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Determination of Plastic Hinge Length
for RC Beams Designed with Different Failure Modes
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Inelastic deformation without substantial loss of strength can lead to the dissipation of seismic energy in
reinforced concrete structures during the earthquakes. Inelastic deformations are concentrated in specific areas
within the structure, so called plastic hinge zones, and they are designed to redistribute the plastic moments.
Dynamic response of the entire structure relies on these specific areas. Therefore, modeling them as close to its
real location value within the structural element plays an important role especially in numerical analysis. The
behavior and location of plastic hinge of reinforced concrete elements has been studied by conducting experiments.
More research still need to be done by considering different parameters due to the high complexity engaged in the
behavior. This study involves parametric study to determine the plastic hinge length of reinforced concrete beams
using experimentally verified nonlinear finite element approach. Different failure behavior of reinforced concrete
beams is selected as the parameter in the numerical analysis. Different failure modes are achieved with three
different steel reinforcement ratio and with three different shear span ratio defining failure by means of ductility
and slenderness, respectively. Results proved that both slenderness and the ratio of tensile reinforcement has effect
on the plastic hinge length. Existing conclusions in the literature determine the plastic hinge length shorter than
that found from numerical modelling. Thus, existing expressions approach to the energy dissipation phenomenon
more conservatively.
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1. Introduction

Yielding of reinforcement and crushing of concrete can
be seen over a finite region known as plastic hinge length
where the critical moment is present in structural ele-
ments. Plastic hinge region of reinforced concrete (RC)
flexural members is a critical zone need to be given inten-
sive care to prevent failure of structural members from
extreme events such as earthquakes. There is no ade-
quate determination of plastic hinge length of concrete
structural elements. However, the length of plastic hinge
region, Lp, is defined as the length over which the longi-
tudinal reinforcement bucles under [1]. The performance
of a plastic hinge is crucial to the load carrying and defor-
mation capacities of flexural members of structures. The
accuracy of the results obtained from nonlinear analysis is
also directly related to the hinge definitions of the struc-
ture. Thus, plastic hinge length of RC members has been
an interesting and complicated subject for researchers.
There are no definitive theoretical formulations to calcu-
late plastic hinge length in the literature. Present calcu-
lations are based on empirical equations observed from
tests [2–6]. Park and Paulay [7] found that plastic hinge
length of beams under monotonic loading is affected by
concrete compressive strength, concrete ultimate strain,
shear-span to depth ratio, and effective depth of section.
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Mechanical properties of steel also affect Lp. Beeby stud-
ied the effects of the ratio of ultimate strength to yield
strength of longitudinal reinforcement, fu/fy, and the ul-
timate strain, εu on plastic hinge length [8]. Several ex-
pressions have been proposed for determining the equiv-
alent plastic hinge length of beams and columns; some of
these expression are summarized as follows:
• Corley [2]

Lp = 0.5d+ 0.2
√
d
(z
d

)
(1)

• Mattock [3]
Lp = 0.5d+ 0.05z (2)

• Paulay [7] and Priestley [4]
Lp = 0.08z + 0.022dbfy ≥ 0.044dbfy (3)

• Panagiotakos and Fardis [5]
Lp = 0.18z + 0.021dbfy (4)

• FEMA 356 [6]
Lp = 0.5d (5)

In these equations, Lp is the plastic hinge length, d is ef-
fective depth of the beam, z is the critical distance from
the critical section to the point of counterflexure, and fy
and db are the expected yield strength and the diame-
ter of longitudinal reinforcement, respectively. There are
some recent studies, which defines Lp for columns [9–12].
Since the axial load level is included in those expres-
sion they are not considered here in this study. Limit
state failure in flexure is achieved when the permanent
increase in the external load reaches the capacity limit
of the beam. If the designer picks out the project of
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the beam to allow concrete and steel reach their capacity
prior to failure, both materials will fail simultaneously at
the limit state. Moreover, compression failure of concrete
before the tension failure of steel should be avoided to as-
sure an adequate rotation capacity at limit state. Strain
of tension reinforcement will be the determinant variable
that defines the type of failure; tension controlled (duc-
tile type of failure), compression controlled (brittle type
of failure) and intermediate. This behavior according to
ACI 318-14 is illustrated in Fig. 1a [13].

Fig. 1. (a) failure type of beams regarding to tensile
strain of reinforcement; (b) determination of beam slen-
derness.

The behavior of beam is also determined by the slen-
derness of the beam in Fig. 1b [14]. Slenderness of RC
beam is defined as the ratio of its shear span (a) to its
depth (d). Deep beam with a/d from 1 to 2.5 will form
few small cracks at mid-span but after the redistribu-
tion of internal forces bond failure between the tension
reinforcement and surrounding concrete at support re-
gion follows. This is also known as shear compression
failure. Intermediate beam with a/d from 2.5 to 5.5 will
fail at the inclined cracking load. Slender beam with a/d
greater than about 5.5 will fail in flexure prior to the for-
mation of inclined cracks giving sufficient warning of the
collapse of the beam.

