
Vol. 136 (2019) ACTA PHYSICA POLONICA A No. 1

Solitary Wave Solutions of Nonlinear Conformable
Time-Fractional Boussinesq Equations

O. Gunera,∗, A. Bekirb and K. Hosseinic
aCankiri Karatekin University, Department of International Trade, Cankiri, Turkey
bNeighbourhood of Akcaglan, Imarli Str. Number: 28/4, 26030, Eskisehir, Turkey
cIslamic Azad University, Department of Mathematics, Rasht Branch, Rasht, Iran

(Received September 22, 2018; revised version April 3, 2019; in final form May 14, 2019)

In this paper, the (G
′

G
)-expansion method based on conformable fractional derivative is proposed to solve time

fractional partial differential equations in mathematical physics. To illustrate the validity of this method, we solve
the Boussinesq equation, coupled time-fractional Boussinesq equations and a variety of exact solutions for them
are successfully established. With the help of Maple software, three-dimensional solution graphs are presented.
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1. Introduction

In recent years, fractional differential equations
(FDEs) which are the generalization of differential equa-
tions are successful models of real life problems and have
many applications in various fields in science. For ex-
ample, the use of FDEs is seen in the fields of physics,
engineering, systems identification, fluid flow, control
problem, fluid mechanics, mathematical biology, signal
processing, heat diffusion, polymers, controller tuning,
digital circuit synthesis, and viscoelastic materials [1–6].
Also some applications of nonlinear FDEs can be found
in economics and finances [7–9].

There are many methods for finding the approximate
solutions for nonlinear FDEs such as variation iteration
method, homotopy perturbation method, Adomian de-
composition method, differential transform method, and
homotopy analysis method [10–20]. However, an effec-
tive and general method for solving these types of equa-
tions cannot be found. In particular, the exact solu-
tion of FDEs was very limited until Li and He found
the fractional complex transformation. After this trans-
form, various analytical methods were proposed such as
the fractional sub-equation method, the functional vari-
able method, the (G′/G)-expansion method, the exp-
function method, the first integral method, the modi-
fied trial equation method, the modified simple equa-
tion method, the ansatz method, the exponential rational
function method, the (G′/G − 1/G)-expansion method,
and the modified Kudryashov method [21–34].

The Boussinesq-type equations are very commonly
used in nonlinear fractional temporal evolution formu-
lated for describing the dynamics of water with small
amplitude and long wave. In coastal areas, Boussinesq-
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type equations are also the most important equations
in the prediction of wave transformations. In coastal
and ocean engineering this equation is widely used.
Also, the tsunami wave modeling and mathematical
modeling of tidal oscillations show some of the ap-
plications of fractional Boussinesq equation in ocean
engineering [35–40].

Many studies were done on FDEs with differ-
ent derivatives such as Weyl and Chen, Cresson,
Grunwald–Letnikov, Riemann–Liouville, Caputo, mod-
ified Riemann–Liouville derivatives [41–44]. However,
new derivatives should be proposed in order to deal bet-
ter with the real world problems. Recently, the con-
formable fractional derivative was proposed by Khalil et
al. [45], which can rectify the shortcomings of the previ-
ous definitions. Herein, definition and some properties of
the conformable fractional derivative are presented [46–
48]. One can see many useful studies related to this new
fractional derivative definition in [49–52]. In Ref. [53],
physical and geometrical interpretations of this new
derivative which thus indicate potential applications in
physics and engineering are given. Also, principles for
the definition of local fractional definition have been
discussed [54–56]:

Tα(f(t)) = lim
ξ→0

f(t+ ξt1−α)− f(t)
ξ

, (1)

in which f : [0,∞) → R, t > 0 and 0 < α < 1. Some
properties:

Property 1:
Tα(C1f(t) + C2g(t)) = C1Tα (f(t)) + C2Tα (g(t)) ,

(2)
Property 2:
Tα(t

µ) = µtµ−α, (3)
where ∀C1, C2, µ ∈ R.

