBs.

(770)

http://doi.org/10.12693/APhysPolA.136.770
mailto:dietz@lzu.edu.cn


Circular and Elliptical Neutrino Billiards: A Semiclassical Approach 771

Actually, a second important issue within the field of
quantum chaos concerns the semiclassical approach. One
of the most important achievements was the periodic or-
bit theory pioneered by Gutzwiller [38], which rendered
possible the understanding of the impact of the classi-
cal dynamics on the properties of the quantum system
in terms of purely classical quantities. To be explicit,
Gutzwiller derived a semiclassical approximation of the
fluctuating part of the spectral density in terms of a trace
formula, that is, a sum over periodic orbits [39], which is
applicable to systems for which all periodic orbits are
isolated, that is, basically to classically chaotic ones.
The derivation started from a semiclassical approxima-
tion of the quantum time-evolution operator, namely
the van-Vleck propagator, deduced by Gutzwiller from
the Feynman path integral by applying a stationary
phase approximation [5]. A few years later an analo-
gous trace formula was obtained for integrable systems by
Berry and Tabor [20] based on the semiclassical Einstein–
Brillouin–Keller (EBK) quantization [40–42]. A severe
drawback of these trace formulae are the convergence
problems one generally has to struggle with when sum-
ming over the periodic orbits. These may be over-
come by formulating the semiclassical quantization con-
dition based on the dynamical ζ function [43–45] start-
ing from the spectral determinant of which the zeroes
yield the eigenvalues of the quantum system. Harayama
and Shudo derived such a spectral determinant for two-
dimensional billiards with a chaotic classical dynamics
from a boundary integral equation [46] for the eigenval-
ues and recovered in the semiclassical limit Gutzwiller’s
trace formula. They had to deal with determinants
of which the dimension coincides with the number of
points of impact of the trajectory with the boundary,
i.e., with the period of the orbit. In Refs. [47, 48] a pro-
cedure for the semiclassical quantization was obtained
for chaotic planar and three-dimensional billiards directly
from the boundary integral equation, thus avoiding large
matrices.

A semiclassical trace formula and semiclassical quan-
tization rules were derived for the massive Dirac equa-
tion incorporating the spin dynamics in Refs. [49, 50].
Furthermore, trace formulae were derived for graphene
in [51]. In the present article we will derive a trace
formula for circular and elliptic NBs by proceeding as
in Refs. [47, 48]. In Sect. 2 we will briefly review the
relevant results on the eigentstates and trace formulae
for circular [52, 53] and elliptical QBs [54]. In Sect. 3
we will briefly review the boundary integral equation
for NBs and then in Sect. 4 derive a trace formula
for NBs with a smooth boundary, and finally conclude
the article in Sect. 5.

2. Non-relativistic circular and elliptical QBs

In this section we briefly recapitulate the features of
the eigenstates and the trace formulae of circular and el-
liptical QBs which are of relevance for the present article.

2.1. Circular billiard

The shape of a circular billiard exhibits rotational
symmetry of infinite order so that besides the en-
ergy the angular momentum is conserved and, accord-
ingly, the classical dynamics is integrable. The eigen-
functions and eigenvalues are obtained by imposing
the Dirichlet boundary condition on the solutions of
the Schrödinger equation of a free particle in polar coordi-
nates (x(r, φ), y(r, φ)) = r(cosφ, sinφ), with the billiard
domain Ω of a circular billiard with radius unity defined
by Ω = {(r, φ) : 0 ≤ r ≤ 1, 0 ≤ φ < 2π}. This yields for
the eigenfunctions

ψl,n(r, φ) = Jl(kl,nr)gl(φ), (1)
where gl(φ) = cos(lφ) for solutions which are symmetric
with respect to the x axis and gl(φ) = sin(lφ) for the an-
tisymmetric ones and l = 0, 1, 2, · · · with l = 0 excluded
for the antisymmetric solutions. The eigenvalues El,n
correspond to the squares of the eigenwavenumbers kl,n,
El,n = k2

l,n which are given by the zeroes of the Bessel
function Jl(x):

Jl(kl,n) = 0. (2)
The spectral properties coincide with those of uncorre-
lated Poissonian random number and thus with those of
generic billiards with an integrable classical dynamics,
see Fig. 1.

We are interested in the semiclassical limit of rela-
tivistic NBs. For this we derive a trace formula which
expresses the fluctuating part of the spectral density of
a NB in terms of a sum over classical periodic orbits

Fig. 1. Spectral properties of the circular QB (green
full line and triangles, 1000 levels) and NB (red dashed
line and circles, 5000 levels). Shown are the nearest-
neighbor spacing distribution P (s), the integrated
nearest-neighbor spacing distribution I(s), the number
variance Σ2(L) and the spectral rigidity ∆3(L) [57].
Note that the deviations from Poisson decrease with in-
creasing level numbers.



772 B. Dietz

Fig. 2. Comparison of the fluctuating part of the in-
tegrated spectral density deduced from the eigenvalues
of the circular QB (black dots) with that obtained by
integrating the trace formula over k (red (gray) dots).
The dots are connected by dashed lines to guide the eye
of the reader.

Fig. 3. Comparison of the length spectrum deduced
from the fluctuating part of the spectral density of the
circular QB (black line) with that obtained from the
trace formula (red dashed line).

of the CB. As will be shown below, it is directly related
to the trace formula of the corresponding QB, which for
the circular QB is given by [20, 52, 53]:

ρ(k) = ρsmooth(k) +

√
k

π

∑
M

mM

(
sin

mϕ
p π
)3/2

√
p

× cos

(
2kp sin

(
mϕ

p
π

)
− 3π

2
p+

π

4

)
, (3)

whereM = (p,mϕ) with p and mϕ denoting the number
of bounces at the billiard boundary and of turns around
the center, respectively, and

mM =


1 , p = 2mϕ

2 , p > 2mϕ

0 , otherwise

(4)

The smooth part of the spectral density, ρsmooth(k) is
given by Weyl’s formula [56]:

ρWeyl(k) =
A
2π
k − L

4π
. (5)

Note that due to the rapid increase of the number of peri-
odic orbits with increasing action sp = 2p sin

(
mϕ
p π
)
and

due to the occurrence of accumulation points for fixedmϕ

and increasing p, where the total lengths sp of the peri-
odic orbits approach a multiple of 2π, the trace formula,
given by the sum in Eq. (3) does not converge. In Figs. 2
and 3 we compare the fluctuating part of the integrated
spectral density N(k) and the length spectrum, that is
the modulus of the Fourier transform of the fluctuating
part of ρ(k) deduced from the eigenvalues of the circular
QB with those computed from the trace formula, respec-
tively. The lengths spectra exhibit peaks at the lengths
of the periodic orbits.

