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Correlated quantum impurity embedded in a metallic host can form the many-body Kondo state with itinerant
electrons due to the effective antiferromagnetic coupling. Such effect is manifested spectroscopically by a narrow
Abrikosov-Suhl peak appearing at the Fermi level below a characteristic temperature Tk (Kondo temperature).
We analyze nanoscopic heterojunction where the correlated quantum impurity is coupled to superconducting reser-
voir. We study influence of the induced on-dot pairing on the exchange interaction adopting the continuous unitary

transformation.
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1. Introduction

Relatively recent tunneling experiments using
self-organizing quantum dots [1], semiconducting
nanowires [2, 3], and/or carbon nanotubes [4, 5]
coupled both to the superconductor and conductive
electrode, prove the existence of subgap bound states.
These states are the fingerprints of a local pairing,
orignating from the proximity effect, and they activate
the anomalous electron transport channel called Andreev
reflections. Similar subgap bound states have also been
reported in a quantum dot system coupled to two
superconductors [6-9].

Correlated quantum dot placed in a conductive envi-
ronment usually induces an effective spin-exchange in-
teraction, which at low temperatures can lead to total or
partial screening of localized electron spin. The result-
ing Kondo state manifests itself as a narrow Abrikosov-
Suhl peak formed at the Fermi energy level. For metallic
junction, this effect was theoretically predicted and ex-
perimentally observed [10].

In normal metal-quantum dot—superconductor junc-
tion (N-QD-S), Kondo correlations are additionally con-
fronted with electron pairing. Coexistence of elec-
tron correlations with electron pairing was widely stud-
ied using various theoretical [11-28] and experimen-
tal [1, 3, 29, 30] methods. Similar anomalies are currently
investigated in quantum nanowires attached to a s-type
superconductor, where strong spin-orbit interactions pro-
duce exotic Majorana quasiparticles [31, 32].

In such systems the ground state of quantum dot
can be represented either by singly occupied (spinfull)
dublet state |o) (where ¢ = {f,!}) or by the spinless
BCS-type singlet u|0) — v| 1), v|0) + u| 1)) (where u,
v are BCS coefficients) [11, 12]. Phase transition be-
tween these two states (singlet — doublet transition) are
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governed by relations between energy level of a quan-
tum dot €4, Coulomb potential Uy, and coupling to SC
electrode I's. Such quantum phase transition was ob-
served experimentally [33]. It plays a key role for screen-
ing effects. In particular, the Kondo temperature can
be enhanced by the increase of I'g, as has been proven
by the recent numerical renormalization group calcula-
tion [34-36]. This behavior seems surprising and against
intuition, because I'g supports pairing on a quantum
dot, which competes with the Kondo effect. Our goal
is the theoretical examination and explanation of this re-
markable tendency.

2. Anderson-type model

The system combining electron pairing with Coulomb
repulsion leading to the Kondo effect, can be considered
with the Anderson-type Hamiltonian

ﬁ = Z HB + Z&ddzdg + Ud’fL,nTALCu

B 4
+3 (Vkﬁdj,ékgﬁ + Vk*ﬁé;rwﬁcig) . (1)
k,o,B

It describes the correlated quantum dot placed between
metallic (8 = N) and superconducting (8 = S) electrode.
As usual d, (d}) denotes the annihilation (creation) op-
erator of 0 = {1,{} spin electron on the quantum dot,
€4 is the energy level of quantum dot (localized impurity),
U, is the energy of Coulomb interactions between local-
ized electrons, and Vig is the hybridization of electrons
on a quantum dot with external reservoirs.

We treat electrons of metallic electrode as free electron
gas described by Hamiltonian H

A P
Hy = E EkNClynChoN
k,o

and the superconducting electrode by Hamiltonian Hg

Hgs = kasézgsékas—AZ (éLTsétms + é—k,LSékTS) .
k,o k
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Here, ¢k o (ck ) denotes the annihilation (creation) op-
erator of a spin-o electron with momentum k and en-
ergy ks in the lead B, while A denotes the super-
conducting energy gap. FEnergies of itinerant electrons
&kp = €Lp— Mg are measured with respect to chemical po-
tential 3, which can be controlled by external voltage V'
applied to the junction. We focus on equilibrium condi-
tions pny = ps and our main task there will be the inspec-
tion of effective low-energy physics. Therefore, we will
concentrate on deep sub-gap regime |w| < A. In such
situation the superconducting medium affects the elec-
tron states of a quantum dot only through the iduced
pairing with on-dot energy gap represented by Ay. One
can show that Ay in described conditions is dependent
only on the hybridization strength of QD to SC elec-
trode [28]. We assume a wide band limit |Vig| < D
(where —D < egpg < D) and we use half of the band-
width D as a convenient energy unit. For simplicity,
we assume constant hybridization couplings of the form
g =21, |Vis|?6(w—Ekp). Thus, a microscopic model
of quantum dot with induced pairing can be represented
by the auxiliary Hamiltonian

