Vol. 136 (2019)

ACTA PHYSICA POLONICA A No. 1

Novel Dark, Singular and Combo Optical Solitons
for Fokas—Lenells Equation

M. LAKESTANI AND J. MANAFIAN*
Department of Applied Mathematics, Faculty of Mathematical Science, University of Tabriz, Tabriz, Iran

(Received February 22, 2019; in final form April 29, 2019)

This paper retrieves new combo, dark and singular optical soliton solutions along with singular periodic, com-
bined hyperbolic and rational solutions to the Fokas—Lenells equation in birefringent fibres by integration tools such
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1. Introduction

In nonlinear optics, the advent of optical waveguides
including optical fibres and crystals has engaged the re-
searchers all over the world. Therefore, this work is car-
ried out to study the dynamics of electromagnetic waves
in birefringent fibres in the presence of differential group
delay, an unavoidable feature due to the production ir-
regularities and other glitches in fibres. The equation de-
scribing this behavior roots from the Fokas—Lenells equa-
tion (FLE) that can be capitalized to study polarization-
preserving fiber. The reputation of FLE has gained
considerable hike since it is proposition in the previous
decade. The soliton solutions of such type of models have
comprehensively addressed in [1-28]. Some authors al-
ready have studied FLE in [2-4, 8, 12, 18, 19]. In the
current research, the improved tan(¢(¢)/2)-expansion
method and Bernoulli method are used to retrieve soli-
ton solutions, rational function-like solutions, hyperbolic
solutions, and periodic solutions for the FLE. This work
is organized as, in next section a brief introduction of the
proposed method is discussed. At the end some conclud-
ing remarks about the obtained results are given.

2. Analysis model

We consider the Fokas-Lenells equation (FLE) in pres-
ence of perturbation terms as

1 + Brtbus + Bothar + W12 (DY + i0¢,) =
i (athe + A([UPY)e + p([0]?)a?) (1)

where 9 (z,t) represents a complex field envelope, and z
and ¢ are spatial and temporal variables, respectively [1].
The first term represents the linear evolution of the
pulses in nonlinear optical fibres, while the coefficient
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b1 is the spatiotemporal dispersion (STD) and S, is
the group velocity dispersion (GVD). Then the fourth
term introduces the cubic nonlinear term, while the fifth
term accounts for dispersion. On the right hand side
of Eq. (1), the coefficient of « is the inter-modal dis-
persion (IMD), while A is the selfsteepening perturba-
tion term, and finally y is the nonlinear dispersion (ND)
coefficient.

To solve Eq. (1), the following hypothesis is considered:

d(,t) = u()e Y,

and
n=—kx+wt+0,

g:x—yt, (2)

Here, v is the velocity of the soliton, k is the frequency
while w is the soliton wave number, and 6 is the phase
constant to be determined. Employing Eq. (2) into
Eq. (1) we get the following pair of equations of real and
imaginary components, respectively as:

(B1 — Bav)u” — (ak + Bik* — Bokw)u

+(b— kX + ko)u® =0, (3)
and
(V+ a+ 281k — Bo(vk +w) + (3N +2u — o)u®)u’ = 0.
(4)
From (4), the velocity of the soliton is acquired as
a+ 2061k — Bow
e et L 5
e (5)
such that B3k # 1. The constraint condition has been
obtained as

3N+2u—0=0. (6)

3. Description of ITEM

In this section, we describe the ITEM [27] with the
following steps as:

Step 1. Let us consider a general form of the nonlin-
ear partial differential equation

(214)
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) =0, (7)
where F is a function of w(z,t), wui(x,t), ug(z,t),
Ugg (z, 1), ... including nonlinear terms, and the sub-
scripts denote the partial derivatives.

The travelling wave variable transformation is set,
that is, u(z,t) = u(§), & = x — vt, where v is arbi-
trary constant. Then Eq. (7) is converted into an ODE
as follows

]:(uu Ugy Uty Uz, Utty - -

) =0, ®)
du @

v gy dgzoc

Q(u, u/’ —Vu/, u//7 Z/QUH,
where @ is a function of u with nonlinear
terms.