2.2. Elliptical billiard

The classical dynamics of a particle in an elliptical bil-
liard is also integrable because it has a second constant
of motion, which is the product of the angular momenta
L1 and L2 with respect to the two focal points. In terms
of elliptical coordinates,

(x(µ, φ), y(µ, φ)) = (coshµ cosφ, sinhµ sinφ),

Ω = {(µ, φ) : 0 ≤ µ ≤ µ0, 0 ≤ φ < 2π} , (6)
with µ = µ0 defining the boundary of an ellipse
with semiminor axis b = sinhµ0 and semimajor axis
a = coshµ0, it is given by

L1L2 =
p2
φ sinh

2 φ− p2
µ sin

2 φ

cosh2 µ− cos2 φ
. (7)

Here, pµ and pφ denote the canonical momenta

pµ =
1

2
µ̇
(
cosh2 µ− cos2 φ

)
,

pφ =
1

2
φ̇
(
cosh2 µ− cos2 φ

)
. (8)

The ellipse has eccentricity ε = 1
coshµ0

, and the area
and perimeter equal A = π coshµ0 sinhµ0 and
L = 4E(ε) coshµ0, respectively, where E(ε) = E(π2 ; ε) is
the complete elliptic integral of the second kind with

E(φ;λ) =

φ∫
0

dθ
√
1− λ2 sin2 θ. (9)

The eigenfunctions and eigenvalues are obtained by writ-
ing the Schrödinger equation in terms of elliptical coordi-
nates yielding two separate equations for φ and µ, which,
in distinction to the case of the circular billiard, are linked
by a common constant h = h(k), which depends on k:

∂2

∂φ2
Φ(φ) +

(
h(k)− k2

2
− k2

2
cos 2φ

)
Φ(φ) = 0, (10)

− ∂2

∂µ2
M(µ) +

(
h(k)− k2

2
− k2

2
cosh 2µ

)
M(µ) = 0.

(11)
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Fig. 4. The same as in Fig. 1 for the quarter ellipse
QB (green full line and triangles, 2000 levels) and NB
(red dashed line and circles, 1000 levels).

The solutions correspond to products of the radial and
the periodic Mathieu functions [57–61]:

ψ(k;µ, φ) ∝Ml(k;µ)Φl(k;φ), (12)
see also Appendix for further information on the repre-
sentation of the Mathieu functions used in the present ar-
ticle. The eigenvalues are obtained by imposing Dirichlet
boundary conditions on the wave functions and, accord-
ingly, correspond to the zeroes of the radial Mathieu
functions,

Ml(kl,n;µ0) = 0. (13)
The periodic Mathieu functions Φn(φ) may be classi-
fied according to their reflection symmetry with respect
to the major and minor axes of the elliptical billiard.
The spectral properties of the ellipse QB again coincide
with those of uncorrelated Poissonian random number,
see Fig. 4 (for all presented results we chose µ0 = 1).
The spectral properties for the fully desymmetrized el-
liptical QB correspond to a quarter ellipse billiard with
the Dirichlet boundary conditions. Note that the half
and quarter ellipse are the only ellipse sector billiards
with integrable dynamics [54], whereas all other sectors
exhibit mixed dynamics.

For the elliptical billiard the derivation and also the fi-
nal result for the trace formula are more complex than for
the circular one [54]. In the ellipse two types of motions
occur, depending on the sign of the energy-independent
quantity γ = L1L2

k2 with −1 ≤ γ ≤ b2. For −1 ≤ γ < 0
the trajectories always cross the x-axis between the two

focal points and are confined to the domain enclosed by
the upper and lower ellipse boundaries and two hyper-
bolas with semiconjugate axes b′ = ±

√
−γ, whereas for

γ > 0 it is similar to the rotational motion in a circular
billiard and motion is confined to the region between the
billiard boundary and an inner ellipse with semiminor
axis b′ = √γ.

For the case γ ≤ 0 the periodic orbits are obtained
from the condition

F

(
arcsin

√
b2

b2 − γhp,mφ
;

1

κhp,mϕ

)
=
mϕ

p
F

(
π

2
;

1

κhp,mϕ

)
,

(14)
with p = 2, 3, · · · and 1 ≤ mϕ ≤ p and the number of
reflections and rotations about the center of the ellipse
equal to 2p and mϕ, respectively. Furthermore,

F (φ;λ) =

φ∫
0

dθ√
1− λ2 sin2 θ

(15)

denotes the elliptical integral of the second kind and
κ = 1√

1+γ
. The lengths of these periodic orbits are given

by

lhp,mϕ =
4pab√

b2 − γhp,mϕ
− 4pE

(√
b2

b2 − γhp,mϕ
,

1

κhp,mϕ

)

+4mϕE

(
π

2
;

1

κhp,mϕ

)
. (16)

For the case γ > 0 the periodic orbits are determined
from the condition

F

arcsin

√
b2 − γep,mϕ

b2
;κep,mϕ

 =
2mϕ

p
F
(π
2
;κep,mϕ

)
,

(17)
and their lengths are given by

lep,mϕ =
2pa

b

√
b2 − γep,mϕ

− 2p

κep,mϕ
E

√b2 − γep,mϕ
b2
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
+

4mϕ

κep,mϕ
E
(π
2
;κep,mϕ

)
(18)

for an orbit with p = 3, 4, . . . reflections and
1 ≤ mϕ < p/2 rotations around the center of the ellipse.
The trace formula for the elliptical billiard was derived
in Refs. [54, 61]. We used the trace formula in the form
provided by Sieber, yielding

ρ(k) = ρsmooth(k) +

∞∑
p=3

[ p−1
2 ]∑
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√
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π
2 , κ

e
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)
pπ
√

2pab√
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klep,mϕ − p

3π
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+
π

4

)
+
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+
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Fig. 5. The same as Fig. 2 for the quarter ellipse QB.

Fig. 6. The same as Fig. 3 for the quarter ellipse QB.

with Λ =
√
2k
(
lhn,m − 2nb

)
. The last two sums corre-

spond to the contributions from the stable orbit along
the minor axis and the unstable one along the major
axis. A detailed derivation of the trace formula can be
found in [54]. In Figs. 5 and 6 we compare the fluc-
tuating part of the integrated spectral density and the
length spectrum deduced from the eigenvalues of the fully
desymmetrized ellipse QB, that is, the quarter ellipse
with the Dirichlet boundary conditions with those ob-
tained from the trace formula, that is, the sums over
periodic orbits in Eq. (19).