In this paper, determination of Lp considering yielding
zone of tension reinforcement is investigated for beams
designed to achieve different types of failures. Verified
nonlinear finite element approach is employed in the re-
search to avoid the extensive testing of the specimens
and minimize time and cost of experiments. With the

verified numerical model, the breadth of reinforcement
yielding zone, where the plastic hinge length is expected,
was studied for RC beams with various failure modes.

2. Preparation of numerical model

In scientific studies finite element analysis has been
widely used especially in civil engineering applications
from steel structure analysis to RC analysis [15, 16].
Through in this study, ABAQUS was employed to simu-
late experimental testing as nonlinear finite element soft-
ware package. Numerical model is verified with exist-
ing experimental data obtained from literature especially
for load-deflection relation and axial force distribution of
tensile steel reinforcement. The latter verification is more
important since determination of Lp in this study is made
according to the yielding zone of tensile steel. Sensitivity
of the numerical model to mesh density, dilation angle
and fracture energy of concrete is also investigated.

Numerical model of simply supported beam under
four-point loading was selected for verification purpose.
Shear dominant members were not modeled as individ-
ual finite members, but their effects were included in
concrete model by introducing confined concrete model.
All the beams are loaded by displacement control in the
vertical direction. Steel bars are merged into concrete
elements (Fig. 2).

Fig. 2. (a) layout of the beam in verification models;
(b) beam used through parametric study.

Stress-strain curve of the concrete under uniaxial com-
pression was obtained by the Hognestad parabola along
with linear descending branch and modifications weare
made to this parabola according to CEB-FIP MC90 to
add the effects of closed stirrups [17]. Bilinear model
was adopted for tensile behavior of concrete [18]. Ten-
sile fracture energy of concrete, (GF ), was determined as
a function of concrete compressive strength, fc*, and a
coefficient, Gfo, which is related to the maximum aggre-
gate size [19]. Concrete damaged plasticity (CDP) model
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combining the effect of both damage and plasticity was
used in this study. For CDP two main failure mech-
anisms are tensile cracking and compressive crushing of
the concrete [20]. The detail of the calculation of damage
variable in compression and tension for this study can be
found in [21]. The regular truss element in ABAQUS was
employed for modeling of reinforcing bars. Ideal plastic-
ity model was employed to model the material property
of the reinforcing steel [22].

3. Numerical model validation

The ability of numerical model addressing the yield-
ing zone of reinforcement bars was the important part of
this study. Test specimens constructed with a technique
of installing strain gages through the center of the rein-
forcement, conceived by Mainst in 1952, was selected for
this study. Load-displacement relation was important to
check, whether the proposed model is coherent or not, by
the experimental test as graphically. Three experiments
were selected for verification purposes. Details of all ex-
periments used for verification of the numerical models
can be found [23], [24] and [25] respectively. Used mate-
rial properties for all tests are listed in Table I. The ver-
ification of results had shown, that proposed numerical
modeling approach can successfully represent the exper-
imental results by means of load deflection (Fig. 3a). At
the same time the stress distribution at tensile steel for
different load levels presented for the test beam named
B15 were verified by numerical model in Fig. 3b. The
section, where stress vary rapidly, is believed to be the
result of crack propagation, which is not considered in
numerical model. Besides that overall pattern of the di-
agrams agrees well.

Fig. 3. Numerical model verification results: (a) load-
deflection relationship obtained by using 35◦ and 30◦
dilation angle, 50 and 25 mm mesh size, 16 and 8 mm
aggregate size respectively; (b) stresses at tension rein-
forcement of RC beam obtained by using 30◦ dilation
angle, 35 mm mesh and 16 mm aggregate size.

TABLE IMaterial properties of test beams.

Test case Beam No. Ec [GPa] fc [MPa] ft [MPa] Es [GPa] fy [MPa]
Tension

bars [mm]
Bent-up
bars [mm]

1 A1 25 33 2.6 200 540 2Φ14 –
2 P1 27 37.7 – 200 450 2Φ10 –
3 B15 26.8 28.8 2.84 213.7 5943 1× 22.2 4× 12.72

All these results show that finite element modeling
techniques applied herein, are valid for RC beams. Based
on these results, it appears that the present modeling
techniques are sufficiently robust for further parametric
study to investigate the effects of different parameters on
plastic hinge regions of existing RC beams.

