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This paper retrieves new combo, dark and singular optical soliton solutions along with singular periodic, com-
bined hyperbolic and rational solutions to the Fokas–Lenells equation in birefringent fibres by integration tools such
as the improved tan(φ(ξ)/2)-expansion method, improved Bernoulli sub-ODE method, and generalized (G′/G)-
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1. Introduction

In nonlinear optics, the advent of optical waveguides
including optical fibres and crystals has engaged the re-
searchers all over the world. Therefore, this work is car-
ried out to study the dynamics of electromagnetic waves
in birefringent fibres in the presence of differential group
delay, an unavoidable feature due to the production ir-
regularities and other glitches in fibres. The equation de-
scribing this behavior roots from the Fokas–Lenells equa-
tion (FLE) that can be capitalized to study polarization-
preserving fiber. The reputation of FLE has gained
considerable hike since it is proposition in the previous
decade. The soliton solutions of such type of models have
comprehensively addressed in [1–28]. Some authors al-
ready have studied FLE in [2–4, 8, 12, 18, 19]. In the
current research, the improved tan(φ(ξ)/2)-expansion
method and Bernoulli method are used to retrieve soli-
ton solutions, rational function-like solutions, hyperbolic
solutions, and periodic solutions for the FLE. This work
is organized as, in next section a brief introduction of the
proposed method is discussed. At the end some conclud-
ing remarks about the obtained results are given.

2. Analysis model

We consider the Fokas–Lenells equation (FLE) in pres-
ence of perturbation terms as

iψt + β1ψxx + β2ψxt + |ψ|2(bψ + iσψx) =

i
(
αψx + λ(|ψ|2ψ)x + µ(|ψ|2)xψ

)
, (1)

where ψ(x, t) represents a complex field envelope, and x
and t are spatial and temporal variables, respectively [1].
The first term represents the linear evolution of the
pulses in nonlinear optical fibres, while the coefficient
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β1 is the spatiotemporal dispersion (STD) and β2 is
the group velocity dispersion (GVD). Then the fourth
term introduces the cubic nonlinear term, while the fifth
term accounts for dispersion. On the right hand side
of Eq. (1), the coefficient of α is the inter-modal dis-
persion (IMD), while λ is the selfsteepening perturba-
tion term, and finally µ is the nonlinear dispersion (ND)
coefficient.

To solve Eq. (1), the following hypothesis is considered:

ψ(x, t) = u(ξ)e iη(x,t), ξ = x− νt, (2)
and

η = −kx+ ωt+ θ,

Here, ν is the velocity of the soliton, k is the frequency
while ω is the soliton wave number, and θ is the phase
constant to be determined. Employing Eq. (2) into
Eq. (1) we get the following pair of equations of real and
imaginary components, respectively as:

(β1 − β2ν)u′′ − (αk + β1k
2 − β2kω)u

+(b− kλ+ kσ)u3 = 0, (3)
and
(ν + α+ 2β1k − β2(νk + ω) + (3λ+ 2µ− σ)u2)u′ = 0.

(4)
From (4), the velocity of the soliton is acquired as

ν =
α+ 2β1k − β2ω

β2k − 1
, (5)

such that β2k 6= 1. The constraint condition has been
obtained as

3λ+ 2µ− σ = 0. (6)

3. Description of ITEM

In this section, we describe the ITEM [27] with the
following steps as:

Step 1. Let us consider a general form of the nonlin-
ear partial differential equation

(214)
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F(u, ux, ut, uxx, utt, . . .) = 0, (7)
where F is a function of u(x, t), ut(x, t), ux(x, t),
uxx(x, t), . . . including nonlinear terms, and the sub-
scripts denote the partial derivatives.

The travelling wave variable transformation is set,
that is, u(x, t) = u(ξ), ξ = x − νt, where ν is arbi-
trary constant. Then Eq. (7) is converted into an ODE
as follows
Q(u, u′,−νu′, u′′, ν2u′′, . . .) = 0, (8)

where Q is a function of u, du
dξ ,

d2u
dξ2 , . . . with nonlinear

terms.
Step 2. Let us consider the solution of Eq. (26) as

u(ξ) =

M∑
k=0

ek tan
k

(
Φ(ξ)

2

)
+

M∑
k=1

fk cot
k

(
Φ(ξ)

2

)
, (9)

where ek(0 ≤ k ≤ M), fk(1 ≤ k ≤ M) are constants to
be determined, such that eM 6= 0, fM 6= 0, and φ = φ(ξ)
satisfies the following NLODE:

φ′(η) = a sin(φ(η)) + b cos(φ(η)) + c. (10)

Step 3. Determining M usually can be accomplished
by balancing the linear term(s) of highest order with the
highest-order nonlinear term(s) in Eq. (8). Moreover,
precisely, we define the degree of u(η) as D(u(η)) = M ,
which gives rise to degree of another expression as
follows:

D

(
dqu

dηq

)
=M + q,

D

(
up
(
dqu

dηq

)s)
=Mp+ s(M + q). (11)

Step 4. Inserting (9) into Eq. (8) with the value
of M obtained in Step 3, collecting the coefficients of
tan(φ/2)k, cot(φ/2)k (k = 0, 1, 2, . . . ,M), and then set-
ting each coefficient to zero, we can get a set of over-
determined equations for e0, ek, fk (k = 1, 2, . . . ,M) a, b,
and c with the aid of symbolic computation using Maple.
We solve the algebraic equations, and then substitute e0,
e1, . . . , eM , f1, . . . , fM , k, ω in (9).