3. Circular and elliptical NBs

The Dirac equation of a free, massless spin-1/2 particle
confined to the (x, y) plane reads

ĤDψ = Eψ,ψ =

(
ψ1

ψ2

)
, (20)

with ĤD the Dirac Hamiltonian, ĤD = cσ · p, where
p = (px, py) and σ = (σ̂x, σ̂y) with σ̂x,y denoting the
Pauli matrices. We are interested in the eigenvalues and
eigenfunctions of massless spin-1/2 particles, which are
confined to a bounded two-dimensional convex domain
with a smooth boundary which, generally, can be defined
in terms of coordinates 0 ≤ r ≤ ∞ and 0 ≤ φ ≤ 2π by
a polynomial in the complex plane

w(z) = x(r, φ) + iy(r, φ) =
∑
l

clz
l, z = f(r)e iφ, (21)

with cl real or complex coefficients and some value of
r = r0 defining the boundary, such that w(z)
parametrizes the interior of the billiard domain for
r < r0. The coordinate transformation from Carte-
sian coordinates (x, y) to w(r, φ) yields for the Dirac
equation [62]:

kψ = − i

 0 1
z[w′(z)]

[(
df(r)

dr

)−1

f(r) ∂∂r − i ∂∂φ

]
1

z?[w′(z)]?

[(
df(r)

dr

)−1

f(r) ∂∂r + i ∂∂φ

]
0

ψ. (22)
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Applying the Dirac operator in (22) twice, yields for both
wave function components ψi, i = 1, 2 the Schrödinger
Eq. (10):[
∂2

∂x2
+

∂2

∂y2

]
ψi =

[(
∂

∂x
+ i

∂

∂y

)(
∂

∂x
− i

∂

∂y

)]
ψi =

1

|zw′(z)|2

(
∂2

∂µ2
+

∂2

∂φ2

)
ψi = k2ψi. (23)

The solutions of Eq. (22) are given by an expansion in
terms of plane waves [60]:

ψ1 =
∑
l

al i
lJl(k|w(z)|)e i lθ(z),

ψ2 =
∑
l

bl i
lJl(k|w(z)|)e i lθ(z) (24)

with e iθ(z) = w(z)
|w(z)| . Inserting this ansatz into the Dirac

equation yields∑
l

al i
lJl(k|w(z)|)e i lθ(z) =∑

l

bl i
l−1Jl−1(k|w(z)|)e i (l−1)θ(z). (25)

Using the orthogonality of these expansions in φ and
r in a circular domain |w(z)| ≤ R0 < ∞ yields
the relation [62]:

bl = al−1. (26)
Equation (24) provides the solutions of the Dirac equa-
tion for a free spin-1/2 particle in an unbounded sys-
tem. Those for a massless spin-1/2 particle confined to
a bounded two-dimensional domain of which the bound-
ary is defined at r = r0 by w(φ) = w(r0, φ), φ ∈ [0, 2π[
are obtained by imposing the boundary condition that
there is no outward current where we chose that for NBs
introduced in Ref. [27]. With the notation
n = [cosα(φ), sinα(φ)] (27)

for the outward normal at the boundary it corresponds
to imposing along the boundary the following condition,
which yields a relation between the two eigenfunction
components:

ψ2(φ) = i e iα(φ)ψ1(φ) ≡
w′(φ)

|w′(φ)|
ψ1(φ). (28)

For a circular NB we have f(r) = r and thus
w(r, φ) = re iφ, and e iα(φ) = e iφ. In this case the eigen-
values and eigenfunctions can be obtained by imposing
the boundary condition Eq. (28) directly on the ansatz
Eq. (24), yielding the eigenvalues kn of the circular NB
as the solutions of the equation [27]:

Jm+1(kn) = Jm(kn) (29)
and for the eigenfunctions

ψ1m,n(r) = am imJm(knr)e
imφ,

ψ2m,n(r) = am im+1Jm+1(knr)e
i (m+1)φ. (30)

In Fig. 1 we compare the spectral properties of the circu-
lar NB with those of the corresponding QB. In both cases
the spectral properties are close to those of Poissonian
random numbers.

For a billiard with elliptical shape we choose elliptical
coordinates, i.e., f(µ) = eµ and z = eµeiφ yielding in
the complex-plane notation

w(z) =
1

2

(
eµ e iφ + e−µ e− iφ

)
,

|w(z)| =
√
cosh2 µ− sin2 φ, (31)

zw′(z) =
1

2

(
eµ e iφ − e−µ e− iφ

)
,

|zw′(z)| =
√
cosh2 µ− cos2 φ. (32)

The boundary of an ellipse with semiminor axis
b = sinhµ0 and semimajor axis a = coshµ0 is
parametrized by φ and defined in Eq. (6). The solutions
of the Dirac equation are given by Eq. (24) with Eq. (26),
yet, they can be expanded in terms of products of
the radial and periodic Mathieu functions [57]:
ψ1(µ, φ) =∑

l

∞∑
n=0

{
Cen(µ)cen(φ)Ãnl + iSen(µ)sen(φ)B̃nl

}
al,

ψ2(µ, φ) =∑
l

∞∑
n=0

{
Cen(µ)cen(φ)Ãnl + iSen(µ)sen(φ)B̃nl

}
al,

Ãn=2ν+σ,l=2λ+σ = i−σ
A2ν+σ

2λ+σ

p2ν+σ
,

B̃n=2ν+σ,l=2λ+σ = iσ
B2ν+σ

2λ+σ

s2ν+σ
, (33)

where σ = 0 corresponds to symmteric and σ = 1 to an-
tisymmetric solutions with respect to φ → π + φ, where
we suppressed the k-dependence of Anl, Bnl, pn, sn;
see Eqs. (A16) and (A18). Since there exist several repre-
sentations of the Mathieu functions we list in Appendix
those relevant for the present work. The elliptical bil-
liard exhibits mirror symmetries with respect to the x
and y axes. Accordingly, the eigenfunctions of the el-
liptical quantum billiard may be chosen such that they
are either symmetric or antisymmetric with respect to
the symmetry axis, that is, follow the Neumann, respec-
tively, the Dirichlet boundary conditions along this axis.
This, however, is not the case for NBs [62]. Nevertheless,
the shape is mirror symmetric with respect to the minor
axis and the major one, which implies a twofold sym-
metry. Accordingly its eigenfunction components ψ1 are
either symmetric or antisymmetric with respect to a ro-
tation by π implying that, due to the boundary condi-
tions, the components ψ2 are antisymmetric or symmet-
ric, corresponding to σ = 0 for Ãnl and σ = 1 for B̃nl
in Eq. (33), or vice versa. In the following we restrict
to the former case.