Step 2. Let us consider the solution of Eq. (26) a

Ze tan” < ) Zf cotk< )) (9)

where ek(O <k< M), fr(1 S k < M) are constants to
be determined, such that epy; # 0, far # 0, and ¢ = $(§)
satisfies the following NLODE:

¢'(n) = asin(¢(n)) + beos(¢(n)) + c. (10)

Step 3. Determining M usually can be accomplished
by balancing the linear term(s) of highest order with the
highest-order nonlinear term(s) in Eq. (8). Moreover,
precisely, we define the degree of u(n) as D(u(n)) = M,
which gives rise to degree of another expression as
follows:

du
D (u? du ) = Mp+ s(M +q). (11)
dn4

Step 4. Inserting (9) into Eq. (8) with the value
of M obtained in Step 3, collecting the coefficients of
tan(¢/2)%, cot(¢/2)k (k = 0,1,2,..., M), and then set-
ting each coefficient to zero, we can get a set of over-
determined equations for eg, ey, fr (k=1,2,..., M) a, b,
and ¢ with the aid of symbolic computation using Maple.
We solve the algebraic equations, and then substitute e,
€1y v ems 1y, far, Ky win (9).

Consider the following special solutions of Eq. (10):

Family 1: When A =a?+b2 —c? <0and b—c #0,
then ¢(§) = 2arctan (b =Y _A tan (—V;Ag)) .

Family 2: When A = a? +b270 >0and b—c#0,
then ¢(§) = 2arctan (bfc + g/_Zc tanh (@a) .

Family 3: When a® +b%> —c¢? >0, b # 0 and ¢ = 0,

Set 1:

c
b= —c,

E=—
A—o’
a(a?By —1)(A —0)3 — cB2(2a2B1 + a) (A —

61:07

)2 — 2B\

then ¢(§) = 2arctan (% + @ tanh (@g)) .
Family 4: When a? + 5% —¢? < 0, ¢ # 0 and b = 0,
c2—a? 2_a2
then ¢(£) = 2arctan (—% + Yy (\/ - g)) .
Family 5: When a®?+6%>—c? >0,b—c# 0and a =0,
then ¢(¢) = 2arctan ( % tanh (@a) )
Family 6: When a = 0 and ¢ = 0, then ¢(¢) =
261 _2¢b
arctan (Z%EH’ e2be€~+1)
Family 7: When b =
Qeag ezn,gil)
ezaE+17 e2ag+1 :
Family 8: When a? 4+ 1 =

—9arctan (w)
2

Family 9: When ¢ = a,

—2arctan ( lafble —1 1
(a—b)ebé—1 )~

Family 10: When ¢ = —a,
e tb—a
2 arctan (eb@b a) .
Family 11: When b = —c,
—2 arctan (i) .
cers—1
Family 12: When b = 0 and a = ¢, then ¢({) =
_ cE+2
2 arctan (—cg ) .
Family 13: When ¢ = 0 and b = ¢, then ¢(§) =
2 arctan (cé)
Family 14: When a = 0 and b = —¢, then ¢(&§) =
— L
2arctan(cg), N
Family 15: When a = 0 and b = 0, then ¢(§) = ¢£+C.
Family 16: When b = ¢, then ¢() =
2 arctan (%) ,
where E: E+C.

0 and ¢ = 0, then ¢(§) =

arctan(
¢, then ¢(§) =

then ¢(¢) =

then (¢) =

then ¢(¢) =

4. Algorithm of the ITEM

By solving Eq. (1) by tan(¢(§)/2)-expansion method,
and by balancing the terms 1" and u> we obtain M = 1.
Then the following hypothesis is considered:

u(§) = eo + ey tan(p()/2) + frcot(¢(§)/2).  (12)
Putting (12) into Eq. (3) and comparing the terms, and
then solving a system of nonlinear algebraic equations
the following new results can be yielded as:

o) — 3615,

(A= o)[(ap3 + 1)(A -

£ = [a?B2(aBaeq + aeg — B1B2) — Bi](A —

0)2 4 2cB2(\ — o) + B3¢?) ’
0)% + [a?cBaeo(afa — 281) — 2¢f1 8] (A —

o) — B1B35c*(aPey + 1).

[
Bacala(Bz2 +1)(A = 0)? + c(afz — 281)(A — o)

