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The induced Casimir energy for a subsystem consisting of two heavy particles substituted at a finite distance
in a linear chain of interacting oscillators is obtained. The heavy particles are linearly interacting with the nearest
neighbor particles. A continuum modeling for the discrete case is considered and the corresponding Casimir energy
is calculated. The result obtained from the continuum modeling agrees with the discrete model qualitatively.
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1. Introduction

The Casimir effect, originally introduced by Casimir
in 1948 [1], can be considered as a macroscopic quantum
effect originating from quantum vacuum fluctuations in
the presence of some boundary conditions and plays an
important role in various fields of physics such as the
quantum field theory, condensed matter physics, cosmol-
ogy, atomic and molecular physics, and also nanotech-
nology [2–7]. The Casimir energy is the energy difference
of zero-point energy of a quantum field in the presence
and absence of some external fields or boundary condi-
tions. This energy is a measurable quantity depending
on various factors such as configuration or geometry of
the problem, temperature, and the material used.

Impurities substituted in one-dimensional lattice can
be modeled by a linear chain of interacting harmonic
oscillators with nearest-neighbors interactions. The im-
purities are distinguished oscillators which can be con-
sidered as a subsystem interacting with the rest of the
chain as its reservoir. The time evolution of the auto-
correlation and cross-correlation functions related to mo-
menta and displacements of these impurities are studied
in [8]. The vibrational self-energy defined as the differ-
ence between the zero-point energy of the lattice in the
presence of defects and without them has been calculated
in [9, 10]. The energy spectrum of these lattices has been
investigated in [11].

For investigating the quantum dynamics of a real phys-
ical system, the effect of its environment is unavoidable
on different physical quantities of the subsystem. The
environment of a physical system can be modeled by
different methods and its effects may be taken into ac-
count phenomenologically inspired by experimental re-
sults. The investigation of such systems falls into the
domain of open quantum systems which has been dealt
with extensively [12, 13]. One of the most successful mod-
els of a reservoir or environment is the Caldeira–Leggett
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model [14–17]. In this model the environment of a sys-
tem is modeled by a collection of independent harmonic
oscillators with different frequencies. The system of in-
terest couples linearly to the environment oscillators via
some coupling coefficients which are related to the sus-
ceptibility or response function of the environment. This
model has been applied to a variety of different problems
in atomic and molecular physics and condensed matter,
where dissipation on energy or phase are important or
even when the medium is an amplifying one. Some im-
portant examples are: quantum Brownian motion of an
oscillator in a dissipative medium [18], quantum tunnel-
ing with dissipation [8, 15], electromagnetic field quan-
tization in a magnetodielectric medium [19–21], Casimir
energy for separated objects in vacuum electromagnetic
field [1, 22–24], dissipative optomechanical models [25],
and dissipation in quantum optics [26].

In the present work, we first consider the quantum
Brownian motion of an oscillator linearly interacting with
a reservoir and find the Casimir energy of the system by
diagonalizing the Hamiltonian. Then, we consider the
Casimir energy induced between two distinguished oscil-
lators substituted in a linear chain. Following the method
introduced in [27], we will consider a field model for this
case as a continuum limit of the chain in the presence
of two delta-potentials located at a finite distance and
find the Casimir energy induced between these impuri-
ties due to the field fluctuations of the continuum chain.
The result obtained from the continuum modeling is in
agreement with the discrete case qualitatively.

2. An oscillator interacting with a heat bath

This model is the prototype of some important quan-
tum dissipative models like quantum Brownian mo-
tion [14] or electromagnetic field quantization in a linear
dispersive and absorptive magnetodielectric medium [19–
21]. In this model, the main system, considered here as
a harmonic oscillator, is coupled linearly to a collection
of harmonic oscillators modeling its environment, Fig. 1.
The Hamiltonian of the total system is
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where Q and qn represent the coordinates, P and pn —
the canonical conjugate momenta of the system and the
environment, respectively. The main oscillator has fre-
quency Ω0 and ωn’s are the frequencies of the oscillators
in the bath. The coupling constants are denoted by εn.
Since the Hamiltonian in Eq. (1) is quadratic in both co-
ordinates and momenta, the equations of motion can be
solved exactly [8]. Under the canonical transformations
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Hamiltonian is diagonalized in normal modes [8]:
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′2
ν ), (3)

where sν are eigenvalues of equation
V Xν = zνXν , (4)

and s2ν = zν . The matrix V is the interaction matrix
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and Xν = (X0ν , X1ν , · · · , Xnν). The squared frequencies
satisfy the secular equation
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ε2n(ω
2
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Now from Hamiltonian (3), the zero-point energy of this
system is
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where the summations are over the zeros and the poles
of the function f inside the contour of integration, re-
spectively. Contour integral C is a closed and counter-
clockwise path in the complex plane which consists of
a straight line parallel to the imaginary axis closed by
a semicircle at infinity in the right half plane. So we
have [28]:
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2
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d
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lnG(s)ds. (9)

Integrating along the imaginary axis from∞ to −∞ and
integrating by parts and also introducing a new variable
s = iξ (the Wick rotation), we find

F =
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Fig. 1. The main oscillator interacts linearly with bath
oscillators.