To obtain the eigenstates of the elliptical NB we have
to impose the boundary condition Eq. (28) on the wave
function components yielding the quantization condition
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∞∑
n=0

[Ce2n+1(µ0)ce2n+1(φ)ã2n+1

+iSe2n+1(µ0)se2n+1(φ)b̃2n+1

]
=

i e iα(φ)
∞∑
n=0

[Ce2n(µ0)ce2n(φ)ã2n

+iSe2n(µ0)se2n(φ)b̃2n

]
, (34)

where we define ã2n+σ =
∑
l Ã2n+σ,2l+σa2l and similarly

b̃2n+σ =
∑
l B̃2n+σ,2l+σa2l. Furthermore,

cosα(φ) =
coshµ0 cosφ√
cosh2 µ0 − cos2 φ

,

sinα(φ) =
sinhµ0 sinφ√

cosh2 µ0 − cos2 φ
. (35)

Multiplying the equation with ce2l+1(φ), respectively,
se2l+1(φ) and integrating over φ yields with the orthog-
onality relations (A16) and the notation

ĈCln =

π∫
−π

dφce2l+1(φ)ce2n(φ) cosα(φ),

ŜCln =

π∫
−π

dφse2l+1(φ)ce2n(φ) sinα(φ), (36)

ĈSln =

π∫
−π

dφce2l+1(φ)se2n(φ) sinα(φ),

ŜSln =

π∫
−π

dφse2l+1(φ)se2n(φ) cosα(φ) (37)

Ce2l+1(µ0)ã2l+1 = i

∞∑
n=0

ĈClnCe2n(µ0)ã2n

− i

∞∑
n=0

ŜClnSe2n(µ0)b̃2n

iSe2l+1(µ0)b̃2l+1 = −
∞∑
n=0

ĈSlnCe2n(µ0)ã2n

−
∞∑
n=0

ŜSlnSe2n(µ0)b̃2n.

Introducing furthermore the matrices

Ĉe
(σ)

ln = Ce2l+σ(µ0)δln, Â
(σ)
ln = iσÃ2l+σ,2n+σ,

Ŝe
(σ)

ln = Se2l+σ(µ0)δln, B̂
(σ)
ln =

B̃2l+σ,2n+σ

iσ
, (38)

and a vector a with components a2l, where l = 1, 2, · · · ,
these equations may be brought to the form

Ĉe
(1)
Â(1) · a = ŜC · Ŝe

(0)
B̂(0) · a

−ĈC · Ĉe
(0)
Â(0) · a, (39)

Ŝe
(1)
B̂(1) · a = ĈS · Ĉe

(0)
Â(0) · a

+ŜS · Ŝe
(0)
B̂(0) · a, (40)

thus yielding the quantization condition

Ŝe
(1)
B̂(1) ·

(
ŜC · Ŝe

(0)
B̂(0) − ĈC · Ĉe

(0)
Â(0)

)
=

Ĉe
(1)
Â(1) ·

(
ĈS · Ĉe

(0)
Â(0) + ŜS · Ŝe

(0)
B̂(0)

)
.

(41)
Equations (39) and (40) have non-trivial solutions if

det

(
Ĉe

(1)
−
(
ŜC · Ŝe

(0)
B̂(0)

−ĈC · Ĉe
(0)
Â(0)

)
·
(
Â(1)

)−1
)

= 0, (42)

det

(
Ŝe

(1)
−
(
ĈS · Ĉe

(0)
Â(0)

+ŜS · Ŝe
(0)
B̂(0)

)
·
(
B̂(1)

)−1
)

= 0. (43)

Thus the eigenvalues are obtained from a relation be-
tween the Mathieu functions Ce2l+1(µ0), Se2l+1(µ0) and
linear combinations of Ce2n(µ0), Se2n(µ0). In Fig. 4
we compare the spectral properties for the elliptical
NB with those for the corresponding QB. Both exhibit
a behavior close to Poissonian statistics. Furthermore,
we show a few examples of the wave function components
ψ1 and ψ2 in Figs. 7 and 8.

Fig. 7. The real part (first column), imaginary part
(second column) and modulus (third column) of the
wave function component Ψ1 of the eigenstates with
n = 101, 102, 105, 106 from up to down. The color
code ranges from dark blue for the minimum value, to
dark red for the maximal one.
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Fig. 8. The real part (first column), imaginary part
(second column) and modulus (third column) of the
wave function component Ψ2 of the eigenstates with
n = 101, 102, 105, 106 from up to down. The color
code ranges from dark blue for the minimum value to
dark red for the maximal one.

Note that ĤD(−x, y) = Ĥ?
D(x, y) and ĤD(x,−y) =

σ̂zĤ
?
D(x, y)σ̂z, and the corresponding eigenfunctions

fulfill the boundary condition (28) if those of
ĤD(x, y) do. Thus the set of eigenfunctions of the el-
liptical billiards will comprise some with the prop-
erty [ψ1(−x, y), ψ2(−x, y)] = ± [ψ?1(x, y), ψ

?
2(x, y)],

and [ψ1(x,−y), ψ2(x,−y)] = [±ψ?1(x, y),∓ψ?2(x, y)],
respectively, which corresponds to real coefficients al
in Eq. (33). In the first two rows of Figs. 7 and 8 exam-
ples of the wave function components are shown, which
exhibit this relation.