H= Z'gké]t,gékg + Zaid:];dAa —Ag (Cﬁd}t + Chd})
ko o

1 R .
+Ughgrig, + ——> Vi (6 dy+diers). (2
daltdtiid] \/N%; k(ka k:) ()

As the influence of SC electrode was reduced to a static
pairing potential, the only remaining electrode in Hamil-

tonian is the conducting one (8 = N). For simplicity in

this work we omit the IV index in &g n, Vin, and ck; N

From now, we will consider Hamiltonian (2) for trying
to determine effective low energy physics in presence of
correlations.

3. Continuous unitary transformation

To calculate the dependence of exchange interaction
and the Kondo temperature on hybridization to SC elec-
trode (and thus on strength of a local pairing) we will
use an alternative theoretical tool based on continuous
unitary transformation (CUT). The algorithm belongs
to the renormalization group techniques and allows to
study correlation effects beyond the perturbation scheme.
At the technical level, the method develops unconven-
tional scaling of the entire Hilbert space, gradually sep-
arating low and high energy modes. Continuous trans-
formation of the model Hamiltonian is achieved by set of
scaling flow equations.

The method can be used for any Hamiltonian with
the following structure H = Hy + V, where Hy denotes
the diagonal part (e.g. kinetic energy), and V corre-
sponds to the off-diagonal part (describing the interac-
tions or disorder). The main idea of our approach is
based on a continuous process H(I) = U(I)HU' (1), which
transforms step by step initial Hamiltonian to diagonal or
block-diagonal form (where [ is a continuous parameter).

The flow (I-dependence) of the Hamiltonian proceeds ac-
cording to the differential equation [37]:

B _ [, ). 0
The generating operator 7(1) = %UT (1) should be cho-
sen to guarantee lim(_, ) V'(I) = 0. Such rigour can be
met by assuming 7(l) = {ﬁo(l), V(Z)}, which was origi-
nally proposed by F. Wegner [37].

In considered model Hamiltonian (2), we should elim-
inate the hybridization term

_ % S V(D) (Whodo + dieno ) -
ko

The generating operator has the following structure
(1) = fo(l) — 43 (1), where

ﬁo(l)—Z( k() + 02 ()d! L d_ )c,md (4)

1
+Z77kp ckacpc, + Zn( (1 (cde - ckidl)

kpo

The I- dependent coefficients are given by

(&k(D)—ea()) Vi (1), Vk(l)V (0,

me(l) = f mep(l) =

(1) = ﬁ —%U(l)vk(l).

The generating operator with Az = 0 allows to repro-
duce results for N-QD system obtained by Kehrein and
Mielke [38].

By substituting the operator (4) to the right side of
the flow equation (3) we calculate the commutator

[0, A0 = 1) + Hy(0) + V') + Hexen )

+Vi(l) + Va(l) + Hint (1) + Hpn (1) ()
During transformation (3), the Hamiltonian parameters
are renormalized. We get parts which appeared in
initial Hamiltonian (2) but with different [-dependent
coefficients. 'We have mark them as primed one, i.e.,
H{(l) describes renormalized Hamiltonian of metallic
clectrode, H'(l) denotes renormalized Hamiltonian of

AaOViell), 0 (1) =

quantum dot with induced pairing and V’(l) is renor-
malized hybridization. There are elements in (5) which
are absent in original Hamiltonian, but which contain
higher-order interactions, namely

h =3 {m@U® +n 1) l6a®) = &) + U] |
% (ehydod! d o +Hec.), (6)

KORDY (P OU® -n 020 |
x| (didrdlely - diel,dld,) + e (7)
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The Hin (1) describes an exotic coupling between quan-
tum dot and metallic electrode containing a pair of oper-
ators }ike (ﬁré}; 0 ciIéLT (i.e. unusual inter-site pairing),
and Hpp(l) refers to the pair hopping from quantum
dot to electrode and vice versa. Newly formed element
Hexen (1) describes the antiferromagnetic interaction be-
tween the spin of quantum dot and the spins of itinerant
electrons in metal, which is responsible for occurrence of
the Kondo effect. The definition reads