Property 3:
Tα(f(t)g(t)) = g(t)Tα (f(t)) + f(t)Tα (g(t)) , (4)
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Property 4:

Tα

(
f(t)

g(t)

)
=
g(t)Tα (f(t))− f(t)Tα (g(t))

g(t)2
, (5)

Property 5:
Tα(C) = 0, (6)

where C is constant.
The organization of this paper is as follows. In Sect. 2,

we give theoretical background and preliminaries. In
Sects. 3 and 4, we implement this method to establish
exact solution for conformable time-fractional Boussi-
nesq equation and coupled conformable time-fractional
Boussinesq equations. Finally, in Sect. 5 a brief conclu-
sion is provided.

2. Theoretical background and preliminaries

We consider the following general conformable time
fractional partial differential equation of the type

Q(u,Dα
t u, ux, D

2α
t u, uxx, . . .) = 0, 0 < α < 1, (7)

where u is an unknown function, Q is a polynomial of u,
and Dα are partial fractional derivatives of u.

We use the transformation
u(x, t) = f(θ),

θ = x− mtα

α
, (8)

where m is nonzero arbitrary constant. The transforma-
tion given in Eq. (8) is called as the fractional complex
transform, proposed by a Chinese mathematician, Li [57].
Equation (7) can be turned into the following nonlinear
ODE:

H(f, f
′
, f ′′, f ′′′, . . .) = 0. (9)

where the “f ′” = df
dθ .

We look for its solution f(θ) in the polynomial form

f(θ) =

z∑
i=0

ai

(
G′

G

)i
, az 6= 0, (10)

where ai are constants, while G(θ) is the solution of the
auxiliary linear second order ODE

G′′(θ) + λG′(θ) + µG(θ) = 0, (11)
with λ and µ are being constants. z is a positive inte-
ger which is determined by the homogeneous balancing
method in Eq. (9). Substituting Eq. (10) into Eq. (9)
with the help of Maple, we determine ai and m. When
we substitute ai (i = 0, 1, 2, . . . , z), m, and the solutions
of Eq. (11) into Eq. (9), we can derive traveling wave
solutions of Eq. (7) [58, 59].

3. Conformable time-fractional
Boussinesq equation

We consider the following nonlinear conformable
time-fractional Boussinesq Eq. [60]:

D2α
t u− uxx + (u2)xx − uxxxx = 0, 0 < α ≤ 1, (12)

which describes the surface water waves whose horizontal
scale is much larger than the depth of the water. Equa-
tion (12) may be used to describe the spread of wave in
magnetic field. It is also an important nonlinear model
arising in physics, hydromechanics, and optics. It can
also be used to describe a series of physical aspects about
the spread of wave in plasma and nonlinear wave [61–65].

By applying the traveling wave transformation (8) to
this equation and integrating it twice, and then setting
the constants of integration equal to zero, it can be
turned into a nonlinear ODE

f
′′
+ (m2 − 1)f − f2 = 0, (13)

where “f ′” = df
dθ .

Balancing the highest derivative term f ′′ with the
nonlinear term f2 in Eq. (13) yields z = 2. Hence, we
can write the solution of Eq. (13) in the form

f(θ) = a0 + a1

(
G′

G

)
+ a1

(
G′

G

)2

, a2 6= 0. (14)

Substituting Eq. (14) with Eq. (11) along with its nec-
essary derivatives into Eq. (13), collecting all terms with
the same powers of (G

′

G ), and setting them to zero we
get the system of algebraic equations, and solving it by
Maple gives

Part A
a0 = 6µ, a1 = 6λ, a2 = 6,

m = ∓
√
1 + 4µ− λ2, (15)

where λ and µ are arbitrary constants.
By using Eq. (15), expression (14) can be written as

f(θ) = 6µ+ 6λ

(
G′

G

)
+ 6

(
G′

G

)2

. (16)

From (16) and the general solutions of Eq. (11), we
deduce the following traveling wave solutions:

When λ2 − 4µ > 0,

f1,2(θ) =
3
(
4µ− λ2

)
2

(17)

×

1−(C1 sinh
1
2

√
λ2−4µθ+C2 cosh

1
2

√
λ2−4µθ

C1 cosh
1
2

√
λ2−4µθ+C2 sinh

1
2

√
λ2−4µθ

)2
 ,

where θ = x∓
√

1+4µ−λ2tα

α .