4. Derivation of a trace formula
from the boundary integral equation

for the eigenvalues of NBs

In order to derive semiclassical approximations for
the spectral densities of circular and elliptical NBs, which
express them in terms of trace formulae, i.e., a sum
over periodic orbits of the corresponding CBs, we pro-
ceed as in [47] and therefore first briefly review that
derivation. The starting point was a boundary integral
equation originating from the Green theorem, which pro-
vides an exact integral equation for the eigenvalues and
the associated eigenfunctions in terms of the wave func-
tions along the boundary. It has the advantage that
the eigenvalue problem is reduced from a two-dimensional
integral over the billiard area to a one-dimensional one
along the boundary. For the interior Dirichlet prob-
lem the eigenvalues are obtained from a Fredholm equa-
tion of the second kind which involves the normal

derivative u(s) = ∂nψ(s) instead of the wave functions
ψ(s) themselves with the arc length s parametrizing
the boundary [64]:

u(s′) = −2
∮
∂Ω

ds∂n′G0 [r(s
′), r(s); k]u(s) =

Q̂(k)u(s), (44)
where

〈r′|
[
(k + iε)

2
+∆

]−1

|r〉 ≡ G0 [r(s
′), r(s)] =

− i/4H
(1)
0 (k|r − r′|) (45)

denotes the free-space Green function in two-dimensions
and H(1)

0 (x) the Hankel function of order zero of the first
kind. Its derivative with respect to the normal vector
n(s) = [cosα(s), sinα(s)] equals
∂n′G0 [r(s

′), r(s); k] =

n̂(s′) · r(s)− r(s
′)

|r(s)− r(s′)|

(
− i

4
k

)
H

(1)
1 (k|r(s)− r(s′)|) =

cos (α(s′)− ξ(s, s′))
(
− i

4
k

)
H

(1)
1 (kρ), (46)

with the notations ρ = |r(s)−r(s′)| and ξ(s, s′) denoting
the angle between the x-axis and ρ(s, s′) = r(s)− r(s′).
Equation (44) has non-trivial solutions only if

det
(
11− Q̂(k)

)
= 0. (47)

The determinant has zeroes for discrete values of k which
yield the eigenwavenumbers kn and thus the eigenvalues
En = k2

n of the quantum billiard. Accordingly, the inte-
grated spectral density, that is, the number of eigenvalues
below a given value E = k2 can be obtained from

N(E) = N smooth(E)

− 1

π
lim
ε→0+

Im ln
det
(
11− Q̂(k)

)
(E + iε)

det
(
11− Q̂(k)

)
(0)

. (48)

The spectral density ρ(k) is given by the derivative of
N(k) with respect to k, ρ(k) = d

dkN(k), yielding for
the fluctuating part

ρfluc(k) = − 1

π
Im

d

dk
ln det

(
11− Q̂(k)

)
=

1

π
Im

∞∑
p=1

1

p

d

dk

(
TrQ̂p(k)

)
, (49)

where we used the property detM̂ = exp
(
Tr ln M̂

)
and

TrQ̂p(k) = (−2)p
∮
∂Ω

ds1

∮
∂Ω

ds2 · · ·
∮
∂Ω

dsp

×∂n1
G0 [r(s1), r(s2); k] ∂n2

G0 [r(s2), r(s3); k] · · ·

×∂npG0 [r(sp), r(s1); k] . (50)
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Note that N smooth(E) might contain besides the usual
Weyl term slowly oscillating contributions. The integrals
were evaluated in stationary phase approximation in
Ref. [47] yielding Gutzwiller’s trace formula for quantum
billiards of which the corresponding classical dynamics is
chaotic.

The boundary integral equation was generalized to
NBs in Ref. [27] based on the Dirac equation for ψ†:

kψ†(r)− i∇rψ
†(r) · σ̂ = 0 (51)

for ψ =
( ψ1

ψ2

)
and the matrix equation for the associated

free-space Green operator, which acts on spinors and
thus is a 2× 2 matrix in coordinate space,

kĜ0(r, r
′) + iσ̂ ·∇rĜ0(r, r

′) = δ (r − r′) 11, (52)
where 11 is a 2 × 2 unit matrix and the Green func-
tion Ĝ0(r, r

′) refers to the coordinate representation
of the Green operator Ĝ = (k + iε+ iσ̂ ·∇)

−1,
Ĝ0(r, r

′) = 〈r|Ĝ|r′〉. In terms of the coordinate system
introduced in Eq. (21) this yields [62] with the notations
z = f(r)e iφ, z′ = f(r′)e iφ′ , ρ(z, z′) = w(z) − w(z′),
ρ(z, z′) = |ρ(z, z′)|, and e iξ(z,z′) = ρ(z,z′)

ρ(z,z′) for the free-
space Green function
Ĝ0(r, r

′) =

k

4

(
− iH

(1)
0 [kρ(z, z′)] e− iξ(z,z′)H

(1)
1 [kρ(z, z′)]

e iξ(z,z′)H
(1)
1 [kρ(z, z′)] − iH

(1)
0 [kρ(z, z′)]

)
.

(53)
The spectral density ρ(k) is given in terms of the trace of
the outgoing Green operator of the NB which complies
with the boundary conditions and reads in coordinate
space

〈r|Ĝ|r′〉 =
( G11(r, r

′; k) G12(r, r
′; k)

G21(r, r
′; k) G22(r, r

′; k)

)
, (54)

ρ(k) = − 1

π

∫∫
Ω

dr Im (G11(r, r) +G22(r, r)) . (55)

The boundary integral equation for NBs corresponding
to that for QBs Eq. (44) reads

ψ† [r(s′)] = 2i

∮
∂Ω

dsn̂ ·
{
[ψ(r(s)]†σ̂Ĝ0[r(s), r(s

′); k]
}
=

Q̂(k)ψ† [r(s)] . (56)
This yields two coupled equations for the wave function
components ψ1(s), ψ2(s), which have non-trivial solu-
tions if

det
(
11− Q̂(k)

)
= 0. (57)

The integrand contains singularities which are due
to those of the two Hankel functions at ρ = 0. Two
independent equations are obtained for them by
applying the boundary condition Eq. (28) to these
equations. The singularities may be removed by
adding, respectively, subtracting the resulting equa-
tions from each other yielding a set of equations for
the eigenwavenumbers kn:

ψ?1(s
′) =

∮
∂Ω

dsQ(1)(s′, s; k)ψ?1(s) (58)

with

Q(1)(s′, s; k) =
[
e i [α(s′)−α(s)] − 1

] ik

4
H

(1)
0 [kρ(s, s′)]

+
[
e iα(s′)− iξ(s,s′) + e− iα(s)+iξ(s,s′)

] ik

4
H

(1)
1 [kρ(s, s′)]

(59)
and

ψ?2(s
′) =

∮
∂Ω

dsQ(2)(s′, s; k)ψ?2(s) (60)

with

Q(2)(s′, s; k) =
[
1− e i [α(s)−α(s′)]

] ik

4
H

(1)
0 [kρ(s, s′)]

+
[
e iα(s)− iξ(s,s′) + e− iα(s′)+iξ(s,s′)

] ik

4
H

(1)
1 [kρ(s, s′)].