~ 516 (13)
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By using family 2, the hyperbolic exact solution will 1—cexplafz+?® Z“c —paw,
be as x2g+1
2fic u2(§) = eo + fi P (16)
ui(§) =eo — Y , (14) aexpl|al|x+ Ciwt
a o= )\,1,, —Baw ﬁQ +1
1 + tanh 5( xr + @t)
¢2(%t) =
2 385 —Paw
bz t) = 4 eq — f1Ca72ﬁ1C7ﬂw 1—cexp (a (:U—l—ﬁﬂ;t))
a |1+ tanh %(Z‘—F%t) eo+ fi “28,c
per aexp <a ({E + ,\,,—Bzwt)>
22° 41
Xexp(i( ¢ x+wt+9>>. (15) ¢
) A—o ) ) xexp(i( x—i—wt—l—@)). (17)
By using family 11, the rational kink exact solution will A—o
be as
Set 2:
c
& N\ — 0_7 fl )
a(a?By — 1)(A —0)3 + ¢f2(2a%61 + a)(A — 0)? — B (A — o) + 3B152
(A —0)[(a?B3 + 1)(A — 0)? = 2¢B2(A — 0) + B3] 7
o 1 — a”pPa2(aPpaeg aeg — P1P2 — 0 a“cPpgepg(Po — 1) — 2CPO1P2 — 0 126 a~eq
61_[5 *Ba(afzeo + B1B2)](A = 0)? + [a*cPaeg(afa — 281) — 2¢B152](A — o) + B155¢ (a”eq + 1) (18)
Bacal—a(B2 + 1)(A — 0)% + c(afs — 261) (A — o) + 1526 '
By using family 16, the rational exponential exact solution will be as
23 c_ w
exp (a (m—i— Wt>> —c
uz(§) =eo +e1 — :
a
281c_g
exp(a(x—i—Wt))—c .
P3(x,t) =< eg +eq afo exp (i (—)\_Ux—l—wt—FG)) . (19)
Set 3:
- eo(b+c)P
VPB1BE’

E =kB1Ba(b+c)((0* — *)eg — 1)(A— ) + (b4 ¢)[eo(b? — ¢*)(a\Ba — ao P + bB1Ba — 20B1 + 2051)

—Boed (A — 0)? (b = ) — B1(bB2 — 2\ + 20))],
1

k= e e =) (201 Bl — DA = o) = ot = )~ 261) + V)

2 = Bed(A — 0)?(b? — c®)? — 2Boep(b* — ¢*)*(a\By — ao B + 2bB1 fa — 2\B1 + 2031)
+461 23 (b? — ) (BB — A+ o) + e2(b? — 3)2(®B2 + 4a b1 52 + 4537)
—4B1eo(b? — ) (—b*B1B5 + 2B1B3 + afs + Bi),

_ Baeo(b? = *)(2kB1 + @) — kB> + By 1 B1 2P
- (b2 — c)B3eq T 2 eoBa(kh — ko — )V PRBE fr= m’
=2B5e2(b+¢)(b—c)*[(aBa(~A+ b+ 0) —2b81) (A — o) — a(X — ) + b2 B152]

—2B1e0(b — )b + (1 + 0% — A (A — 0)? — 2bB2(\ — 7). (20)
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By utilizing family 1, the periodic exact solution is

u4<«s>=eo+el( a Mm<m

_a+20k - faw

b—c b-c 2 Ch
o« V=B (V=24
+ﬁ[b—c_b—cum< ;@ Bok — 1

a+ 261k — Bwt)
Pak —1

)| - (21)

1

Yalx,t) = {eo+e1 {bic -~ \b/ftan <\/;7A(x—

x7@+251k*52w

Lf a V-4 tam \/fA(
o—¢ b-c 2 Bok — 1
By using family 2, the dark soliton exact solution is

a VA <¢A

us(€) =eg+e1 i + ——tanh | — (=

b—c

+h b—c+b—c anh { == (x

2 Bok — 1

e V4, h<¢A

+

b—c b-—c 5 -

Ys(x,t) = {€o+61 5

VA tanh (\/Z

et 2 T T gk —1

a va tanh <\/Z(

5. The improved Bernoulli sub-ODE method

In this section, the IBSOM is utilized to discover trav-
elling wave solutions of nonlinear PDEs [30, 31]. We
consider the following steps:

Step 1. Let us consider a general form of the nonlin-
ear partial differential equation
) =0, (25)
where F is a function of w(z,t), wi(x,t), ug(z,t),
Uge (2, 1), ... including nonlinear terms, and the sub-
scripts denote the partial derivatives.

