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We calculate the mirror Chern number (MCN) and the band gap for the alloy Pb1−xSnxSe as a function of
the concentration x by using virtual crystalline approximation. We use the electronic structure from the rela-
tivistic density functional theory calculations in the Generalized-Gradient-Approximation (GGA) and meta-GGA
approximation. Our results obtained with the modified Becke-Johnson meta-GGA functional, are comparable with
the available experimental data for the MCN as well as for the band gap. We advise to use modified Becke-Johnson
approximation with the parameter c = 1.10 to describe the transition from trivial to topological phase for this
class of compounds.
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1. Introduction

Rock-salt chalcogenides is a large class of functional
materials, which exhibit many novel properties such
as superconductivity [1], thermoelectricity [2, 3], zero-
energy modes [4–6], and ferroelectricity [7], with inter-
esting applications in the optoelectronics [8, 9] and spin-
tronics [10, 11]. These materials attracted considerable
attention also because of the prediction [12] and realiza-
tion [13] of the topological crystalline insulating phase
in SnTe. The surface bands of the topological crys-
talline insulators (TCI) are low-energy states occurring
along certain high-symmetry directions [14–16]. The na-
ture of these low-energy surface states is sensitive to
the surface orientation. Unlike the surfaces states in
the conventional Z2 topological insulators [17], the sur-
face states of TCI are protected by crystalline symme-
try, instead of time reversal symmetry. We would like
to point out that also the topological crystalline metallic
phases have been proposed to be present in orthorhombic
structures [18–22].

TCIs are not yet detected in compounds of the group
IV-VI, semiconductors with a crystal structure similar
to rock-salt chalcogenides [23, 24], like PbTe and PbSe.
In fact, their substitutional alloys, such as Pb1−xSnxTe
and Pb1−xSnxSe, may represent an interesting possibility
to investigate the transition between topologically triv-
ial and topologically nontrivial phase [25–28]. Indeed,
interfacing or alloying different materials can produce
exotic phases or new properties that are not present
in the bulk [29–31]. We also note that in the case
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of the rock-salt chalcogenides alloys, it the presence
of a Weyl phase [32, 33] was proposed in the interme-
diate region between the trivial and the TCI phase.

In this paper, we use the Virtual Crystal Approxima-
tion (VCA) to estimate the transition between topologi-
cally trivial and non-trivial phases, by increasing the con-
tent of Sn in the Pb1−xSnxSe alloy. Our goal is to look
into the concentration of Sn which leads to the transi-
tion from a topologically trivial phase to a non-trivial
phase in Pb1−xSnxSe alloy. We apply the Density Func-
tional Theory (DFT). We recall that so far the experi-
mental transition from direct to the inverted band struc-
ture was observed for x > 0.16 [23]. We look also to
the role played by the spin-orbit coupling (SOC) in driv-
ing this transition. We stress that SOC is a relativis-
tic effect that may give rise to exotic effects like com-
plex spin texture [34], spin Hall effect [35], topological
phases [36], large magnetocrystalline anisotropy [37–39],
and non collinear phases [40].

The paper is organized in the following way: In Sect. 2
we describe the computational techniques adopted. Sec-
tion 3 contains the results concerning the bulk band
structures of PbTe, PbSe, and SnTe as well as the mir-
ror Chern number calculation (MCN) of Pb1−xSnxSe
alloy. In Sect. 4 we summarize the main results
of the paper.

2. Computational details

We have performed relativistic first-principles DFT
calculations by using the VASP package [41] based on
plane wave basis set and projector augmented wave
method [42]. A plane-wave energy cut-off of 250 eV
has been used. We have performed the calculations us-
ing 6 × 6 × 6 k-points centred in Γ with 216 k-points
in the independent Brillouin zone. The band gap is
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underestimated in DFT, so that several methods have
been applied with the aim to increase the band gap
in DFT calculations [43, 44]. Also in this class of
compounds the GGA approximation underestimates the
band gap [45]. If we use the GGA approximation we
do not obtain the topological transition since we get
topological compounds for every concentration at the
volume considered. To avoid this problem, recently
the GGA+U was used with the Coulomb repulsion on
the 6s of the Pb [33]. Differently from the literature,
the modified Becke-Johnson exchange potential together
with local density approximation for the correlation po-
tential scheme MBJLDA [46, 47] has been considered in
this work. We point out that MBJLDA improves the de-
scription of the band gap [48] that is crucial for the topo-
logical properties.