4. Parametric study

By using the verified finite element modelling tech-
niques, a parametric study was carried out to investigate
the effect of tensile yielding on the Lp of reinforced con-
crete beams, designed to achieve different failure mode
(Table II). Half of the beam is modeled with three dif-
ferent lengths to consider the slenderness effect and with

three different tension reinforcement steel ratio to con-
sider the ductile behavior. The nomination C, T and F
in specimen name indicates the rank of the tension re-
inforcement ratio in decreasing order as (C)ompression,
(T)ransition and (F)lexural, respectively. Other nomi-
nation S, I and D represents the slenderness of beam,
stating (S)lender, (I)ntermediate and (D)eep as described
according to Fig. 1.

Geometry and material properties of test beams are
presented in Table III. The beams are loaded by displace-
ment control until they fail. The length of loading span
is taken as equal to the shear span, a. So the total length
of the beam is 3a. For the credence of the study, beams
reinforcement scheme is applied identical with the Test
case-3 used in the verification study. Cracking pattern of
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TABLE IIParametric study for numerical beams to
achieve different failure modes.

Steel ratio
Slenderness

Deep (D) Intermediate (I) Slender (S)
ρcomp (C) Beam CD Beam CI Beam CS
ρtrans (T) Beam TD Beam TI Beam TS
ρflexr (F) Beam FD Beam FI Beam FS

the concrete gives information about overall behavior of
reinforce concrete. It is obvious that failure of RC beams
in the diagonal of parametric study matrix (Table II) will
be controlled by compression transient and flexure for
beam CD, TI and FS, respectively. To prove the validity
of proposed mechanical and geometrical values used to
model different behaviors, crack patterns observed at the
initiation of yielding at main tension bar are plotted for
these specimens in Fig. 4.

Fig. 4. Cracking pattern of numerical beams with var-
ious failure modes: (a) Beam CD (L = 750 mm),
(b) Beam TI (L = 1450 mm), (c) Beam FS (L =
2000 mm).

Shear cracks dominates the behavior of beam CD at
shear span in Fig. 4a. Both shear and flexural cracks
can be observed at beam TI in Fig. 4b. Finally, flexural
cracks are clearly visible at loading span of beam FS in
Fig. 4c. According to these results numerical modelling
approaches with parametric values presented herein is
able to catch the specified failure behavior of RC beams.

5. Results and discussions

After the analysis had been completed stress values
of tension bars were investigated closely. Initiation and
propagation of yielding for each loading step is checked
until ultimate load point is reached. Stress level of ten-
sion bar was plotted at ultimate load level to determine
the yielding zone of reinforcement. Moreover, cracks at
concrete were also plotted for the same load level to ad-
dress the plastic hinge length. These plots are given in

TABLE III

Mechanical and geometrical variables of numerical beams
used in parametric studies (εt — strain of steel,
ρ — reinforcement ratio, fc = 25 MPa, ft = 3 MPa,
Ec = 23.5 GPa, fy = 420 MPa, Es = 210 GPa).

Specimen
name

εt ρ
a

[mm]
L

[mm]
a/d L/h

CS εt < 0.2% 0.026 2000 6200 5.7 15.5
TS 0.2% < εt < 0.6% 0.018 2000 6200 5.7 15.5
FS εt > 0.6% 0.014 2000 6200 5.7 15.5
CI εt < 0.2% 0.026 1400 4500 4 11.25
TI 0.2% < εt < 0.6% 0.018 1400 4500 4 11.25
FI εt > 0.6% 0.014 1400 4500 4 11.25
CD εt < 0.2% 0.026 700 2400 2 6
TD 0.2% < εt < 0.6% 0.018 700 2400 2 6
FD εt > 0.6% 0.014 700 2400 2 6

TABLE IVValues of Lp for each parametric beam

Steel ratio
Slenderness

Deep (D) Intermediate (I) Slender (S)
Lp Lp/d Lp Lp/d Lp Lp/d

ρcomp (C) 372 0.99 514 1.37 567 1.51
ρtrans (T) 315 0.84 495 1.32 505 1.35
ρflexr (F) 185 0.49 248 0.66 357 0.95

Fig. 5. In particular, results of beams reinforced as com-
pression illustrated in Fig. 5a as their slenderness from
top to bottom.

Figure 5b shows the results of beams reinforced as tran-
sition also and the Fig. 5c represents the results of beams
reinforced as flexural. Considering the length of yield line
of tension bar and concrete cracks, Lp is calculated and
normalized with the effective depth of the cross section,
d (Table IV). For a given steel ratio (herein mentioned
as C, T , F ), Lp/d value increases as the slenderness ra-
tio increases. On the other hand, for a given slender-
ness value (herein mentioned as D, I, S), Lp/d value
decreases as the steel ratio decreases. The highest value
of Lp/d is obtained as 1.51 for slender beam reinforced
with steel ratio calculated with compression controlled
strain value. The minimum value of Lp/d is obtained as
0.49 for deep beam reinforced with steel ratio as tension
controlled strain value.