The travelling wave variable transformation is set, that
is, u(z,t) = w(), & = = — vt, where v is arbitrary
constant. Then Eq. (25) is converted into an ODE as
follows

f(uu Ugy Uty Uz, Utty - -

Qu,u, —vu ,u" v, . ..) =0, (26)
. . 2 . .
where @ is a function of wu, ‘;—Z, 3—5;, ... with nonlinear

terms.
Step 2. Let us consider the solution of Eq. (26) as

_ ZZ:O aka(f) _

MO = bR )
a0+a1F(£)+a2F2(€)++a’nFn(€) (27)
bo + b1 F(€) + b2 F2(&) + ... + b F™(€)

and according to the Bernoulli theory,
F'(§) =cF () +0F°(€), #0, 6#0,
9 cR—{0,1,2}, (28)

B a+ 2061k — Bow

o+ 2[‘31]{3 — 52&]

o+ 251k - ﬂgwt))]
Bok — 1

t))}_4}<9<km+wt+®. (22)

_a + 261k — ﬂzwt)
2 Bok — 1

) .

a+ 201k — ﬁzwt)
Bok — 1

-1
t))] }ei(kib+wt+9). (24)

(

where F(£) is the Bernoulli differential polynomial.
Putting the above relations in Eq. (26), we have an equa-
tion of polynomial ¥(F(€)) of F(§):

V(F(&)) = psF°(§) + ..., F(§) + po = 0. (29)
According to the homogeneous balance method, we can
obtain the relationship between n,m, and 6.

Step 3. Let all the coefficients of ¥(F(§)) be zero.
Then it yields an equation system as follows:

pr=0, k=01,...,s. (30)
Solving this system, we will determine the values of
ag,...,a, and bg, ..., bny.

Step 4. By solving nonlinear Bernoulli differential
Eq. (28), we obtain two cases according to € and ¢ situ-
ations as follows:

-5 E 110
(&) = [€+eg(9_1)g} ;

£ 40, (31)

F(é) = )2 ,

1 — tanh (5(159)5

E—-1+(E+1)tanh (5(1_9)5) =

e=9, FEeR, (32)
where E is the non-zero constant of integration. Using a
complete discrimination system for polynomial of F(§),
we solve Eq. (30) with the help of Maple 13 and classify
the exact solutions for Eq. (26).
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5.1. Application of IBSOM

Considering Egs. (27) and (28) for the homogeneous
balance method between u® and u” in Eq. (3), we obtain
the following relationship for m,n, and 6:

0+m=n+1. (33)
For different values of 8, m, and n, we have the following
cases:

Case: 0=n=3,m=1.

If we take @ = n = 3 and m = 1 in Eq. (27), then we
obtain
ag + a1 F(§) + aaF?(€) + azF?(€)

ue = bo T biF(E) “ae Y

Subset I:
6=0, k=

01(£) 1(£) — 61(£) D1(€)

W) = e 7 (33)
i) - ORI ~ 61O 2(©)
)
_OOHOIEO 20O HOP RO o0
© |

where F/ = eF +6F3, e #0,6 #0, az # 0, and by # 0.
When we use Egs. (34) and (36) in Eq. (3), we get a
system of algebraic equations. Therefore, we attain a
system of equations from the coefficients of polynomial
of F'. This system of equations is solved for the above
parameters with the following cases of solutions:

b " €2B2(\ — 0)?(aX — ao + 2bB1) + (bB2 — A + 0)(aA? — 2a\g + ac? + b2 )

A—o’
(265N —0)? + (b2 — A+ 0)?]bo 51

(A=) (87 + DA = 0) = 2bB2(A — 0) + b*[3] ’

apg = —

(026182 + (A — o) (abfy — aXfBs + aofs — aX + ao — 2bP1)]€2 By’
62(1217062(/\ — O')(O[ﬂQ(b — )\+J) — 2bﬂ1)+62ﬂ1ﬂ§(l)2a2b0 - b%()\ — 0)2) — a€2a2b0ﬂ2<>\ — 0')2 — b%ﬂl (bﬂg — )\+O')2 '

as = O, (37)

a; =

Based on the (37) and (31) we have

[@(A242X0 — 02)+ (A — o) (abfs — aABat+ao By — 2bB1)+b2 51 52)b1€2 5o

1
-1 -1
E E
ap + ay [ a+2B1k—Byw +az at2B1k—faw
exp QE(I*%t exp(2¢e(z— g2t
uy(x,t) = ( Pt )) ( (_7 2kl )) )
2
bo + b £
0+ 01 [exp(%(m_wt))
-1 -1
B E
ap +ay ( < T >> + az ( ( at28; 2o —fyw ))
exp| 2e|z———FF—t exp| 2e|x———F—t
B2 x5 1 B2 x5 1
w1<$,t) =

E

1
2

bo+ b
0+ 01 a+251>\%*52w
exp | 2e mfﬁt
23=5 —

xexp(— b J:—|—wt—|—9>. (38)
A—oO
Subset II:
b

6=0, k=1,

BN —0)*(aX — a0 + 2bB31) + (bB2 — A+ 0)(aN? — 2aho + ao® + b2 f)
Y (A — 0)[(2BZ + 1)(A — 0)2 — 2bB2(X — 0) + b23] 7
o [€283(A — 0) + (b2 — A + 0)?]bo By 0 =0 as =0