3. Two heavy particles interacting
with a linear chain

Let us consider two distinguished heavy particles or
impurities substituted in a linear chain [8–10]. In this
model the heavy particles are linearly coupled to their
nearest neighbours, as shown in Fig. 2. In the equilibrium
state, the distance between atoms is the lattice constant
a0 and positions of atoms are considered as deviations
around their equilibrium position. The Hamiltonian of
the total system is [8]
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2
]
,

where g′ is a coupling constant and m, q′j and p′j are
mass, position, and momentum of the chain oscillators,
respectively. The mass of heavy particles are denoted by
M±. Also Q′± and P ′± denote coordinates and momenta
of heavy particles, respectively. There are L particles
between the heavy particles and on the outer sides of the
chain, there are K and N particles of the chain.

For convenience we redefine the variables
M1/2P± = P ′±, M−1/2Q± = Q′±,

m1/2pj = p′j , m−1/2qj = q′j , g = g′/m, (12)
and apply the following canonical transformations:
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Fig. 2. Two heavy particles substituted in a linear chain with nearest-neighbors couplings.
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The total Hamiltonian in redefined dynamical
variables is
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By making use of the following canonical transforma-
tions:

P± =
∑
α

X±αpα, Q± =
∑
α

X±αqα,

pi =
∑
α

Xiαpα, qi =
∑
α

Xiαqα, i = a, b, e, (17)

the Hamiltonian (15) transforms to a quadratic form
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2
α),

α = 1, · · · , N +K + L+ 2, (18)
describing a system consisting of N +K+L+2 indepen-
dent harmonic oscillators. The eigenvalue equation can
be obtained similar to the previous section as

V Xα = zαXα, (19)
where V is the interaction matrix
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(20)

and Xα = (· · · , Xeα, · · · , X−α, · · · , Xbα, · · · , X+α, · · · ,
Xaα, · · · ). For convenience, we set K = N and M+ =
M−, and the secular equation is obtained as

G+G− = 0. (21)
The normal frequencies s2α = zα are the roots of Eq. (21)
where

G± = s2 − Ω2 − F (s)−H+(s)∓H−(s), (22)
and
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Following the usual method to find the Casimir energy
between parallel neutral plates, here we find the differ-
ence of the zero-point energy of the system for two differ-
ent configurations. In the first configuration the substi-
tuted massive impurities are separated by finite L � N
and in the second configuration they are separated at
maximum distance, that is L = N [8]. By making use of
the argument principle, we have
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where ω0 =
√
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√
g′/m is an upper bound for nor-

mal mode frequencies given in Eq. (16), and
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Prime denotes the case where the distance between heavy
particles is taken to be large (N = L = 500). Figure 3
shows the behavior of the energy difference as a function

Fig. 3. The behavior of normalised energy E3 =
E/(~ω0/2π), as a function of distance between impuri-
ties L (in unit of lattice constant a0) for m/M = 10−6.

of L for m/M = 10−6. It is seen that an attractive force
F = −∂E∂L is induced between the massive impurities due
to quantum fluctuations of the quantum chain.

4. Continuum limit

In this section, we consider the continuum case of the
discrete oscillator model. In this case, oscillator displace-
ment is replaced with a scalar field u(x, t). The heavy
particles are assumed to be located at positions x = 0
and x = a. The field u(x, t) satisfies the Dirichlet bound-
ary conditions (u(0, t) = u(a, t) = 0) in the place of heavy
particles. Following [27], the Dirichlet boundary condi-
tions can be modeled by a linear combination of Dirac
delta-potentials

V (x) = λδ(x) + λδ(x− a), (26)
where λ determines the strength of interaction which
in the case of very heavy defects tends to infinity and
accordingly this imposes Dirichlet boundary conditions
u(0, t) = u(a, t) = 0 on the displacement field. The field
u(x, t) satisfies [29]:(

1

v2
∂2

∂t2
− ∂2

∂x2
+ V (x)