After obtaining the Bloch wave functions ψn,k [49, 50],
the p-like anion and cation Wannier functions are build-
up using the WANNIER90 code [51]. To determine the
real space Hamiltonian in the Wannier function basis,
we have used the Slater-Koster interpolation scheme.
Moreover, we have constructed the symmetrized rela-
tivistic Wannier tight-binding model using an indepen-
dent python package wannhrsymm [52].

Since the DFT is a zero temperature theory, in
the calculations we have considered the room tem-
perature lattice constants [53] reduced by 0.5% to
take in account the temperature effect. The values
used are: aSnTe = 6.2964 Å, aPbTe = 6.4277 Å, and
aPbSe = 6.0954 Å.

3. Results and discussion

To calculate the MCN, we choose a unit cell with rock-
salt structure containing 2 × 2 × 2 atoms in the three
directions. The low-energy physics is dominated by
the p-anion and p-cation orbitals so that we have
48 bands, 24 of which are occupied and 24 unoccupied.
In Figs. 1–3, we report the relativistic band structures of
SnTe, PbTe and PbSe, respectively. The bandwidth is
about 12 eV and the fundamental gap of the bands is
located at the R point (π, π, π) of the Brillouin zone.

Table I shows the on-site energies ε, the first, the sec-
ond and the third neighbour hopping parameters and
the spin-orbit coupling λ constants for SnTe, PbTe and
PbSe. We denote the hopping amplitudes along the con-
necting direction lx+my+nz between the orbitals α and
β by tlmnα,β . Where it is possible, we indicate also the σ
and π chemical bonds. The first neighbour hopping is
the cation–anion hopping. The second and third ones are
anion–anion and cation–cation hopping terms. From the
data reported here, we infer that for SnTe the on-site en-
ergies of the cation and the anion are almost symmetrical
with respect to the Fermi level, differently from the PbTe
and PbSe. In the case of SnTe, the hoppings reported
in the Table I are sufficient to reproduce the topologi-
cal behaviour. If we assume t200=0, the system becomes
trivial. Considering the SnTe compound, the Te-s and

Fig. 1. Band structure of the PbTe along high symme-
try paths of the cubic Brillouin zone. MBJLDA band
structure (red) and band structure obtained considering
the p-like Wannier functions (blue). The Fermi level is
set at the zero energy.

Fig. 2. Band structure of the PbSe along the high sym-
metry paths of the cubic Brillouin zone. MBJLDA band
structure (red) and band spectrum obtained considering
the p-like Wannier functions (blue). The Fermi level is
set at the zero energy.

Fig. 3. MCN as a function of the x composition for
the Pb1−xSnxSe alloy obtained with different grids of
integration points. The orange dashed line is the result
with 40 integration points, the green dot-dashed line
with 200 integration points and the blue solid line is
the ideal result.
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TABLE I

Values of the electronic parameters of our tight-binding
model for SnTe, PbTe and PbSe. The unit is meV.

SnTe PbTe PbSe

on-site
εc 1094.6 1855.4 2250.4
εa −1205.4 −646.0 −1206.1

SOC
λc 334.5 1068.2 1132.5
λa 524.4 553.8 250.3

cation–anion
t100px,px=t100σ 1916.1 1807.4 1788.9
t100py,py = t100π −434.2 −402.6 −353.6

cation–cation

t200px,px=t200σ 281.7 268.4 311.8
t200py,py = t200π 82.9 81.6 96.1

t110px,px −12.1 2.9 33.0
t110pz,pz 9.4 5.3 −1.9

t110px,py 13.2 26.7 11.9

anion–anion

t200px,px=t200σ −21.8 12.9 −87.9

t200py,py=t200π 34.1 23.5 14.2
t110px,px 23.9 20.3 47.9
t110pz,pz −10.9 −12.9 −24.3

t110px,py −224.7 −111.2 −156.1

the Sn-d hybridizations produce a variation of the sign
of the Sn–Sn second neighbour hopping t110σ with respect
to the Te–Te second neighbour hopping t110σ .

We analyse the trend of the MCN and the band gap
for the ternary compound Pb1−xSnxSe as a function of
the concentration x. Then, we study the transition from
the trivial to the topological phase as a function of x.

The VCA Hamiltonian that describes the alloy is
H(x) = HPbSe + x(HSnTe −HPbTe), (1)

where HPbTe, HPbSe, and HSnTe are the symmetrized
relativistic Wannier tight-binding Hamiltonians for
the PbTe, PbSe, and SnTe compounds, respectively. The
hopping parameters are the outcome of the DFT calcu-
lations. We exclude the SnSe compound in this analysis
for two reasons: it is far from the transition and has a
rhombohedral structure instead of a cubic one, that is
necessary to fulfil the symmetries for the MCN.