(61)
Note that both integrands approach zero when s → s′.
Furthermore, both equations yield the same set of
solutions for the eigenwavenumbers kn. Proceeding
as in the non-relativistic case we may again express
the fluctuating part of the spectral density as in Eq. (49)
in terms of a trace of Q̂p(k), where

TrQ̂p(k) =

∮
∂Ω

ds1

∮
∂Ω

ds2 · · ·
∮
∂Ω

dsp

×Q(1) [r(s1), r(s2); k]Q
(1) [r(s2), r(s3); k] · · ·

×Q(1) [r(sp), r(s1); k]

+

∮
∂Ω

ds1

∮
∂Ω

ds2 · · ·
∮
∂Ω

dsp

×Q(2) [r(s1), r(s2); k]Q
(2) [r(s2), r(s3); k] · · ·

×Q(2) [r(sp), r(s1); k] . (62)
We are interested in the semiclassical limit, i.e.,
in k →∞, where

G0[r(s), r(s
′); k] = − i

4
H

(1)
0 (kρ) ' − i

4

√
2

πρ
e ikρ− i

4 π

(63)
and

H1(kρ) '
1

i
H0(kρ), (64)

so that
∂n′G0[r(s), r(s

′); k] '

i cos (α(s′)− ξ(s, s′)) (−k)G0[r(s), r(s
′); k]. (65)

Replacing in Eq. (62) the Hankel functions by these
large-k approximations yields
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TrQ̂p(k) =

(
1

i

)p ∮
∂Ω

ds1

∮
∂Ω

ds2 · · ·
∮
∂Ω

dsp

×


p∏
j=1

[
e i [α(sj)−α(sj+1)] − 1

]
− i

[
e iα(sj)− iξ(sj ,sj+1) + e− iα(sj+1)+iξ(sj ,sj+1)

]
cos (α(sj)− ξ(sj+1, sj))

+

p∏
j=1

[
1− e i [α(sj+1)−α(sj)]

]
− i

[
e iα(sj+1)− iξ(sj ,sj+1) + e− iα(sj)+iξ(sj ,sj+1)

]
cos (α(sj)− ξ(sj+1, sj))


×∂n1

G0 [r(s1), r(s2); k] ∂n2
G0 [r(s2), r(s3); k] · · · ∂npG0 [r(sp), r(s1); k] , (66)

where sp+1 = s1 and ∂ni = ni · ∇ with ni denoting
the normal to the boundary at s = si. In Ref. [47] the in-
tegrals were performed by replacing the Green functions
by their approximate values for large k given in Eqs. (63)
and (65) and using the stationary phase approximation.
However, due to the existence of continuous families of
periodic orbits [53, 54], the latter leads to diverging inte-
grals for the circular and the elliptical billiards. Yet, we
may proceed as in [53], that is, assume that the dominant

contributions to TrQ̂p(k) in Eq. (66) come from the pe-
riodic orbits, whereas those of nonperiodic closed orbits
may be neglected. This would correspond to account-
ing in the products in Eq. (66) only for periodic orbits
of length p, so that they do not depend on the integra-
tion variables but on the choice of the periodic orbits of
length p. This corresponds to anticipating the results of
the stationary phase approximation leading to

TrQ̂p(k) '


(
1

i

)p p∏
j=1

[
e i [αj−αj+1] − 1

]
− i

[
e iαj− iξj+1,j + e− iαj+1+iξj,j+1

]
cos (ξj,j−1 − αj)

+

(
1

i

)p p∏
j=1

[
1− e i [αj+1−αj ]

]
− i

[
e iαj+1− iξj,sj+1 + e− iαj+iξj+1,j

]
cos (ξj,j−1 − αj)


∮
∂Ω

ds1

∮
∂Ω

ds2 · · ·
∮
∂Ω

dsp

×∂n1
G0 [r(s1), r(s2); k] ∂n2

G0 [r(s2), r(s3); k] · · · ∂npG0 [r(sp), r(s1); k] ,

where the products run over the points j = 1, · · · , p
of impact with the boundary of a periodic orbit with
period p. Here, we used that

ξj,j−1 + ξj+1,j = 2αj + π, (67)
where ξj,j−1 − αj is the angle between the incoming
trajectory and the normal at the j-th point of im-
pact. The remaining integrals were evaluated exactly in
Ref. [53] for the circular quantum billiards.

The two products in the prefactor can be further sim-
plified. The factors in the first product can be brought
to the form[
e iαj− iαj+1 − 1

]
− i

[
e iαj− iξj+1,j + e− iαj+1+iξj+1,j

]
=

(
e iαj− iξj+1,j − i

)
·
(
e− iαj+1+iξj+1,j − i

)
. (68)

Using the equality Eq. (67) the first factor can be
expressed as −

(
e iξj,j−1− iαj + i

)
, where ξ0,1 = ξp,1.

Then the product becomes

ip
p∏
j=1

(
e iξj,j−1− iαj + i

)
·
(
e− iαj+1+iξj+1,j − i

)
=

(−2)p
p∏
j=1

e iξj,j−1− iαj− iπ/2 cos [ξj,j−1 − αj ] . (69)

The factors in the second product coincide with those
of the first one up to a phase factor e iαj+1− iαj =
e i [αj+1−ξj+1,j+αj−ξj,j−1+π] so that Eq. (66) becomes

TrQ̂p(k) ' 2 cosΦp

∮
∂Ω

ds1

∮
∂Ω

ds2 · · ·
∮
∂Ω

dsp

×(−2)p∂n1G0 [r(s1), r(s2); k] ∂n2G0 [r(s2), r(s3); k] · · ·

×∂npG0 [r(sp), r(s1); k] , (70)
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where

Φp =

p∑
j=1

[ξj,j−1 − αj − π/2] ≡

p∑
j=1

[ξj,j−1 − ξj+1,j ]

2
=
ξ1,0 − ξp+1,p

2
. (71)

The phase Φp can be further evaluated by recursively
applying Eq. (67), leading to [27]:

ξp+1,p − ξ1,0 = π + 2αp − ξp,p−1 − ξ1,0 = (72)

p∑
n=1

(−1)p−n [π + 2αn] + (−1)pξ1,0 − ξ1,0 =

{
2
∑p/2
n=1 [α2n − α2n−1] , p even,

2
∑(p+1)/2
n=1 [α2n−1 − α2n] + π − 2ξ1,0, p odd.