0 (028182 + (A — o) (abBs — aABs + ao By — aX + ao — 2bB1)]e2B," 0

_ (A —0)(abBs — aABz + acBy — 2bB1) — a(X — 0)* + b2 B1 5,
" i# BPBO—0) + (b — A+ o) | (39)
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Based on the (39) and (31) we have

—1
ap + as [ 0525 k—Bow :|
exp(2e(x— L2220
’U,Q(a?,t) _ p( 6( Bok—1 )) —,
2
E
bo +h |:exp (25 (m—L*ZBilkk:lﬂZi’ t)):|
1
ag + az { alfw k—Byw
exp(2e(z— LRt b
1/)2(.T,t): P( 5( Bak—1 )) — exp (—/\_Ux+wt+0>. (40)
E
bO + bl |:exp (25 (z_ a+2ﬁ{:721kk_—162wt))
Subset III:
S—0. & b b3B1betas — a(\ — )3 + 42 Ba(\ — 0)2(aX — ao + 2bB1) + b(\ — o) (a\B2 — ac Py — bﬂl)
= = — w =
b 0= o) AR — 02 + (b5 — X + o)
b — asbg = — [46253()\ — 0')2 + (bﬁg - A+ U)Q]boﬁl
YT a0 YT ABiBe + (A= 0)(abBy — aNBz + ao By — ad + ao — 2b51)]2B,

[4€255(N — 0)% + (bB2 — A + 0)?]bo 51

_ 41
“ 4[62B1 82 + (A — o) (abBs — aABa + aoBa — aX + ao — 2bB3)]aze? By’ (41)
Based on the (41) and (31) we have
1 —1 3
ap +ax { fzﬁ k=5 } 2+a2{ fzﬁ =5 } +a3{ fwk B ] 2
exp(QE(J—Qﬂ;kfIWt)) exp(28(w—a/321k7712wt)) exp(2£( P dih St ih 211@ . 2“’75))
us (fﬂ, t) = 1 )
2
E
bo + bl |:Cxp(2€( B a+251:71/32wt)) :|
_% -1 %
O S B ey e —
P =) ] B =) B e =)
E
bo + bl |:EXP (25( _ a+2{51kk 162wt)) :|
xexp(— b x—l—wt—i—@). (42)
A—o
Case II: § =3, n =2, and m = 0.
obtain (103 ’
Ui — G0t OF©) +aFQ) _ 60 (g)  here F'=bF +dE? b 0.4 0, a3 £ 0, and by 0.
- bo BEAGK When we use Egs. (43) and (45) in Eq. (3), we get a
OL(6) b _ 0 &! system of algebraic equations. Therefore, we attain a
U'(€) = 2(8) 2(252 2(8) 2(5), (44)  system of equations from the coefficients of polynomial
2(6) , of F. This system of equations is solved for the above
U 05 (§) 22(£) — 62(§) P3(€) parameters with the following cases of solutions:
©= 7
Subset I:
1betas — a(A — 0)° +4e*Bo(A — o) (a\ — ao + 2b531) + —o)(alby — aoPy — bB4
S—0 k— b w_b36b A 3 2By(A 2(aX b b(A A8 Ba — bf

e (A= 0)A2BZ(A — o) + (bFz — A+ 0)7]

1a0®Ba[b? 1By + (A — o) (abBa — By + 0By — 26B1) — a(A = 0)%]

a1 =0, by=-— [4€2B33(N — 0)2 4 (bB2 — A+ 0)2] 1

(46)
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Based on the (46) and (31) we have
-1

ao , a2 E

by b 281 <L — ’
O 0 exp <2€ (:z: — a+ﬂ621:b”1'82wt)>

—1

ug(x,t) =

¢)4(I7t) =

ap a9 E

- _|_ -
bo bo 9 a+2p1 2o —52wt
exp ElT — W

( b
X exp Y

-0

Case III: =3, n=4, m = 2.
If we take § = 3, n =4 and m = 2 in Eq. (27), then we
obtain

:v—i—wt—i—e). (47)

Subset I:

M. Lakestani, J. Manafian

ap + a1 F(§) + aaF?(§) + a3 F?(§) 4+ aa F4(€)

u(®) = bo 1 b1 F(€) + b2 F2(€) -
63(&)
D5(&)’ (48)
O GLNGEENGLAG
B P3(8)
_[BOBE) RO 20, BOPBO
) ’

where F/ = eF + 0F3, ¢ # 0, § # 0, ay # 0, and
by # 0. When we use Eqgs. (48) and (49) in Eq. (3),
we get a system of algebraic equations. Therefore, we
attain a system of equations from the coefficients of
polynomial of F. This system of equations is solved
for the above parameters with the following cases of
solutions:

_ 2 _ 2 2 _ 12 _ 2
c= (s Aoy s=0, k=t = (Ghzmasb)laX m20do baot 3 7B ~bf(A ~o)

A—o’

(ang —a4b0)(/\—0)(b62 —/\—|-O') ’

2 = 4B, B2 (VP asby — b2 agbg+A2b3 — 2Xob3+02b2)+4 B2 (azby — asho)(\ — o) (abBy — a\fa+ac By — al+ao — 2bf1),

bo(asby — asb ajaqb a1 b2
g = 0(222 40), s = 1942 oy = 12 (50)
b2 0,2b2 — a4b0 a2b2 — a4bo
Based on the (50) and (31) we have
bo (asbz—asbo) E -1 E -1 b E -3 E -2
ua(e,®) e e B e e ) B e el b= e d B T s o)
5\L,t) = 1 )
b3 E -3 E -1
bo + azbzl—észo [625(1*"“] *+ b2 [m]
bo(azby—asb E_ 1% g 11 b E_ 1% A
. (m t) - o(az 2% asbo) + ay [625(17,,,,5)] 2 +ao [e2s(z—ut)} + a2‘212a—4azb0 [e2s(m—ut):| 2 tay [625(17110}
5 9 - b? E -1 E —1
bo + a2b31724b0 [925(1_”)] *+ ba [m}
b
X exp (— x+wt+9> , (51)
A—o
_a+281 5o —Bow
where v = T
6. Description of the GGM
Qu,u, —vu ,u", v*u",...) =0 (53)

The following steps of the generalized
expansion method [32] are considered as:

Step 1. Let us consider a general form of the nonlin-
ear partial differential equation

F(ty Uy, Uy Ugge, Uty - - .) = 0, (52)
where F' is a function of wu(z,t), wui(z,t), u.(z,t),
Ugz(2,t),... including nonlinear terms, and the sub-
scripts denote the partial derivatives.

The travelling wave variable transformation is set, that
is, u(z,t) = u(), & = © — vt, where v is arbitrary con-
stant. Then Eq. (25) is converted into an ODE as follows:

(G7/G)-

du d3%u
2

K
where @ is a function of wu, a0 . with nonlinear

terms.

Step 2. Let us consider the solution of Eq. (53) as

u(€) = S(P(€) =D Ar®()" + > Bed(&) 7", (54)
k=0 k=1

where di(0 < k < m) are constants to be determined,
such that d,, # 0, e,,, # 0 and (&) = G'(£)/G(&) satis-
fies the following ordinary differential equation:

kGG — ksyGG' — k3(G')? — ksG? = 0. (55)
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We will consider the special solutions of Eq. (55):

Family 1: When ky, # 0, f = ki — k3 and
s = k% + 4k4(k1 — k’g) > 0 then
NG
C' sinh & )+C2cosh| 57—
@(5):k2+\§ <2k ) (\[ )
(of} cosh(mC §>+Cz :amh(f )
Family 2: When ky # 0, f = ki — k3 and
s = k‘% + 4k4(k1 — kg) < 0, then

() (4
A A B E W

Family 3: When ko # 0, f =k — kg and s = k3 +
4k4(k1 kg) = 0 then @(f) + Cl+02§
Family 4: When k; =0, f = klfkg and g = fkq >0,

then
o(¢) = N sinh(‘,f—fﬁ)+02 Cosh(\gé)
T COSh(\lc/Tgi)+Cz sinh(%lgg).

Family 5: When k; =0, f = k1 —ks and g = fk4 <0,
then
\/jgg> +C> cos(ﬁ&)

L on(4
P T (T e ()

7

Family 6: When ky =0 and f = k; — k3, then
Cq kg exp ( —k]jz 5)
B() = -
fk1i+Cik1ks exp( 2 f)
Family 7: When k2 # 0 and f = k1 — k3 = 0, then

B(6) = -k + Crexp (2¢),

Subset I. We have the following

R (S St (e

0)? +0%p1) + Baki (X —

Family 8: When kl = k}3, k‘g =0 and f = k‘l —kig = 0,
then (&) = Cy + f2¢,

Family 9: When ks = 2kq, k3 = 0 and k4 = 0, then

() =——F——
Ci1+ (% —1> 13
where do, dj, Bj(j = 1, ...,m), kl, ]CQ, /{537 and k4 are con-
stants to be determined later. Although, the positive
integer m can be determined by considering the homoge-
neous balance between the highest order derivatives and
nonlinear terms appearing in Eq. (55). If m is not an
integer, then a transformation formula should be used to
overcome this difficulty.