When λ2 − 4µ < 0,

f3,4(θ) =
3
(
4µ− λ2

)
2

(18)

×

1+(−C1 sin
1
2

√
4µ−λ2θ+C2 cos

1
2

√
4µ−λ2θ

C1 cos
1
2

√
4µ−λ2θ+C2 sin

1
2

√
4µ−λ2θ

)2
 ,

where θ = x∓
√

1+4µ−λ2tα

α .

When λ2 − 4µ = 0,

u1,2(x, t) = 6

(
C1

C2 + C1

(
x∓ tα

α

))2

. (19)
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In particular, if C1 6= 0, C2 = 0, λ > 0, µ = 0, then f1,2
and f3,4 become

u3,4(x, t) = −
3λ2

2
sech2

(
λx

2
∓ λ
√
1− λ2tα

2α

)
. (20)

Part B
a0 = λ2 + 2µ, a1 = 6λ, a2 = 6,

m = ∓
√
λ2 − 4µ+ 1, (21)

where λ and µ are arbitrary constants.
By using Eq. (21), expression (14) can be written as

f(θ) = λ2 + 2µ+ 6λ

(
G′

G

)
+ 6

(
G′

G

)2

. (22)

From (22) and the general solutions of Eq. (11), we
deduce the following traveling wave solutions:

When λ2 − 4µ > 0,

f5,6(θ) =
4µ− λ2

2
(23)

×

1−3(C1 sinh
1
2

√
λ2−4µθ+C2 cosh

1
2

√
λ2−4µθ

C1 cosh
1
2

√
λ2−4µθ+C2 sinh

1
2

√
λ2−4µθ

)2
 ,

where θ = x∓
√
λ2−4µ+1tα

α .

When λ2 − 4µ < 0,

f7,8(θ) =
4µ− λ2

2
(24)

×

1+3

(
−C1 sin

1
2

√
4µ−λ2θ+C2 cos

1
2

√
4µ−λ2θ

C1 cos
1
2

√
4µ−λ2θ+C2 sin

1
2

√
4µ−λ2θ

)2
 ,

where θ = x∓
√
λ2−4µ+1tα

α .

When λ2 − 4µ = 0, we get solution (3.8). When we
take C1 6= 0, C2 = 0, λ > 0, µ = 0, then f5,6 and f7,8
become

u1(x, t) =

λ2

2

[
−1 + 3 tanh2

(
λx

2
∓ λ
√
λ2 + 1tα

2α

)]
. (25)

4. Coupled conformable time-fractional
Boussinesq equations

Secondly, we consider the coupled conformable time-
fractional Boussinesq equations [66]:

Dα
t u− vx = 0,

Dα
t v + b(u2)x − auxxx = 0, (26)

where 0 < α ≤ 1 and this is used to model the two-way
propagation of certain water waves in a uniform hor-
izontal channel filled with an irrotational and inviscid
liquid.