)
u(x, t) = 0, (27)

where v is the velocity of propagation. Note that in the
continuum model the lattice distance a0 and the particle
mass m tend to zero but the coupling constant (spring
constant) g′ defined in (11) and g = g′/m tend to infinity
such that the velocity of propagation defined by [29]:

v = lim
a0→0

g′/m→∞

√
a20
g′

m
= lim
a0→0
g→∞

a0
√
g, (28)

remains constant. Therefore, a connection between v, a0
and ω0can be established approximately as v ≈ a0

√
g =

a0ω0/2 for sufficiently small lattice distances. Therefore,
by considering a very large number of atoms and a very
small lattice constant the discrete model can arbitrarily
approach the continuum model and the difference be-
tween energies in discrete and continuum model will de-
crease by increasing the number of atoms and decreasing
the lattice constant.

The Green function of (27) fulfills(
1

v2
∂2

∂t2
− ∂2

∂x2
+ V (x)

)
G(x, t;x′, t′) =

δ(x− x′)δ(t− t′), (29)
and using the Fourier transform, the Green function can
be expanded in frequency space components as

G(x, t;x′, t′) =

∞∫
−∞

dω

2π
e− iω(t−t′)g(x, x′;ω). (30)

By inserting (30) into (29), we find(
− ∂2

∂x2
− k2 + λδ(x) + λδ(x− a)

)
g(x, x′;ω) =

δ(x− x′), (31)
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where k2 = ω2/v2 and the solution is given by

g(x, x′;ω) = g0(x, x
′;ω)− λg0(x, 0;ω)

[1 + λg0(a, a;ω)]g0(0, x
′;ω)− λg0(0, a;ω)g0(a, x′;ω)
∆

−λg0(x, a;ω)
[1 + λg0(0, 0;ω)]g0(a, x

′;ω)− λg0(a, 0;ω)g0(0, x′;ω)
∆

, (32)

where

g0(x, x
′;ω) =

i

2|ω|
e i |ω||x−x

′|, (33)

is the Green function in the absence of impurities and
∆ = 1 + λ2[g0(0, 0;ω)g0(a, a

′;ω)− g0(0, a;ω)g0(a, 0;ω)]

+λ[g0(0, 0;ω) + g0(a, a;ω)]. (34)
The Green function is related to the correlation of dis-
placement field as

G(x, t;x′, t′) = i〈T̂ u(x, t)u(x′, t′)〉, (35)
where T̂ is the time-ordering operator. The energy den-
sity can be determined from 00 component of energy-
momentum tensor given by

Tµν = ∂µϕ∂νϕ− 1

2
gµν∂ηϕ∂

ηϕ, (36)

and therefore,

E =

∫
dx〈T 00〉

=

∫
dω

2π

1

2i

(
ω2

v2
+

∂

∂x

∂

∂x′

)
g(x, x′;ω)|x=x′ . (37)

By inserting (32) into (37) and considering the limit
λ→∞ (very massive defects), one finds

E = −~vπ
24a

,→ E

(~v/a0)
= − π/24

(a/a0)
, (38)

in agreement with [27]. Therefore, the induced force be-
tween the defects is

F = −∂E(a)

∂a
= − ~vπ

24a2
. (39)

In Figs. 3 and 4, the behavior of dimensionless energies
E/(~ω0/2π) and E/(2~v/a0) in terms of the distance L
(in unit of lattice constant a0) are depicted, respectively.
The diagrams qualitatively have the same behaviour.

Fig. 4. The behavior of dimensionless energy E4 =
E/(2~v/a0) in the continuum model in L.

The ratio of the scaled energy in discrete model (E3)
to the scaled energy in continuum model (E4) is depicted
in Fig. 5 in terms of L. For large values of L this ratio
is approximately constant (E3/E4 ≈ 5.66) and using v ≈
a0ω0/2, we find

E3

E4
=

4πv

a0ω0
≈ 2π = 6.28, (40)

with a relative error ≈ 11%.

Fig. 5. The ratio of scaled energies depicted in Figs. 3
and 4. For large values of L (L ≈ 50) this ratio is
approximately 5.66 for number of atoms N = 500.

5. Conclusion

By diagonalizing the Hamiltonian and using the argu-
ment principle, the induced Casimir energy for a sub-
system consisting of two heavy particles substituted at a
finite distance in a linear chain of interacting oscillators
was obtained. The heavy particles were linearly interact-
ing with the nearest neighbor particles. The continuum
model of the oscillator chain was considered and the cor-
responding Casimir energy was reobtained based on the
method introduced in [27]. The result obtained from the
continuum modeling was in agreement with the discrete
model qualitatively.
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