Consider the following special solutions of Eq. (10):
Family 1: When ∆ = a2 + b2 − c2 < 0 and b− c 6= 0,

then φ(ξ) = 2 arctan
(

a
b−c −

√
−∆
b−c tan

(√
−∆
2 ξ̃

))
.

Family 2: When ∆ = a2 + b2 − c2 > 0 and b− c 6= 0,
then φ(ξ) = 2 arctan

(
a
b−c +

√
∆

b−c tanh
(√

∆
2 ξ̃
))

.

Family 3: When a2 + b2 − c2 > 0, b 6= 0 and c = 0,

then φ(ξ) = 2 arctan
(
a
b +

√
b2+a2

b tanh
(√

b2+a2

2 ξ̃
))

.

Family 4: When a2 + b2 − c2 < 0, c 6= 0 and b = 0,
then φ(ξ) = 2 arctan

(
−ac +

√
c2−a2
c tan

(√
c2−a2
2 ξ̃

))
.

Family 5: When a2+b2−c2 > 0, b−c 6= 0 and a = 0,
then φ(ξ) = 2 arctan

(√
b+c
b−c tanh

(√
b2−c2
2 ξ̃

))
.

Family 6: When a = 0 and c = 0, then φ(ξ) =

arctan
(

e2bξ̃−1
e2bξ̃+1

, 2ebξ̃

e2bξ̃+1

)
.

Family 7: When b = 0 and c = 0, then φ(ξ) =

arctan
(

2eaξ̃

e2aξ̃+1
, e2aξ̃−1
e2aξ̃+1

)
.

Family 8: When a2 + b2 = c2, then φ(ξ) =

−2 arctan
(

(b+c)(aξ̃+2)

a2ξ̃

)
.

Family 9: When c = a, then φ(ξ) =

−2 arctan
(

(a+b)ebξ̃−1
(a−b)ebξ̃−1

)
.

Family 10: When c = −a, then φ(ξ) =

2 arctan
(

ebξ̃+b−a
ebξ̃−b−a

)
.

Family 11: When b = −c, then φ(ξ) =

−2 arctan
(

aeaξ̃

ceaξ̃−1

)
.

Family 12: When b = 0 and a = c, then φ(ξ) =

−2 arctan
(
cξ̃+2

cξ̃

)
.

Family 13: When a = 0 and b = c, then φ(ξ) =

2 arctan
(
cξ̃
)
.

Family 14: When a = 0 and b = −c, then φ(ξ) =

−2 arctan
(

1

cξ̃

)
,

Family 15: When a = 0 and b = 0, then φ(ξ) = cξ̃+C.
Family 16: When b = c, then φ(ξ) =

2 arctan
(

eaξ̃−c
a

)
,

where ξ̃ = ξ + C.

4. Algorithm of the ITEM

By solving Eq. (1) by tan(φ(ξ)/2)-expansion method,
and by balancing the terms u′′ and u3 we obtain M = 1.
Then the following hypothesis is considered:

u(ξ) = e0 + e1 tan(φ(ξ)/2) + f1 cot(φ(ξ)/2). (12)
Putting (12) into Eq. (3) and comparing the terms, and
then solving a system of nonlinear algebraic equations
the following new results can be yielded as:

Set 1:
b = −c, k = − c

λ− σ
, e1 = 0,

ω =
α(a2β2 − 1)(λ− σ)3 − cβ2(2a2β1 + α)(λ− σ)2 − c2β1(λ− σ)− c3β1β2

(λ− σ)[(a2β2
2 + 1)(λ− σ)2 + 2cβ2(λ− σ) + β2

2c
2]

,

f1 =
[a2β2(αβ2e0 + αe0 − β1β2)− β1](λ− σ)2 + [a2cβ2e0(αβ2 − 2β1)− 2cβ1β2](λ− σ)− β1β2

2c
2(a2e0 + 1)

β2ca[α(β2 + 1)(λ− σ)2 + c(αβ2 − 2β1)(λ− σ)− β1β2c2]
. (13)
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By using family 2, the hyperbolic exact solution will
be as

u1(ξ) = e0 −
2f1c

a

[
1 + tanh

(
a
2 (x+

α− 2β1c
λ−σ−β2ω
β2c
λ−σ+1

t)

)] , (14)

ψ1(x, t) =

e0 −
2f1c

a

[
1 + tanh

(
a
2 (x+

α− 2β1c
λ−σ−β2ω
β2c
λ−σ+1

t)

)]


× exp

(
i

(
c

λ− σ
x+ ωt+ θ

))
. (15)

By using family 11, the rational kink exact solution will
be as

u2(ξ) = e0 + f1

1− c exp
(
a

(
x+

α− 2β1c
λ−σ−β2ω
β2c
λ−σ+1

t

))
a exp

(
a

(
x+

α− 2β1c
λ−σ−β2ω
β2c
λ−σ+1

t

))
(16)

ψ2(x, t) =e0 + f1

1− c exp
(
a

(
x+

α− 2β1c
λ−σ−β2ω
β2c
λ−σ+1

t

))
a exp

(
a

(
x+

α− 2β1c
λ−σ−β2ω
β2c
λ−σ+1

t

))



× exp

(
i

(
c

λ− σ
x+ ωt+ θ

))
. (17)

Set 2:
b = c, k =

c

λ− σ
, f1 = 0,

ω =
α(a2β2 − 1)(λ− σ)3 + cβ2(2a

2β1 + α)(λ− σ)2 − c2β1(λ− σ) + c3β1β2
(λ− σ)[(a2β2

2 + 1)(λ− σ)2 − 2cβ2(λ− σ) + β2
2c

2]
,

e1 =
[β1 − a2β2(αβ2e0 + αe0 − β1β2)](λ− σ)2 + [a2cβ2e0(αβ2 − 2β1)− 2cβ1β2](λ− σ) + β1β