Similarly, by introducing the traveling wave trans-
formation

u(x, t) = f(θ), θ = x− mtα

α
,

v(x, t) = g(θ), θ = x− mtα

α
, (27)

Equation (26) changes into a system of ODE as
−mf ′ − g′ = 0,

−mg′ + b(f2)′ − af ′′′ = 0, (28)
where “f ′” = df

dθ and “g′” = dg
dθ . Integrating (28) once

and taking the constants of integration equal to zero, we
get

g = −mf, (29)

−mg + bf2 − af ′′ = 0. (30)

Inserting (29) into (30), gives
m2f + bf2 − af ′′ = 0. (31)

Similarly, we can determine value of z by balancing f2
and f ′′ in Eq. (31) and we get z = 2. We can suppose
that the solution of Eq. (31) is of the form

f(θ) = a0 + a1

(
G′

G

)
+ a2

(
G′

G

)2

, a2 6= 0. (32)

With similar approach as in the previous example we
get

Part A

a0 =
6aµ

b
, a1 =

6aλ

b
, a2 =

6a

b
,

m = ∓
√
a (λ2 − 4µ), (33)

Part B

a0 =
a
(
λ2 + 2µ

)
b

, a1 =
6aλ

b
, a2 =

6a

b
,

m = ∓
√
a (4µ− λ2), (34)

where λ and µ are arbitrary constants. By using
Eq. (33), expression (32) can be written as

f(θ) =
6aµ

b
+

6aλ

b

(
G′

G

)
+

6a

b

(
G′

G

)2

. (35)

Using the general solutions of Eq. (11), we obtain trav-
elling wave solutions of Eqs. (26) as follows:

Part A
When λ2 − 4µ > 0,

f1,2(θ) =
3a
(
4µ− λ2

)
2b

×

1−(C1 sinh
1
2

√
λ2−4µθ+C2 cosh

1
2

√
λ2−4µθ

C1 cosh
1
2

√
λ2−4µθ+C2 sinh

1
2

√
λ2−4µθ

)2
 ,
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g1,2(θ) = −
3ma

(
4µ− λ2

)
2b

×

1−(C1 sinh
1
2

√
λ2−4µθ+C2 cosh

1
2

√
λ2−4µθ

C1 cosh
1
2

√
λ2−4µθ+C2 sinh

1
2

√
λ2−4µθ

)2
 ,
(36)

where θ = x∓
√
a(λ2−4µ)tα

α .

When λ2 − 4µ < 0,

f3,4(θ) =
3a
(
4µ− λ2

)
2b

×

1+(−C1 sin
1
2

√
4µ−λ2θ+C2 cos

1
2

√
4µ−λ2θ

C1 cos
1
2

√
4µ−λ2θ+C2 sin

1
2

√
4µ−λ2θ

)2
 ,

g3,4(θ) = −
3ma

(
4µ− λ2

)
2b

×

1+(C1 sinh
1
2

√
λ2−4µθ+C2 cosh

1
2

√
λ2−4µθ

C1 cosh
1
2

√
λ2−4µθ+C2 sinh

1
2

√
λ2−4µθ

)2
 ,
(37)

where θ = x∓
√
a(λ2−4µ)tα

α .

In particular, if C1 6= 0, C2 = 0, λ > 0, µ = 0, then
f1,2, g1,2 and f3,4, g3,4 become

u1,2(x, t) = −
3aλ2

2b
sech2

(
λx

2
∓ λ2

√
atα

2α

)
.

v1,2(x, t) =
3maλ2

2b
sech2

(
λx

2
∓ λ2

√
atα

2α

)
. (38)

Part B

By using Eq. (34), expression (32) can be written as

f(θ) =
a
(
λ2 + 2µ

)
b

+
6aλ

b

(
G′

G

)
+

6a

b

(
G′

G

)2

. (39)

Using the general solutions of Eq. (11), we obtain trav-
elling wave solutions of Eqs. (26) as follows:

When λ2 − 4µ > 0,

f1,2(θ) =
a
(
4µ− λ2

)
2b

(40)

×

1−3(C1 sinh
1
2

√
λ2−4µθ+C2 cosh

1
2

√
λ2−4µθ

C1 cosh
1
2

√
λ2−4µθ+C2 sinh

1
2

√
λ2−4µθ

)2
 ,

g1,2(θ) = −
ma
(
4µ− λ2

)
2b

(41)

×

1−3(C1 sinh
1
2

√
λ2−4µθ+C2 cosh

1
2

√
λ2−4µθ

C1 cosh
1
2

√
λ2−4µθ+C2 sinh

1
2

√
λ2−4µθ

)2
 ,

where θ = x∓
√
a(4µ−λ2)tα

α .