Step 3. Substituting (54) into Eq. (53) with the value
of m obtained in Step 2, collecting the coefficients of
o)k, ®(&)7* (k = 0,1,2,...), and then setting each
coeflicient to zero, we can get a set of over-determined
equations for Ag, Ag, B (k= 1,...,m), k1, ka, ks, ks
with the aid of symbolic computation using Maple 13.

Step 4. We solve the algebraic equations in Step 3.
We then substituting Ag, A1, Bi,..., Am, Bm, v in (54).

6.1. Application of GGM
By processing the generalized G’ /G-expansion method

to Eq. (1) and by balancing the terms u” and u?® by using
homogeneous principle, we get to

m+2=3m=m=1 (56)
The closed form solution is
u(§) =do +di (&) + e1P(§). (57)

Solving the nonlinear algebraic equations, we have the
following sets of coefficients for the solutions of (57) as
given below:

o)?(a\ —ao + 2b51)

By =0, ks=k, (58)

A—o’

(A —0)[k2(bBa — A+ 0)2 + B2k2(\ — 0)2]
B1ki(bBs — N+ 0)? + AgfBak3 (A — o) (abBs — aXBa + ao By — aX + ao — 2bp31) + B1B3k3 (b2 Ag + N2 — 2Xo + 0?)

ky =

(A = 0)(abBz2 — aXB2 + aoBa — 2bP1) — a(X —

0)2 + b1 52) A1 B2k

Based on the Family 7, the kink-singular exact solution can be written as

P1(z,t) = € Ao+ Ar

ko a+ 251

2
—k—+C1€XP (kl( _

Vigte )] e (-

b x+wt+9). (59)
— 0

Based on the Family 8, the cupson exact solution can be written as

Po(x,t) = o+ 205

— Baw

[k
A0+A1 Cl+4<1’

Subset II. We have the following

)] e (-

- 0')2 + bZBl) + 62]{}%(/\ —

x+wt+0) . (60)
o

o)?(a\ — ao + 2bB3;)

b " k3 (bB2 — A+ o) (a(X

k:)\—a’

(A= 0)[k3(bB2 — A+ 0)% + B3k3 (N —

7)?] ’
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B1B36 — 2bpB1 o2 + afkalds — (A — )%y

fon —
? 25 By Bako ’

ky=0,

0 = b2 Aok + b2 Bikiks + b2k} + N?k3 — 2\0k3 + 0%k3, (2 = (Aok3 + Bikiks + k) (A — o),

Q3 = (Aoka + Bik ) (A — ) (b— A+ 0), 24 = aAofoki + aBifakiks — Brk?,

25 = [aBa(A— ) (b— A+ 0) +bB1(bf2 — 2\ + 20) — (X — 0)?]. (61)

Based on the Family 1, the exact hyperbolic solution can be written as

(1) = exp (—

b x—i—wt—i—@) (62)
-0

25— P2 152 —B2
Cj sinh (’“k( - W )) +C, cosh (72( _ Wﬂ)

k k B2 x=5 B2xts—1
A At Ao v ) a0 - ) +25A P %A :
1 — ~A3 1 — ~h3 k e 135 P2w ko [e 1x—%
Cl cosh (2]31<l’ W )) +02 sinh (k( — 62;\1,5_1t)>

Based on the Family 6, the exact kink-singular solution can be written as

Clk% exp (kljg

(:E _at2Bix

=
mwalto

exp (—
a+2 1L7 2w
%—m%+qm@m{ﬁwH*£§;fﬂ>

b
Ya(z,t) = ¢ Ao+ Ay Uﬂc—i—wt—i—&). (63)

Subset III. We have the following
b " E3(bBy — A+ o) (a(X — )2 + b2B1) + Bok3 (N — 0)?(aX — ao + 2bB3;)

k= A—o’ B (A —0)[k2(bBs — X+ )2 + B2k3(\ — 0)?] ’

k3(bB2 — A+ 0)? + B2k3(\ — 0)?