2
2c

2(a2e0 + 1)

β2ca[−α(β2 + 1)(λ− σ)2 + c(αβ2 − 2β1)(λ− σ) + β1β2c2]
. (18)

By using family 16, the rational exponential exact solution will be as

u3(ξ) = e0 + e1

exp

(
a

(
x+

α+
2β1c
λ−σ−β2ω
β2c
λ−σ+1

t

))
− c

a
,

ψ3(x, t) =

e0 + e1

exp

(
a

(
x+

α+
2β1c
λ−σ−β2ω
β2c
λ−σ+1

t

))
− c

a

 exp

(
i

(
− c

λ− σ
x+ ωt+ θ

))
. (19)

Set 3:

a = ±e0(b+ c)P√
Pβ1β2Ξ

,

Ξ = kβ1β2(b+ c)((b2 − c2)e0 − 1)(λ− σ) + (b+ c)[e0(b
2 − c2)(αλβ2 − ασβ2 + bβ1β2 − 2λβ1 + 2σβ1)

−β2e30(λ− σ)2(b2 − c2)− β1(bβ2 − 2λ+ 2σ)],

k =
1

β1β2(b2e0 − c2e0 − 1)

(
−2β1 + β2e

3
0(b

2 − c2)(λ− σ)− e0(b2 − c2)(αβ2 − 2β1) +
√
Ω
)
,

Ω = β2
2e

6
0(λ− σ)2(b2 − c2)2 − 2β2e

4
0(b

2 − c2)2(αλβ2 − ασβ2 + 2bβ1β2 − 2λβ1 + 2σβ1)

+4β1β2e
3
0(b

2 − c2)(bβ2 − λ+ σ) + e20(b
2 − c2)2(α2β2

2 + 4αβ1β
2
2 + 4β2

1)

−4β1e0(b2 − c2)(−b2β1β2
2 + c2β1β

2
2 + αβ2

2 + β1),

ω =
β2e0(b

2 − c2)(2kβ1 + α)− kβ1β2 + β1
(b2 − c2)β2

2e0
, e1 =

1

2

β1β2P

e0β2(kλ− kσ − b)
√
Pβ1β2Ξ

, f1 =
1

P

√
Pβ1β2Ξ ,

P = 2β2e
2
0(b+ c)(b− c)2[(αβ2(−λ+ b+ σ)− 2bβ1)(λ− σ)− α(λ− σ)2 + b2β1β2]

−2β1e0(b− c)[b2 + (1 + b2 − c2)(λ− σ)2 − 2bβ2(λ− σ)]. (20)
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By utilizing family 1, the periodic exact solution is

u4(ξ) = e0 + e1

(
a

b− c
−
√
−∆

b− c
tan

(√
−∆
2

(x− α+ 2β1k − β2ω
β2k − 1

t)

)]

+f1

[
a

b− c
−
√
−∆

b− c
tan

(√
−∆
2

(x− α+ 2β1k − β2ω
β2k − 1

t)

)]−1
, (21)

ψ4(x, t) =

{
e0 + e1

[
a

b− c
−
√
−∆

b− c
tan

(√
−∆
2

(x− α+ 2β1k − β2ω
β2k − 1

t)

)]

+f1

[
a

b− c
−
√
−∆

b− c
tan

(√
−∆
2

(x− α+ 2β1k − β2ω
β2k − 1

t)

)]−1}
e i (−kx+ωt+θ). (22)

By using family 2, the dark soliton exact solution is

u5(ξ) = e0 + e1

[
a

b− c
+

√
∆

b− c
tanh

(√
∆

2
(x− α+ 2β1k − β2ω

β2k − 1
t)

)]

+f1

[
a

b− c
+

√
∆

b− c
tanh

(√
∆

2
(x− α+ 2β1k − β2ω

β2k − 1
t)

)]−1
, (23)

ψ5(x, t) =

{
e0 + e1

[
a

b− c
+

√
∆

b− c
tanh

(√
∆

2
(x− α+ 2β1k − β2ω

β2k − 1
t)

)]

+f1

[
a

b− c
+

√
∆

b− c
tanh

(√
∆

2
(x− α+ 2β1k − β2ω

β2k − 1
t)

)]−1}
e i (−kx+ωt+θ). (24)

5. The improved Bernoulli sub-ODE method

In this section, the IBSOM is utilized to discover trav-
elling wave solutions of nonlinear PDEs [30, 31]. We
consider the following steps:

Step 1. Let us consider a general form of the nonlin-
ear partial differential equation
F(u, ux, ut, uxx, utt, . . .) = 0, (25)

where F is a function of u(x, t), ut(x, t), ux(x, t),
uxx(x, t), . . . including nonlinear terms, and the sub-
scripts denote the partial derivatives.

The travelling wave variable transformation is set, that
is, u(x, t) = u(ξ), ξ = x − νt, where ν is arbitrary
constant. Then Eq. (25) is converted into an ODE as
follows
Q(u, u′,−νu′, u′′, ν2u′′, . . .) = 0, (26)

where Q is a function of u, du
dξ ,

d2u
dξ2 , . . . with nonlinear

terms.
Step 2. Let us consider the solution of Eq. (26) as

u(ξ) =

∑n
k=0 akF

k(ξ)∑m
k=0 bkF

k(ξ)
=

a0 + a1F (ξ) + a2F
2(ξ) + . . .+ anF

n(ξ)

b0 + b1F (ξ) + b2F 2(ξ) + . . .+ bmFm(ξ)
, (27)

and according to the Bernoulli theory,
F ′(ξ) = εF (ξ) + δF θ(ξ), ε 6= 0, δ 6= 0,

θ ∈ R− {0, 1, 2}, (28)

where F (ξ) is the Bernoulli differential polynomial.
Putting the above relations in Eq. (26), we have an equa-
tion of polynomial Ψ(F (ξ)) of F (ξ):

Ψ(F (ξ)) = ρsF
s(ξ) + . . . ρ1F (ξ) + ρ0 = 0. (29)

According to the homogeneous balance method, we can
obtain the relationship between n,m, and θ.