Lp/d value is decreased by up to 51% for the ex-
treme reinforcement values used in this study for com-
pression and tension controlled beam with same shear
span. When the extreme slenderness values, deep and
slender beams, are compared for a given steel ratio Lp/d
value is found to be increased by 53%, 61% and 94%
for compression, transition and tension controlled beam,
respectively. For the same tensile reinforcement ratio
decrease of Lp is the result of shear span ratio. All
the deep beams have the least Lp value while the slen-
der beams have the maximum Lp values. The highest
value of Lp is obtained as 567 mm for slender beams
reinforced with compression controlled strain value.
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Fig. 5. Determination of Lp for each parametric beam: (a) results of beams reinforced as compression, (b) results of
beams reinforced as transition, (c) results of beams reinforced as flexural.

TABLE VComparison of Lp from literature (units are in mm)

Beam No.
FEM

Ref. [5]
Ref. [6] Ref. [2] Ref. [3] Ref. [4]

FEMA
Ref. [5]

Lp Lp/d Lp Lp/d Lp Lp/d Lp Lp/d Lp Lp/d Lp Lp/d

CS 567 1.51 175 0.47 192 0.51 208 0.55 225 0.60 256 0.68
TS 505 1.35 175 0.47 192 0.51 208 0.55 225 0.60 256 0.68
FS 357 0.95 175 0.47 192 0.51 208 0.55 225 0.60 256 0.68
CI 514 1.37 175 0.47 190 0.51 202 0.54 184 0.49 206 0.55
TI 495 1.32 175 0.47 190 0.51 202 0.54 184 0.49 206 0.55
FI 248 0.66 175 0.47 190 0.51 202 0.54 184 0.49 206 0.55
CD 372 0.99 175 0.47 189 0.50 383 1.02 157 0.42 165 0.44
TD 315 0.84 175 0.47 189 0.50 383 1.02 157 0.42 165 0.44
FD 185 0.49 175 0.47 189 0.50 383 1.02 157 0.42 165 0.44
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The minimum value of Lp is obtained as 185 mm for deep
beams reinforced with tension controlled strain value. As
shown in Table IV Lp/d values are increased nearly 102%
and 108% for the deep and intermediate beams as the re-
inforcement ratio increases through the flexural to com-
pression respectively. It is observed that this increase
remained around 59% for slender beams. Expressions
found in the literature for determining the equivalent
plastic hinge length (Eqs. (1)–(5)) are used to calculate
Lp for the parametric numeric beams and normalized val-
ues are tabulated in Table V.

In FEMA Lp is calculated without considering the fail-
ure modes and slenderness of the beam. This is a very
conservative approach. It is valid for beams designed
with a steel ratio to achieve a tension controlled failure
and shear span ratio of 2.5. Corley [2] and Mattock [3]
somehow considers the shear span by introducing the
point of contraflexure in the expression, but they do not
include yielding of the tensile bar. Expression provided
in [4] and [5] take the yielding of the tension bar into
account along with the point of contraflexure. Thus, dif-
ferent failure modes provide different Lp values similar
to those obtained from FEM analysis but with far differ-
ent values. Results obtained from [4] and [5] show the
similar tendency with FEM results. All results provide
decrease in Lp value from slender to deep beam. Thus,
effect of shear span ratio which is defined as slender, in-
termediate and deep is clear. However, there is a big
difference in the values from numerical results and exist-
ing expressions in compression controlled and transition
zone. Author believe that not only the onset of yield-
ing but the yielding length of tension bar should also be
considered in the existing expressions. Expressions in [3]
were developed by considering monotonic loading, how-
ever the others were developed considering cyclic loading.
One interesting outcome of the results seen in Fig. 5 is,
that expressions considering cyclic loading define plastic
hinge length shorter only for deep beams.

6. Conclusion

In this numerically verified study RC beams with dif-
ferent failure modes were created by considering both
tension reinforcement ratio and span to depth ratio.
Then plastic hinge length for these beams were deter-
mined and compared with the existing equation results.
Findings can be summarized as follows:

1. finite element approach is capable of capturing
load-deflection relationship and stresses developed
in the steel bar embedded in concrete;

2. Lp is correlated with the behavior type of beam. It
can be tension controlled, compression controlled
or transient;

3. Lp is also correlated with the shear span to depth
ratio value also, which is named as slender, deep
and intermediate beam in this study;

4. two expressions in the literature give similar results
for tension controlled beams regardless of slender-
ness ratio;

5. the existing expressions in the literature are very
conservative for beams which are designed in com-
pression controlled and transition zone.
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