When λ2 − 4µ < 0,

f3,4(θ) =
a
(
4µ− λ2

)
2b

(42)

×

1+3

(
−C1 sin

1
2

√
4µ−λ2θ+C2 cos

1
2

√
4µ−λ2θ

C1 cos
1
2

√
4µ−λ2θ+C2 sin

1
2

√
4µ−λ2θ

)2
 ,

g3,4(θ) = −
ma
(
4µ− λ2

)
2b

(43)

×

1+3

(
C1 sinh

1
2

√
λ2−4µθ+C2 cosh

1
2

√
λ2−4µθ

C1 cosh
1
2

√
λ2−4µθ+C2 sinh

1
2

√
λ2−4µθ

)2
 ,

where θ = x∓
√
a(4µ−λ2)tα

α .
In particular, if C1 6= 0, C2 = 0, λ > 0, µ = 0, then

f1,2, g1,2 and f3,4, g3,4 become

u1,2(x, t) =
aλ2

2b

[
−1 + 3 tanh2

(
λx

2
∓ λ2

√
−atα

2α

)]
,

v1,2(x, t) = −
maλ2

2b

[
−1 + 3 tanh2

(
λx

2
∓ λ2

√
−atα

2α

)]
(44)

5. Results and discussion

Exact solutions of Eqs. (19) and (20) have been used
to draw the graphs as shown in Figs. 1 and 2 for clas-
sical and fractional order values of α, within the inter-
val −100 < x < 100 and 0 < t < 1. Obtained exact
solution (25) is described in Fig. 3, within the interval
−10 < x < 10 and 0 < t < 1. We plot the solutions
of Eq. (38) for u1,2(x, t) in Fig. 4 within the interval
−100 < x < 100 and 0 < t < 10. Finally, in Fig. 5, we
plot three dimensional graphics of u1,2(x, t) in Eq. (44)
within the interval −100 < x < 100 and 0 < t < 10. The
obtained solutions in (19), (20), (25), (38), and (44) have
not been reported in the literature before. These solu-
tions, namely, rational, bright, and dark soliton solutions
would be important for the explanation of some practical
physical phenomena.

Fig. 1. Profiles of solution (19) with α = 0.5 (a) and
α = 1 (b), respectively, when C1 = 1, C2 = 1.
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Fig. 2. Profiles of solution (20) with α = 0.5 (a) and
α = 1 (b), respectively, when λ = 0.5.

Fig. 3. Profiles of solution (25) with α = 0.5 (a) and
α = 1 (b), respectively, when λ = 2.

Fig. 4. Profiles of solution (38) for u1,2(x, t) with α =
0.5 (a) and α = 1 (b) respectively, when a = 4, b = 1,
λ = 2.

Fig. 5. Profiles of solution (44) for u1,2(x, t) with α =
0.5 (a) and α = 1 (b) respectively, when a = −4, b = 1,
λ = 2.

The results show that the proposed method can also
be applied to other fractional nonlinear FDEs with the
conformable time fractional derivative. To better under-
stand the physical interpretation, three-dimensional (3D)
solution graphs are presented.

6. Conclusion

Using the (G′/G)-expansion method, with the aid of
software Maple, new variety of exact traveling wave so-
lutions of the time fractional Boussinesq equation and
coupled time-fractional Boussinesq equations are con-
structed. Fractional complex transform is proposed to
convert the FDEs into ODEs, which is valid only for gen-
eral“wave” solutions and it makes the solution procedure
practical. As a result, we obtain three types of exact solu-
tions for these equations: hyperbolic, trigonometric, and
rational, including solitary waves and singular periodic
solutions. Moreover, we obtain new exact solutions (19),
(25), and (44) which are not established in the previous
literature.
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