Step 3. Let all the coefficients of Ψ(F (ξ)) be zero.
Then it yields an equation system as follows:

ρk = 0, k = 0, 1, . . . , s. (30)
Solving this system, we will determine the values of
a0, . . . , an and b0, . . . , bm.

Step 4. By solving nonlinear Bernoulli differential
Eq. (28), we obtain two cases according to ε and δ situ-
ations as follows:

F (ξ) =

[
−δ
ε

+
E

eε(θ−1)ξ

] 1
1−θ

,

ε 6= δ, (31)

F (ξ) =

E − 1 + (E + 1) tanh
(
ε(1−θ)ξ

2

)
1− tanh

(
ε(1−θ)ξ

2

)


1
1−θ

,

ε = δ, E ∈ R, (32)
where E is the non-zero constant of integration. Using a
complete discrimination system for polynomial of F (ξ),
we solve Eq. (30) with the help of Maple 13 and classify
the exact solutions for Eq. (26).
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5.1. Application of IBSOM

Considering Eqs. (27) and (28) for the homogeneous
balance method between u3 and u′′ in Eq. (3), we obtain
the following relationship for m,n, and θ:

θ +m = n+ 1. (33)
For different values of θ,m, and n, we have the following
cases:

Case I: θ = n = 3, m = 1.
If we take θ = n = 3 and m = 1 in Eq. (27), then we
obtain

u(ξ) =
a0 + a1F (ξ) + a2F

2(ξ) + a3F
3(ξ)

b0 + b1F (ξ)
=

Θ1(ξ)

Φ1(ξ)
, (34)

u′(ξ) =
Θ ′1(ξ)Φ1(ξ)−Θ1(ξ)Φ

′
1(ξ)

Φ2
1(ξ)

, (35)

u′′(ξ) =
Θ ′′1 (ξ)Φ1(ξ)−Θ1(ξ)Φ

′
1(ξ)

Φ2
1(ξ)

− [Θ1(ξ)Φ
′
1(ξ)]

′Φ2
1(ξ)− 2Θ1(ξ)[Φ

′
1(ξ)]

2Φ1(ξ)

Φ4
1(ξ)

, (36)

where F ′ = εF + δF 3, ε 6= 0, δ 6= 0, a3 6= 0, and b1 6= 0.
When we use Eqs. (34) and (36) in Eq. (3), we get a
system of algebraic equations. Therefore, we attain a
system of equations from the coefficients of polynomial
of F . This system of equations is solved for the above
parameters with the following cases of solutions:

Subset I:

δ = 0, k =
b

λ− σ
, ω =

ε2β2(λ− σ)2(αλ− ασ + 2bβ1) + (bβ2 − λ+ σ)(αλ2 − 2αλσ + ασ2 + b2β1)

(λ− σ)[(ε2β2
2 + 1)(λ− σ)2 − 2bβ2(λ− σ) + b2β2

2 ]
,

a0 = − [ε2β2
2(λ− σ)2 + (bβ2 − λ+ σ)2]b0β1

[b2β1β2 + (λ− σ)(αbβ2 − αλβ2 + ασβ2 − αλ+ ασ − 2bβ1)]ε2β2
, a3 = 0, (37)

a1 =
ε2a2b0β2(λ− σ)(αβ2(b− λ+σ)− 2bβ1)+ε

2β1β
2
2(b

2a2b0 − b21(λ− σ)2)− αε2a2b0β2(λ− σ)2 − b21β1(bβ2 − λ+σ)2

[α(λ2+2λσ − σ2)+(λ− σ)(αbβ2 − αλβ2+ασβ2 − 2bβ1)+b2β1β2]b1ε2β2
.

Based on the (37) and (31) we have

u1(x, t) =

a0 + a1

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 1

2

+ a2

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]−1

b0 + b1

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 1

2

,

ψ1(x, t) =

a0 + a1

 E

exp

(
2ε

(
x−

α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t

))

− 1

2

+ a2

 E

exp

(
2ε

(
x−

α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t

))

−1

b0 + b1

 E

exp

(
2ε

(
x−

α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t

))

− 1

2

× exp

(
− b

λ− σ
x+ ωt+ θ

)
. (38)

Subset II:

δ = 0, k =
b

λ− σ
,

ω =
ε2β2(λ− σ)2(αλ− ασ + 2bβ1) + (bβ2 − λ+ σ)(αλ2 − 2αλσ + ασ2 + b2β1)

(λ− σ)[(ε2β2
2 + 1)(λ− σ)2 − 2bβ2(λ− σ) + b2β2

2 ]
,

a0 = − [ε2β2
2(λ− σ)2 + (bβ2 − λ+ σ)2]b0β1

[b2β1β2 + (λ− σ)(αbβ2 − αλβ2 + ασβ2 − αλ+ ασ − 2bβ1)]ε2β2
, a1 = 0, a3 = 0,

b1 = ±ε

√
(λ− σ)(αbβ2 − αλβ2 + ασβ2 − 2bβ1)− α(λ− σ)2 + b2β1β2

β1[ε2β2
2(λ− σ)2 + (bβ2 − λ+ σ)2]