N 1 I A
Hoan() = = S0 OVo(D) (¢hod ad—otps  (9)
kpo

+ézadic,dgép,g+é;c,ciigd,géko—é},_gdj,d,gékg> .
From all of these new contributions we will take into
account only the spin exchange interactions, which are
essential for the Kondo physics [38]. We update the orig-
inal Hamiltonian (2) with the exchange part to be

ﬁexch(l) = - Z Jk:p(l)éd : gkp
k,p

assuming the initial condition for the effective exchange
potential Jgp(0) = 0. Operator §4 describes the spin of
the quantum dot and Skp refers to the spins of itinerant
electrons in metallic lead. Other contributions, in fact,
are irrelevant for the Kondo physics.

All I-dependent coefficients in a transformed Hamilto-
nian are defined by a system of coupled differential equa-
tions
deq(l) dU4(1) dA4(1) dVi (1) dJep (1) )

di di dr di dr -

To derive these equations one needs to use some ap-
proximations. Part V; can be reduced to a form
that gives a contribution to renormalization of hy-
bridization. Part V5 can be approximated, basically in
two ways: (i) by Hartree-Fock approximation (HFA),
(ii) by Hartree-Fock-Bogoliubov approximation (HFBA).

VZHFA ~ —<CZ$(§T>6TI¢T(ZTL — <c21d¢>cz$é};y (10)
VHFBA o (CﬂdDéLTdT + (d%dDéL(ﬂ
~(didnégd] - (dd)diey, .

In this work we will compare and discuss the results
obtained using both these approaches. For HFA (10) V5
gives contribution only to exotic interactions described
by Hins and not to the renormalization of hybridization.
Therefore HFA is valid only for very small I's. In turn,
the HFBA (11) plays more important role, because it
brings Vs into the renormalization of hybridization V,
which is crucial for the exchange interaction. An ap-
proximation of this type describes more general case for
arbitrary I's.

After several algebraic transformations, we get a set of
coupled flow equations (9), separately for each approx-
imation. We examine the obtained sets of differential
equations in both analytical and numerical way.

4. Analytical and numerical results

In order to obtain an approximate analytical solution
for (9), we use the lowest order estimation of iterative
procedure. This is justified as long as Vi < D. In
the first step, we estimate Vi (I) by solving the equation
%l(l) and neglecting [-dependence of all other parame-
ters. We obtain

Vie(l) = Vie(0) exp (— fil) , (12)
where

fre = (€4 — &r)” +A2+ (e4+Uq/2 — &) Uy
is for HFA (10) and
fre = (64 — &k)° #2024 (e4+Uq/2 — &) Us—2xaAqUy

(where x4 = (d,dy)) is for HFBA (11). Thus, with (12)
one gets the exponential decay of hybridization coupling
Vi (1). In the next step we can estimate [-dependence of
other quantities. Due to the fact that we are interested
in spin interactions, we obtain an explicit form only for
the exchange coupling

oty - Z2CHORON0) (i) 1y

Near the Fermi surface (when &, = &p. = 0)
the exchange coupling (13) takes negative values (an-
tiferromagnetism). In an asymptotic symmetrical case
(eqa = —=Uq4/2) for a half-filled quantum dot (fg,) = 1/2,
we get

—4Uy| Vi |
JlIg{FFpF(l N OO) — . d| kF| y (14)
Ui +(244q)
for Hartree-Fock approximation (10) and
—4Uy| Vi |?
JHER (1 — 00) = | Vi | (15)

U2+ (200)° - 8xaldaUa
for Hartree-Fock-Bogoliubov approximation (11).

Fig. 1.

Renormalization of hybridization coupling
Vi (1) obtained for the following initial model param-
eters: eq4/D = —0.2, Ug/D = 0.4, Aq/D = 0.1 and
Vk/D =0.1.
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To check the correctness of our analytical results we
solve the flow equation in a self-consistent way, imple-
menting the numerical Runge-Kutta algorithm. Figure 1
shows the hybridization Vi(I) as a function of the flow
parameter [. It is clearly visible that it disappears in an
exponential way and thus it fulfills the relationship (12).
Hybridization of electron states distant from the Fermi
surface is rapidly transformed, while states closer to
the Fermi surface kp = +1/2 are eliminated slower. Such
treatment is similar to the procedure of numerical renor-
malization group.