The sum in Eq. (49) is over clockwise and counter-
clockwise propagating periodic orbits. For a QB both
contributions coincide, whereas NBs exhibit a chirality
property, that is Φp depends on the rotational direction.
Reversing it corresponds in Eq. (72) to exchange of
the even and odd indices of the angle α for p even,
whereas for p odd just the value of the initial angle ξ0,1
changes to ξ0,1 + π [27], or, equivalently, in Eq. (71) to
replacing ξj,j−1−αj by −(ξj,j−1−αj). Accordingly, the
phase for the reversed rotational direction, Φ̃p, becomes

Φ̃p =

p∑
j=1

[−(ξj,j−1 − αj)− π/2] . (73)

Consequently, summing over clockwise and counterclock-
wise contributions of Eq. (70) yields for the prefactor

cosΦp + cos Φ̃p = 2 cos

 p∑
j=1

[ξj,j−1 − αj ]

 cos
(
p
π

2

)
.

(74)
Hence, contributions with odd p cancel each other and
the sum over the periodic orbits can be restricted to
those with an even number of reflections. Since the
sum in Eq. (70) is over periodic orbits, the total phase
accumulated by the trajectory with points of reflection
at ξj+1,j , j = 1, · · · , 2p, which returns to the initial
point of reflection after 2p + 1 reflections, corresponds
to a multiple of 2π, ξ2p+1,2p − ξ1,0 = mϕ2π, where
mϕ denotes the number of rotations performed during
the evolution. Accordingly, Φp = mϕπ. Denoting
by ρosc(k) =

∑∞
p=1

∑
γp
Aγp e iβγp , where the second

sum runs over all periodic orbits γp with number of
reflections p, the trace formula of the corresponding QB,
we finally obtain for that of the NB

ρosc(k) =

∞∑
p=1

∑
γ2p

(−1)p cos
(
mϕ2p

π
)
Aγ2p e

iβγ2p . (75)

The trace formula for NBs thus differs from that of
the corresponding QB through the additional phase fac-
tor and the fact that only periodic orbits with an even
number of reflections at the boundary contribute [49].

Fig. 9. The same as Fig. 2 for the circular NB.

Fig. 10. The same as Fig. 3 for the circular NB.

Fig. 11. The same as Fig. 2 for the elliptical NB.

These differences arise due to the chirality property which
leads to the cancellation of periodic orbits with an odd
number of reflections and the additional spin degree of
freedom which gives rise to the additional phase fac-
tor. In Figs. 9 and 10 we compare the fluctuating
part of the integrated spectral density obtained from
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Fig. 12. The same as Fig. 3 for the elliptical NB.

5000 eigenvalues of the circular NB, respectively, 1000
eigenvalues of the elliptical NB with those deduced from
the trace formula Eq. (75) using the entries of the trace
formulae Eqs. (3) and (19) for the corresponding QB.
Figures 11 and 12 show the results for the elliptical NB,
for which we computed about 2000 eigenvalues. For
the circular NB the trace formula is identical with the
one which was derived in [35] for circular graphene bil-
liards in the energy range, where they exhibit relativistic
phenomena.

6. Conclusions

In the first part of this article we present a quantiza-
tion condition for elliptical NBs in terms of the Math-
ieu functions resulting from the boundary conditions.
In the second part we introduce a trace formula which
should be applicable to NBs with a convex and smooth
boundary. We tested it for the circular and the ellipti-
cal NBs which both exhibit spectral properties following
Poissonian statistics. The aim is the understanding of
the spectral properties of NBs for cases where they devi-
ate from those expected according to the BGS or the BT
conjecture depending on whether the billiard shape gen-
erates a chaotic or regular classical dynamics, as would
be expected, e.g., from the results obtained for sector-
shaped graphene billiards [64].

Acknowledgments

This work was initiated during my stay at the TU
Darmstadt and supported at that time by the Deutsche
Forschungsgemeinschaft (DFG) within the Collaborative
Research Center 643. Furthermore it was supported
by NNSF of China under Grant Nos. 11775100 and
11961131009. I would like to thank Remy Dubertrand
and Martin Sieber for fruitful discussions.

Appendix A: Some properties
of the Mathieu functions

Using elliptic coordinates
x(µ, φ) = coshµ cosφ (A1)

y(µ, φ) = sinhµ sinφ (A2)
where

φ ∈ [0, 2π[, µ ∈ [0,∞[

and defining z = eµ e iφ, w(z) = x(µ, φ) + iy(µ, φ)
becomes

w(z) =
1

2

(
eµ e iφ + e−µ e− iφ

)
, (A3)

|w(z)| =
√
x2 + y2 =

√
cosh2 µ0 − sin2 φ, (A4)

zw′(z) =
1

2

(
eµ e iφ − e−µ e− iφ

)
, (A5)

|zw′(z)|2 =
[
cosh2 µ− cos2 φ

]
. (A6)

The boundary of an ellipse with minor axis sinhµ0 and
major axis coshµ0 is parametrized by φ:

|w(φ)| =
√

cosh2 µ0 − sin2 φ. (A7)
With

∂

∂x
+ i

∂

∂y
=

1

z? [w′(z)]
?

(
∂

∂µ
+ i

∂

∂φ

)
(A8)

the Dirac equation reads in elliptic coordinates
kψ = (A9) 0 − i

z[w′(z)]

(
∂
∂µ − i ∂∂φ

)
− i

z?[w′(z)]?

(
∂
∂µ + i ∂∂φ

)
0

ψ.
The Schrödinger equation describing the corresponding
quantum billiard is obtained by applying the Dirac
operator twice, yielding with

∂2

∂x2
+

∂2

∂y2
=

(
∂

∂x
+ i

∂

∂y

)(
∂

∂x
− i

∂

∂y

)
=

1

2|zw′(z)|2

(
∂2

∂µ2
+

∂2

∂φ2

)
(A10)

two separate equations for φ and µ, which, in distinction
to the case of the circular billiard are linked by a
common constant h = h(k) which depends on k:

∂2

∂φ2
Φ(φ) +

(
h(k)− k2 cos2 φ

)
Φ(φ) = 0, (A11)

− ∂2

∂µ2
M(µ) +

[
h(k)− k2 cosh2 µ

]
M(µ) = 0. (A12)

The solutions ψ(µ, φ) are given as an expansion in terms
of the Mathieu functions

ψ(µ, φ) =
∑
n

anMn(µ)Φn(φ). (A13)

The periodic Mathieu functions Φn(φ) may be classified
according to their reflection symmetry with respect to
the major and minor axes of the elliptical billiard
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ce2n(φ, k) =

∞∑
m=0

A2n
2m(k) cos [2mφ] ,

ce2n+1(φ, k) =

∞∑
m=0

A2n+1
2m+1(k) cos [(2m+ 1)φ] ,

se2n(φ, k) =

∞∑
m=0

B2n
2m(k) sin [2mφ] , B2n

0 = 0,

se2n+1(φ, k) =

∞∑
m=0

B2n+1
2m+1(k) sin [(2m+ 1)φ] ,

where the coefficients Anm and Bnm are functions of k.
Furthermore, with δnm denoting the Kronecker δ:

1

π

2π∫
0

cen(φ, k)cem(φ, k)dφ = δnm,

1

π

2π∫
0

sen(φ, k)sem(φ, k)dφ = δnm,

1

π

2π∫
0

cen(φ, k)sem(φ, k)dφ = 0, (A14)

and the normalization is chosen as

2
[
A2n

0

]2
+

∞∑
m=1

[
A2m

2n

]2
= 1,

∞∑
m=0

[
A2n+1

2m+1

]2
= 1,

∞∑
m=0

[
B2n+1

2m+1

]2
=

∞∑
m=1

[
B2n

2m

]2
= 1,

∞∑
n=0

A2n+1
2l+1 A

2n+1
2m+1 =

∞∑
n=0

A2n
2l A

2n
2m = δlm,

∞∑
n=0

A2n
0 A2n

2m =
1

2
δ0m,

∞∑
n=0

B2n+1
2l+1 B

2n+1
2m+1 =

∞∑
n=1

B2n
2l B

2n
2m = δlm. (A15)

The associated radial Mathieu function Mn(µ0)
are given as

Ce2n(µ, k) =
p2n

ce2n(
π
2 , k)

∞∑
m=0

A2n
2m(k)J2m (2k sinhµ) ,

Ce2n+1(µ, k) = −
p2n+1

ce′2n+1(
π
2 , k)

cothµ

×
∞∑
m=0

(2m+ 1)A2n+1
2m+1(k)J2m+1 (2k sinhµ) ,

Se2n(µ, k) =
s2n

se′2n(
π
2 , k)

cothµ

×
∞∑
m=1

2mB2n
2m(k)J2m (2k sinhµ) ,

Se2n+1(µ, k) = −
s2n+1

se′2n+1(
π
2 , k)

×
∞∑
m=0

B2n+1
2m+1(k)J2m+1 (2k sinhµ) ,

with the notations

p2n =
ce2n(0, k)ce2n

(
π
2 , k
)

A2n
0 (k)

,

p2n+1 = −
ce2n+1(0, k)ce

′
2n+1

(
π
2 , k
)

kA2n+1
1 (k)

,

s2n =
se′2n(0, k)se

′
2n

(
π
2 , k
)

k2B2n
2 (k)

,

s2n+1 = −
se′2n+1(0, k)se2n+1

(
π
2 , k
)

kB2n+1
1 (k)

. (A16)

The solutions of the Dirac equation of the corresponding
NB can be written in the form(

ψ1

ψ2

)
=

( ∑
l al i

lJl(k|w(z)|)e i lθ(z)∑
l bl i

lJl(k|w(z)|)e i lθ(z)

)
, (A17)

with e iθ(z) = w(z)
|w(z)| and |w(z)|, w(z) given in Eqs. (A7)

and (31). Inserting this ansatz into Eq. (A9) yields with(
∂

∂µ
+ i

∂

∂φ

)
|w(z)| = z?[w′(z)]? e iθ (A18)

and(
∂

∂µ
+ i

∂

∂φ

)
e i lθ = −l z

?[w′(z)]?

|w(z)|
e i (l+1)θ,(

∂

∂µ
− i

∂

∂φ

)
e i lθ = l

z[w′(z)]

|w(z)|
e i (l−1)θ, (A19)

as condition for it to be a solution of the Dirac equation
Eq. (A9):∑
l

al i
lJl(k|w(z)|)e i lθ =

∑
l

bl i
l−1Jl−1(k|w(z)|)e i (l−1)θ,

∑
l

bl i
lJl(k|w(z)|)e i lθ =

∑
l

al i
l+1Jl+1(k|w(z)|)e i (l+1)θ.

(A20)
These equations can be expanded in terms of the Mathieu
functions

i2lJ2l(k|w(z)|) cos (2lθ) =
∞∑
n=0

A2n
2l (k)

p2n
Ce2n(µ)ce2n(φ),

(A21)

i2l+1J2l+1(k|w(z)|) cos ((2l + 1)θ) =

− i

∞∑
n=0

A2n+1
2l+1 (k)

p2n+1
Ce2n+1(µ)ce2n+1(φ), (A22)

i2lJ2l(k|w(z)|) sin [2lθ] =
∞∑
n=0

B2n
2l (k)

s2n
Se2n(µ)se2n(φ),

(A23)
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i2l+1J2l+1(k|w(z)|) sin [(2l + 1)θ] =

i

∞∑
n=0

B2n+1
2l+1 (k)

s2n+1
Se2n+1(µ)se2n+1(φ). (A24)

With the notation

Ãn=2ν+σ,l=2λ+σ = i−σ
A2ν+σ

2λ+σ

p2ν+σ
, (A25)

B̃n=2ν+σ,l=2λ+σ = iσ
B2ν+σ

2λ+σ

s2ν+σ
, (A26)

where σ = 0, 1 we obtain for Eq. (A20):∑
l

al

∞∑
n=0

{
ÃnlCen(µ)cen(φ) + iB̃nlSen(µ)sen(φ)

}
=

∑
l

bl+1

∞∑
n=0

{
ÃnlCen(µ)cen(φ) + iB̃nlSen(µ)sen(φ)

}
,

(A27)

∑
l

bl

∞∑
n=0

{
ÃnlCen(µ)cen(φ) + iB̃nlSen(µ)sen(φ)

}
=

∑
l

al−1

∞∑
n=0

{
ÃnlCen(µ)cen(φ) + iB̃nlSen(µ)sen(φ)

}
.

(A28)
Multiplying these equations with sem(φ) or cem(φ) and
integrating over φ yields with the orthogonality relations
Eq. (A14):∑

l

alAmlCem(µ) =
∑
l

bl+1AmlCem(µ),

∑
l

alBmlSem(µ) =
∑
l

bl+1BmlSem(µ),

∑
l

blAmlCem(µ) =
∑
l

al−1AmlCem(µ),

∑
l

blBmlSem(µ) =
∑
l

al−1BmlSem(µ). (A29)

Next we divide these equations by the Mathieu functions
Cem(µ), respectively, Sem(µ), then multiply them with
the coefficients Aml′ , respectively, Bml′ and employ the
orthogonality relation Eq. (A15) yielding

al = bl+1, bl = −al−1 (A30)
and thus in both cases bl = al−1.
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