. (39)
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Based on the (39) and (31) we have

u2(x, t) =

a0 + a2

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]−1

b0 + b1

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 1

2

,

ψ2(x, t) =

a0 + a2

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]−1

b0 + b1

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 1

2

exp

(
− b

λ− σ
x+ ωt+ θ

)
. (40)

Subset III:

δ = 0, k =
b

λ− σ
, ω =

b3β1beta2 − α(λ− σ)3 + 4ε2β2(λ− σ)2(αλ− ασ + 2bβ1) + b(λ− σ)(αλβ2 − ασβ2 − bβ1)
(λ− σ)[4ε2β2

2(λ− σ)2 + (bβ2 − λ+ σ)2]
,

b1 =
a3b0
a2

, a0 = − [4ε2β2
2(λ− σ)2 + (bβ2 − λ+ σ)2]b0β1

4[b2β1β2 + (λ− σ)(αbβ2 − αλβ2 + ασβ2 − αλ+ ασ − 2bβ1)]ε2β2
,

a1 = − [4ε2β2
2(λ− σ)2 + (bβ2 − λ+ σ)2]b0β1

4[b2β1β2 + (λ− σ)(αbβ2 − αλβ2 + ασβ2 − αλ+ ασ − 2bβ1)]a2ε2β2
, (41)

Based on the (41) and (31) we have

u3(x, t) =

a0 + a1

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 1

2

+ a2

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]−1 + a3

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 3

2

b0 + b1

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 1

2

,

ψ3(0x, t) =

a0 + a1

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 1

2

+ a2

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]−1 + a3

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 3

2

b0 + b1

[
E

exp
(
2ε
(
x−α+2β1k−β2ω

β2k−1 t
))]− 1

2

× exp

(
− b

λ− σ
x+ ωt+ θ

)
. (42)

Case II: θ = 3, n = 2, and m = 0.
If we take θ = 3, n = 2, and m = 0 in Eq. (1), then we

obtain

U(ξ) =
a0 + a1F (ξ) + a2F

2(ξ)

b0
=

Θ2(ξ)

Φ2(ξ)
, (43)

U ′(ξ) =
Θ ′2(ξ)Φ2(ξ)−Θ2(ξ)Φ

′
2(ξ)

Φ2
2(ξ)

, (44)

U ′′(ξ) =
Θ ′′2 (ξ)Φ2(ξ)−Θ2(ξ)Φ

′
2(ξ)

Φ2
2(ξ)

− [Θ2(ξ)Φ
′
2(ξ)]

′Φ2
2(ξ)− 2Θ2(ξ)[Φ

′
2(ξ)]

2Φ2(ξ)

Φ4
2(ξ)

, (45)

where F ′ = bF + dF 3, b 6= 0, d 6= 0, a2 6= 0, and b0 6= 0.
When we use Eqs. (43) and (45) in Eq. (3), we get a
system of algebraic equations. Therefore, we attain a
system of equations from the coefficients of polynomial
of F . This system of equations is solved for the above
parameters with the following cases of solutions:

Subset I:

δ = 0, k =
b

λ− σ
, ω =

b3β1beta2 − α(λ− σ)3 + 4ε2β2(λ− σ)2(αλ− ασ + 2bβ1) + b(λ− σ)(αλβ2 − ασβ2 − bβ1)
(λ− σ)[4ε2β2

2(λ− σ)2 + (bβ2 − λ+ σ)2]
,

a1 = 0, b0 = −4a0ε
2β2[b

2β1β2 + (λ− σ)(αbβ2 − αλβ2 + ασβ2 − 2bβ1)− α(λ− σ)2]
[4ε2β2

2(λ− σ)2 + (bβ2 − λ+ σ)2]β1
. (46)
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Based on the (46) and (31) we have

u4(x, t) =
a0
b0

+
a2
b0

 E

exp

(
2ε

(
x− α+2β1

b
λ−σ−β2ω

β2
b

λ−σ−1
t

))

−1

,

ψ4(x, t) =
a0
b0

+
a2
b0

 E

exp

(
2ε

(
x− α+2β1

b
λ−σ−β2ω

β2
b

λ−σ−1
t

))

−1

× exp

(
− b

λ− σ
x+ ωt+ θ

)
. (47)

Case III: θ = 3, n = 4, m = 2.
If we take θ = 3, n = 4 and m = 2 in Eq. (27), then we
obtain

u(ξ) =
a0 + a1F (ξ) + a2F

2(ξ) + a3F
3(ξ) + a4F

4(ξ)

b0 + b1F (ξ) + b2F 2(ξ)
=

Θ3(ξ)

Φ3(ξ)
, (48)

u′′(ξ) =
Θ ′′3 (ξ)Φ3(ξ)−Θ3(ξ)Φ

′
3(ξ)

Φ2
3(ξ)

− [Θ3(ξ)Φ
′
3(ξ)]

′Φ2
3(ξ)− 2Θ3(ξ)[Φ

′
3(ξ)]

2Φ3(ξ)

Φ4
3(ξ)

, (49)

where F ′ = εF + δF 3, ε 6= 0, δ 6= 0, a4 6= 0, and
b2 6= 0. When we use Eqs. (48) and (49) in Eq. (3),
we get a system of algebraic equations. Therefore, we
attain a system of equations from the coefficients of
polynomial of F . This system of equations is solved
for the above parameters with the following cases of
solutions:

Subset I:

ε = (bβ2 − λ+ σ)b2

√
−β1
Ω
, δ = 0, k =

b

λ− σ
, ω =

(a2b2 − a4b0)(αλ2 − 2αλσ + ασ2 + b2β1)− b22β1(λ− σ)2

(a2b2 − a4b0)(λ− σ)(bβ2 − λ+ σ)
,

Ω = 4β1β
2
2(b

2a2b2 − b2a4b0+λ2b22 − 2λσb22+σ
2b22)+4β2(a2b2 − a4b0)(λ− σ)(αbβ2 − αλβ2+ασβ2 − αλ+ασ − 2bβ1),

a0 =
b0(a2b2 − a4b0)

b22
, a3 =

a1a4b2
a2b2 − a4b0

, b1 =
a1b

2
2

a2b2 − a4b0
, . (50)

Based on the (50) and (31) we have

u5(x, t) =

b0(a2b2−a4b0)
b22

+ a1
[

E
e2ε(x−νt)

]− 1
2 + a2

[
E

e2ε(x−νt)

]−1
+ a1a4b2

a2b2−a4b0

[
E

e2ε(x−νt)

]− 3
2 + a4

[
E

e2ε(x−νt)

]−2
b0 +

a1b22
a2b2−a4b0

[
E

e2ε(x−νt)

]− 1
2 + b2

[
E

e2ε(x−νt)

]−1 ,

ψ5(x, t) =

b0(a2b2−a4b0)
b22

+ a1
[

E
e2ε(x−νt)

]− 1
2 + a2

[
E

e2ε(x−νt)

]−1
+ a1a4b2

a2b2−a4b0

[
E

e2ε(x−νt)

]−3
2 + a4

[
E

e2ε(x−νt)

]−2
b0 +

a1b22
a2b2−a4b0

[
E

e2ε(x−νt)

]− 1
2 + b2

[
E

e2ε(x−νt)

]−1
× exp

(
− b

λ− σ
x+ ωt+ θ

)
, (51)

where ν =
α+2β1

b
λ−σ−β2ω

β2
b

λ−σ−1
.

6. Description of the GGM

The following steps of the generalized (G’/G)-
expansion method [32] are considered as:

Step 1. Let us consider a general form of the nonlin-
ear partial differential equation
F(u, ux, ut, uxx, utt, . . .) = 0, (52)

where F is a function of u(x, t), ut(x, t), ux(x, t),
uxx(x, t), . . . including nonlinear terms, and the sub-
scripts denote the partial derivatives.

The travelling wave variable transformation is set, that
is, u(x, t) = u(ξ), ξ = x − νt, where ν is arbitrary con-
stant. Then Eq. (25) is converted into an ODE as follows:

Q(u, u′,−νu′, u′′, ν2u′′, . . .) = 0, (53)
where Q is a function of u, du

dξ ,
d2u
dξ2 , . . . with nonlinear

terms.

Step 2. Let us consider the solution of Eq. (53) as

u(ξ) = S(Φ(ξ)) =

m∑
k=0

AkΦ(ξ)k +

m∑
k=1

BkΦ(ξ)−k, (54)

where dk(0 ≤ k ≤ m) are constants to be determined,
such that dm 6= 0, em 6= 0 and Φ(ξ) = G′(ξ)/G(ξ) satis-
fies the following ordinary differential equation:

k1GG
′′ − k2GG′ − k3(G′)2 − k4G2 = 0. (55)
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We will consider the special solutions of Eq. (55):
Family 1: When k2 6= 0, f = k1 − k3 and

s = k22 + 4k4(k1 − k3) > 0, then

Φ(ξ) = k2
2f +

√
s

2f

C1 sinh

( √
s

2k1
ξ

)
+C2 cosh

( √
s

2k1
ξ

)
C1 cosh

( √
s

2k1
ξ

)
+C2 sinh

( √
s

2k1
ξ

) .

Family 2: When k2 6= 0, f = k1 − k3 and
s = k22 + 4k4(k1 − k3) < 0, then

Φ(ξ) = k2
2f +

√
−s
2f

−C1 sin

(√
−s

2k1
ξ

)
+C2 cos

(√
−s

2k1
ξ

)
C1 cos

(√
−s

2k1
ξ

)
+C2 sin

(√
−s

2k1
ξ

) .

Family 3: When k2 6= 0, f = k1 − k3 and s = k22 +
4k4(k1 − k3) = 0, then Φ(ξ) = k2

2f + C2

C1+C2ξ
.

Family 4: When k2 = 0, f = k1−k3 and g = fk4 > 0,
then

Φ(ξ) =
√
g

f

C1 sinh

(√
g

k1
ξ

)
+C2 cosh

(√
g

k1
ξ

)
C1 cosh

(√
g

k1
ξ

)
+C2 sinh

(√
g

k1
ξ

) .

Family 5: When k2 = 0, f = k1−k3 and g = fk4 < 0,
then

Φ(ξ) =
√
−g
f

−C1 sin

(√
−g
k1

ξ

)
+C2 cos

(√
−g
k1

ξ

)
C1 cos

(√
−g
k1

ξ

)
+C2 sin

(√
−g
k1

ξ

) .

Family 6: When k4 = 0 and f = k1 − k3, then

Φ(ξ) =
C1k

2
2 exp

(
−k2
k1

ξ

)
fk1+C1k1k2 exp

(
−k2
k1

ξ

) .

Family 7: When k2 6= 0 and f = k1 − k3 = 0, then

Φ(ξ) = −k4k2 + C1 exp
(
k2
k1
ξ
)
,

Family 8: When k1 = k3, k2 = 0 and f = k1−k3 = 0,
then Φ(ξ) = C1 +

k4
k1
ξ,

Family 9: When k3 = 2k1, k2 = 0 and k4 = 0, then
Φ(ξ) = − 1

C1+

(
k3
k1
−1
)
ξ
,

where d0, dj , ej(j = 1, ...,m), k1, k2, k3, and k4 are con-
stants to be determined later. Although, the positive
integer m can be determined by considering the homoge-
neous balance between the highest order derivatives and
nonlinear terms appearing in Eq. (55). If m is not an
integer, then a transformation formula should be used to
overcome this difficulty.