0.1 T T 5 T T T

0.2 Lk L L L L L L L
0o 01 02 03 04 05 06 07 08 09

Ay/D

Fig. 2. The effective exchange coupling Jippp (I = 00)
as a function of the on-dot pairing Aq/D, resulting from
continuous unitary transformation for Hartree-Fock
approximation (10) (red line) and for Hartree-Fock-
Bogoliubov approximation (11) (green line). Results
based on the lowest order estimation for Jippp (I = 00).
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Fig. 3. The Kondo temperature kgTx as a function
of the on-dot pairing Ag4/D, resulting from continu-
ous unitary transformation for Hartree-Fock approxima-
tion (10) (red crosses) and for Hartree-Fock-Bogoliubov
approximation (11) (green crosses). Model parame-
ters: Vi/D = 0.1, eq/D = —0.2, Uy = —2¢4 and
Xd(Cn/Ud = 0.25). Results based on the lowest order
estimation for Ji,pp (I = 00).

The exponential decay of Vi (l) accompanies the con-
tinuous renormalization of the quantum dot energy e4(1),
Coulomb interactions Ug(l), and induced on-dot gap
A4(l). Due to the assumption of small hybridization,
these renormalizations are rather marginal. Our most
important physical result - the effective spin-exchange
potential Jip (1) is illustrated in Fig. 2.

In order to have an insight into the Kondo tem-
perature Tk, we estimate its value based on formula
given in [39)], i.e.,

FoTic = =D exp (=6 (20(er)arpe (1 = ),

where p(ep) is the density of states on the Fermi sur-
face, D is the cut-off energy, and ¢(y) ~ |y|=' —0.51n |y|.
The resulting Kondo temperature is illustrated in Fig. 3.

5. Discussion

Our analytical estimates (14) obtained for Hartree-
Fock approximation and self-consistent numerical solu-
tion show that on-dot pairing Ay can weaken the ex-
change coupling J, pp (red line in Fig. 2). Consequently,
the Kondo temperature Tk is suppressed by induced on-
dot pairing (red crosses in Fig. 3). It is not surprising
result, because superconducting order and magnetic im-
purities are usually detrimental to each other. But, as
we mentioned earlier in Sect. 3, the Hartee-Fock approx-
imation is valid for very small I'gs. We are interested
in a more general case for any I'g. Therefore, from our
point of view, approximation of Hartree-Fock-Bogoliubov
is more appropriate. It allows for a broader description of
the undertaken problem and provides more information
about the coexistence of correlations and pairing in stud-
ied system. Note that the Eq. (15) contains additional
part in the denominator associated with x4 # const,
which depends on I'g, 'y, and Uy. The exchange cou-
pling Ji.pp is initially suppressed by induced on-dot pair-
ing Ay4. Such behaviour is in agreement with Hartee-Fock
approximation result for small I's. However, approach-
ing Ag = Ug/2 one can see that the exchange coupling is
enhanced. For further increase of on-dot pairing A4, this
exchange coupling is suppressed again (green line Fig. 2).
Similar to the exchange potential, the estimated Kondo
temperature for this case shows intriguing enhancement
near A; = Uy/2 (green crosses in Fig. 3). Such inter-
esting and mysterious tendency can be explained by ap-
pearance of a quantum phase transition from BCS-like
singlet to doublet configuration.

6. Conclusions

We studied the relation between electron pairing and
Kondo effect in a system where strongly correlated quan-
tum dot is coupled to metallic (by I' ;) and superconduct-
ing (by I'g) reservoir. We eliminated, by means of contin-
uous unitary transformation, hybridization of a quantum
dot to an external reservoir of mobile electrons. We deter-
mined the effective spin-exchange interaction and Kondo
temperature.
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Competition between the induced on-dot pairing Ay
and Coulomb’s repulsion U, leads to the quantum phase
transition between a (spinless) singlet BCS configura-
tion and a (spinfull) doublet configuration, depending on
the T's/Uy coefficient. For the Hartree-Fock-Bogoliubov
approximation, the estimated effective Kondo tempera-
ture shows an increase relative to I's around the crit-
ical point I's = Uy. This behavior is consistent
with the recent results of the numerical renormalization
group [34-36].
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