We note that the Hamiltonian exhibits the mirror and
the time-reversal symmetries. The mirror operator with
respect to the (110) plane is the following

Mxy =
1√
2

(σx − σy)⊗
(
113 − L2

z − [Lx, Ly]
)
⊗ Pxy, (2)

and it reads as Kronecker product of three parts: the first
is related to the spin, the second to the orbital and
the third to the atomic degrees of freedom. σx and
σy are the Pauli matrices, 11n is the n×n identity matrix,
Li with i = x, y, z are the orbital angular momentum
operators for l = 1. Pxy is the matrix that exchanges
the atomic positions respect to the mirror plane, whose
form depends on our choice of the vector basis. The time-
reversal operator is T = σy ⊗ 113 ⊗ 118, where also in this
case the first part is related to the spin, the second to
the orbital, and the third to the atoms. These operators
fulfill the following relations

MxyH(kx, ky, kz)M
†
xy = H(ky, kx, kz), (3)

TH(kx, ky, kz)T
† = H(−kx,−ky,−kz), (4)

and the mirror operator anticommutes with the time-
reversal operator. In the eigenbasis of the mirror op-
erator, the time-reversal takes off-diagonal block and
the Hamiltonian commutes with the mirror operator.
Therefore, it has a block-diagonal form. This leads
the MCN vanishing on the high symmetry planes, where
each block has an opposite MCN.

To calculate the MCN we use the Kubo formula

c =
1

π

2π∫
0

2π∫
0

dkxdkz
∑
n≤nF

n′>nF

Im

(
〈n|∂kxH|n′〉〈n′|∂kzH|n〉

(εn − εn′)2

)
,

(5)
where |n〉 and εn are the eigenstates and the eigenvalues
of the Hamiltonian in the projected subspace and nF is
the filling. For our unit cell, we have n = 24 and nF = 12
for all compounds. When the MCN is equal to 0, we have
a trivial insulator, while when it is equal to 2 we have a
TCI. The numerical convergence of the integral reported
in Eq. (5) has been tested as a function of the integration
points in the kxkz-space. In Fig. 4 we plot the MCN as a
function of the doping x obtained with a number of inte-
gration points equal to 40 and 200, and the ideal result is
obtained if this number goes to infinity. When the num-
ber of integration points is too low and we are close to
the topological transition, the integration fails since it
gives large Chern numbers. By increasing the number of
integration points, the integral slowly converges.

In Fig. 5 we plot the MCN and the band gap as a func-
tion of the concentration x and we compare our results
with the available experimental data. We find that the
PbSe is a trivial insulator while the SnSe is a topologi-
cal crystalline insulator. Furthermore, the critical point
where the transition from the trivial to the topological

Fig. 4. MCN (solid blue line)and band gap (dashed
red line) as a function of the concentration x for
the Pb1−xSnxSe alloy. The band gap is plotted in log-
arithmic scale. The green square indicates the experi-
mental band gap for PbSe while the orange circle rep-
resents the experimental point of the transition from
the trivial to the topological phase.
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Fig. 5. Band structure of the SnTe along high symme-
try paths of the cubic Brillouin zone. MBJLDA band
structure (red) and band structure obtained considering
the p-like Wannier functions (blue). The Fermi level is
set at the zero energy.

phase is located, is at x = 0.33, even though the exper-
imental critical concentration [23] is found at x = 0.16.
At this point, we also find that band gap goes to zero.
The experimental band gap [23] for PbSe is 145 meV,
while in our case we get 139 meV, whereas for the hypo-
thetical rock-salt SnSe structure it is 176 meV.

For these calculations we used the MBJLDA with
the parameter c = 1.10 that gives us a reasonable re-
sults for both the band gap and the topological transi-
tion. A larger value of c would improve the agreement
with the experimental gap, even though the topological
transition would not be very well described. A smaller
value of c, on the other hand, would produce an opposite
trend. Indeed, for increasing c the critical concentra-
tion increases too, shrinking the topological region. The
reduced values for c lead to an reduction of the criti-
cal concentration and consequently an enhancement of
the topological region.

4. Conclusions

We have calculated the MCN and the band gap of
the ternary compound Pb1−xSnxSe as a function of
the concentration x in VCA approximation by using
the symmetrized relativistic electronic structure. We in-
fer that the MBJLDA approximation gives a description
of the experimental results better than GGA approach.
In particular, we underline the need to use a low value
of the c parameter to obtain a good agreement with
the available experimental data for both MCN and band
gap. Finally, we would like to note that more accurate
techniques like SQS [32, 33] are required to investigated
the Weyl phase in DFT and more sophisticated methods
are necessary for the MCN calculation in alloy [54].
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