Step 3. Substituting (54) into Eq. (53) with the value
of m obtained in Step 2, collecting the coefficients of
Φ(ξ)k, Φ(ξ)−k (k = 0, 1, 2, . . .), and then setting each
coefficient to zero, we can get a set of over-determined
equations for A0, Ak, Bk (k = 1, . . . ,m), k1, k2, k3, k4
with the aid of symbolic computation using Maple 13.

Step 4. We solve the algebraic equations in Step 3.
We then substituting A0, A1, B1, . . . , Am, Bm, ν in (54).

6.1. Application of GGM

By processing the generalized G′/G-expansion method
to Eq. (1) and by balancing the terms u′′ and u3 by using
homogeneous principle, we get to

m+ 2 = 3m =⇒ m = 1 (56)
The closed form solution is

u(ξ) = d0 + d1Φ(ξ) + e1Φ(ξ). (57)
Solving the nonlinear algebraic equations, we have the
following sets of coefficients for the solutions of (57) as
given below:

Subset I. We have the following

k =
b

λ− σ
, ω =

k21(bβ2 − λ+ σ)(α(λ− σ)2 + b2β1) + β2k
2
2(λ− σ)2(αλ− ασ + 2bβ1)

(λ− σ)[k21(bβ2 − λ+ σ)2 + β2
2k

2
2(λ− σ)2]

, B1 = 0, k3 = k1, (58)

k4 =
β1k

2
1(bβ2 − λ+ σ)2 +A0β2k

2
2(λ− σ)(αbβ2 − αλβ2 + ασβ2 − αλ+ ασ − 2bβ1) + β1β

2
2k

2
2(b

2A0 + λ2 − 2λσ + σ2)

[(λ− σ)(αbβ2 − αλβ2 + ασβ2 − 2bβ1)− α(λ− σ)2 + b2β1β2]A1β2k2
.

Based on the Family 7, the kink-singular exact solution can be written as

ψ1(x, t) =

A0 +A1

[
−k4
k2

+ C1 exp

(
k2
k1

(x−
α+ 2β1

b
λ−σ − β2ω

β2
b

λ−σ − 1
t)

)]−1 exp

(
− b

λ− σ
x+ ωt+ θ

)
. (59)

Based on the Family 8, the cupson exact solution can be written as

ψ2(x, t) =

A0 +A1

[
C1 +

k4
k1

(
x−

α+ 2β1
b

λ−σ − β2ω
β2

b
λ−σ − 1

t

)]−1 exp

(
− b

λ− σ
x+ ωt+ θ

)
. (60)

Subset II. We have the following

k =
b

λ− σ
, ω =

k21(bβ2 − λ+ σ)(α(λ− σ)2 + b2β1) + β2k
2
2(λ− σ)2(αλ− ασ + 2bβ1)

(λ− σ)[k21(bβ2 − λ+ σ)2 + β2
2k

2
2(λ− σ)2]

, A1 = 0,
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k3 =
β1β

2
2Ω1 − 2bβ1β2Ω2 + αβ2

2k2Ω3 − (λ− σ)2Ω4

Ω5B1β2k2
, k4 = 0,

Ω1 = b2A0k
2
2 + b2B1k1k2 + b2k21 + λ2k22 − 2λσk22 + σ2k22, Ω2 = (A0k

2
2 +B1k1k2 + k21)(λ− σ),

Ω3 = (A0k2 +B1k1)(λ− σ)(b− λ+ σ), Ω4 = αA0β2k
2
2 + αB1β2k1k2 − β1k21,

Ω5 = [αβ2(λ− σ)(b− λ+ σ) + bβ1(bβ2 − 2λ+ 2σ)− α(λ− σ)2]. (61)
Based on the Family 1, the exact hyperbolic solution can be written as

ψ3(x, t) = exp

(
− b

λ− σ
x+ ωt+ θ

)
(62)

×

A0+A1

 k2
2(k1 − k3)

+
k2

2(k1 − k3)

C1 sinh

(
k2
2k1

(x− α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t)

)
+C2 cosh

(
k2
2k1

(x− α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t)

)
C1 cosh

(
k2
2k1

(x− α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t)

)
+C2 sinh

(
k2
2k1

(x− α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t)

)

 .

Based on the Family 6, the exact kink-singular solution can be written as

ψ4(x, t) =

A0 +A1

 C1k
2
2 exp

(
−k2
k1

(x− α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t)

)
(k1 − k3)k1 + C1k1k2 exp

(
−k2
k1

(x− α+2β1
b

λ−σ−β2ω

β2
b

λ−σ−1
t)

)

 exp

(
− b

λ− σ
x+ ωt+ θ

)
. (63)

Subset III. We have the following

k =
b

λ− σ
, ω =

k21(bβ2 − λ+ σ)(α(λ− σ)2 + b2β1) + β2k
2
2(λ− σ)2(αλ− ασ + 2bβ1)

(λ− σ)[k21(bβ2 − λ+ σ)2 + β2
2k

2
2(λ− σ)2]

,

k3 = k1, k4 = 0, A0 = − k21(bβ2 − λ+ σ)2 + β2
2k

2
2(λ− σ)2

[bβ1(bβ2 − 2λ+ 2σ) + αβ2(λ− σ)(b− λ+ σ)− α(λ− σ)2]β2k22
. (64)