ks =k, ki=0, Ag=— 64
sk b 0= B (bB2 — 2 + 20) + aBa(h— 0)(b— A+ o) — alh — 0)?]Fak2 (64)
Based on the Family 7, the exact kink solution can be written as
Ys(z,t) = exp (— —z+wt+ 0)
k a+ 201555 — fow B
x ¢ Ao+ A1 |Crexp (;( 3 = 1 - )]+ 1+2ﬁ ) (65)
1 2>\ - Cy exp <k2( — ﬁ;:b”lt))

Subset IV. We have the following

_ A()(k‘2ﬂ1 + Ol) A3( kA + ko + b) + ﬁl 2A0(/€ﬂ2 — ].)kl

(kB2 — 1) Ao =
fe — k1 [4B2ka(k? AoB1 B2 — B1B2 — 2kAgB1 — kAASBo+ko A3 Bo+bAS otk AgPe — aAofa — aAg) — Biki(kBe — 1)?]
8 4Boka[B1 B2 (k2 Ag — 1)+ A3 Ba(—kA+ko+b)+Ag(akBs — afs — 2kB) — a)] ’
A = (kB2 — 1)B1k1 8 B — ka S

4B2]€4[ﬂ1ﬂ2(k’2140 — 1) + A /82( kA + ko + b) + Ao(akﬂg — Otﬁg — 2kﬂ1 — Ot)} ’ (kﬂg — 1)]{31’

Q - 2OZA()B2 — 2A()B2( k)\A(Q) + ]ﬂJA2 —+ bA2 + O[k — a) — 25152(/€2A()ﬁ2 — 2kA0 — ﬁz)
e Ag(—kX + ko +b)
Based on the Family 1, the exact combined hyperbolic solution can be written as
Ao(K*B1 + o) — A3(—kA + ko +b) + By )
r,t) =exp | —kx + t+0 | x
vutant) = (k62 — D Ao
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l _ a+281k— ﬁQu) _ a+281k— ﬂ2w
Aaga |k @ sinh (36 (¢~ SRT) + Cpeosh (30— HT0)) (67)
2(k1 — kg) 2(](}1 kg) C} cosh ( \f( _ Oé+2661kk 1/32wt ) + Cy sinh ( ( _ %#t))

-1
s a+2p1k—Baw s a+2B1k—Baw
4 Fafh Vs Clrsinh <%( — e t)) + Cpcosh (%(”3 - %t»
(2 = 1)k | 200 = o) = 2001 = o) €y cosh (3 (e — =252 ) 4 Cosinh (3 (v — =2252)) | [
when
. (k22 — 2kfBy + 1)k2(—2kNA3 + 2ko A3 + 20 A3 + 1) >0
BQ[A%BQ(*]C)\ -+ kO’ -+ b) + Ao(k25152 + OékﬂQ — Oéﬁg — 2]'{}61 — a) — ﬂlBQ] ’
Based on the Family 2, the exact solution can be written as
Aog(k?B1 + o) — AZ (kXA + ko +b) + By )
r,t) =exp | —kx + t+0
Yr(x,t) p( (DA
ks Vs —Cusin (Yo — =2 ) + Oy cos (Y (@ — S5k )
4 Aot 2(k —k)+2(l<; — k3) V=5 a+2B1k—B2w V=5 a+281k—Pow (68)
1 3 1 3) (1 cos ( T3 (x— 521k = t)) + Cysin ( o Sz — Wt))
-1
. —s a+281k— w a+281k—PBsw
i kafh ko LV —Cisin (‘é;(x - 7+5621k,1ﬁ2 )) + C cos (‘é]:(a; — %ﬂ)
(82 = D | 20 = k)~ 20k ko) 0 cos (2 (o — =25ER20) o+ Cysin (Y2 o — =25pen)) | [
when
o (k23 — 2kBy + 1)k2(—2kNAR + 2ko AR + 20A3 + 1) <0
ﬂg[A%Bg(*k)\ -+ ko -+ b) + Ao(k’25152 + OékﬁQ — O[/BQ — 2](561 — a) — ﬁlBQ] ’
Based on the Family 3, the exact combined periodic solution can be written as
Ao(k2B1 + ) — AJ(—k\ + ko +b) + B )
r,t) =exp | —kx + t+6
Ps(,t) p( 5 DAy
-1
Cy kath kQ Cy
X AO + A1 — — + _ ) (69)
TRCRCNE —eTZE Ry | T (kB — Dk |2f T Oy + Cyle — SRR
when 31 = 2A3 (kX — ko — b).
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