Based on the Family 7, the exact kink solution can be written as

ψ5(x, t) = exp

(
− b

λ− σ
x+ ωt+ θ

)

×

A0 +A1

C1 exp

(
k2
k1

(x−
α+ 2β1

b
λ−σ − β2ω

β2
b

λ−σ − 1
t)

)
+

B1

C1 exp

(
k2
k1
(x− α+2β1

b
λ−σ−β2ω

β2
b

λ−σ−1
t)

)

 . (65)

Subset IV. We have the following

ω =
A0(k

2β1 + α)−A3
0(−kλ+ kσ + b) + β1

(kβ2 − 1)A0
, k2 =

2A0(kβ2 − 1)k1
Ω1

,

k3 =
k1[4β2k4(k

2A0β1β2 − β1β2 − 2kA0β1 − kλA3
0β2+kσA

3
0β2+bA

3
0β2+αkA0β2 − αA0β2 − αA0)− β1k1(kβ2 − 1)2]

4β2k4[β1β2(k2A0 − 1)+A3
0β2(−kλ+kσ+b)+A0(αkβ2 − αβ2 − 2kβ1 − α)]

,

A1 = − (kβ2 − 1)β1k1Ω1

4β2k4[β1β2(k2A0 − 1) +A3
0β2(−kλ+ kσ + b) +A0(αkβ2 − αβ2 − 2kβ1 − α)]

, B1 =
k4Ω1

(kβ2 − 1)k1
,

Ω1 =

√
2αA0β2 − 2A0β2

2(−kλA2
0 + kσA2

0 + bA2
0 + αk − α)− 2β1β2(k2A0β2 − 2kA0 − β2)

A0(−kλ+ kσ + b)
. (66)

Based on the Family 1, the exact combined hyperbolic solution can be written as

ψ6(x, t) = exp

(
−kx+

A0(k
2β1 + α)−A3

0(−kλ+ kσ + b) + β1
(kβ2 − 1)A0

t+ θ

)
×
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×

A0 +A1

 k2
2(k1 − k3)

+

√
s

2(k1 − k3)

C1 sinh
( √

s
2k1

(x− α+2β1k−β2ω
β2k−1 t)

)
+ C2 cosh

( √
s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)

C1 cosh
( √

s
2k1

(x− α+2β1k−β2ω
β2k−1 t)

)
+ C2 sinh

( √
s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)
 (67)

+
k4Ω1

(kβ2 − 1)k1

 k2
2(k1 − k3)

+

√
s

2(k1 − k3)

C1 sinh
( √

s
2k1

(x− α+2β1k−β2ω
β2k−1 t)

)
+ C2 cosh

( √
s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)

C1 cosh
( √

s
2k1

(x− α+2β1k−β2ω
β2k−1 t)

)
+ C2 sinh

( √
s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)
−1

 ,

when

s =
(k2β2

2 − 2kβ2 + 1)k21(−2kλA3
0 + 2kσA3

0 + 2bA3
0 + β1)

β2[A3
0β2(−kλ+ kσ + b) +A0(k2β1β2 + αkβ2 − αβ2 − 2kβ1 − α)− β1β2]

> 0.

Based on the Family 2, the exact solution can be written as

ψ7(x, t) = exp

(
−kx+

A0(k
2β1 + α)−A3

0(−kλ+ kσ + b) + β1
(kβ2 − 1)A0

t+ θ

)

×

A0 +A1

 k2
2(k1 − k3)

+

√
−s

2(k1 − k3)

−C1 sin
(√
−s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)
+ C2 cos

(√
−s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)

C1 cos
(√
−s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)
+ C2 sin

(√
−s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)
 (68)

+
k4Ω1

(kβ2 − 1)k1

 k2
2(k1 − k3)

+

√
−s

2(k1 − k3)

−C1 sin
(√
−s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)
+ C2 cos

(√
−s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)

C1 cos
(√
−s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)
+ C2 sin

(√
−s

2k1
(x− α+2β1k−β2ω

β2k−1 t)
)
−1

 ,

when

s =
(k2β2

2 − 2kβ2 + 1)k21(−2kλA3
0 + 2kσA3

0 + 2bA3
0 + β1)

β2[A3
0β2(−kλ+ kσ + b) +A0(k2β1β2 + αkβ2 − αβ2 − 2kβ1 − α)− β1β2]

< 0.

Based on the Family 3, the exact combined periodic solution can be written as

ψ8(x, t) = exp

(
−kx+

A0(k
2β1 + α)−A3

0(−kλ+ kσ + b) + β1
(kβ2 − 1)A0

t+ θ

)

×

A0 +A1

[
k2
2f

+
C2

C1 + C2(x− α+2β1k−β2ω
β2k−1 t)

]
+

k4Ω1

(kβ2 − 1)k1

[
k2
2f

+
C2

C1 + C2(x− α+2β1k−β2ω
β2k−1 t)

]−1 , (69)

when β1 = 2A3
0(kλ− kσ − b).

7. Conclusion

In this paper, a FLE is studied in birefringent opti-
cal fibers with the aid of improved tan(φ(ξ)/2)-expansion
method, improved Bernoulli sub-ODE method and gen-
eralized (G′/G)-expansion method using three different
trial equations, to retrieve bright, dark, singular, and
combo soliton solutions. The existence of these solitons
are guaranteed by the constraint conditions on the pa-
rameters. The results of this paper are very useful for
telecommunication industry in general and in fiber optics
in particular. Moreover, in near future, the application
of this integration tool will be used to solve other mod-
els that include optical couplers, FLE applied to DWDM
systems, metasurfaces, and metamaterials.
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