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In this paper iso-frequency surfaces of a ferrite-semiconductor superlattice under an action of an external
magnetic field are studied. The structure is considered in the subwavelength regime, when it is possible to introduce
effective components of permittivity and permeability tensors. It has been shown that due to the peculiarities of
the structure under study, a variety of topology forms arises. The topological transitions points from the open to
the closed forms are revealed and discussed, in particular for the cases, when iso-frequency surfaces intersect and
degenerate. The effective control over the topology states and topological transition points is possible by means
of appropriate choice of the metamaterial constituent components and their properties, like material fractions,
working frequency, value of the external magnetic field.
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1. Introduction

Recently, a lot of investigations are directed to the
artificial periodical structures, metamaterials and pho-
tonic crystals, which include layers made from natural
or artificial materials with spatial dispersion and differ-
ent physical properties. Photonic structures can enhance
the light–matter interaction by orders of magnitude, en-
abling the device’s optical properties to be controlled ex-
ternally, optically, electrically, and geometrically. Pho-
tonic structures configuration strongly influence the ele-
mentary excitations, which make it possible to tailor the
spectra of elementary excitations. Such structures pro-
vide new opportunities for engineering the media, which
could allow additional control over the properties of prop-
agating waves in the millimeter, terahertz, and optical
ranges [1–2].

Generally, there are several physical characteristics
that are usually used to describe physical properties of
photonic systems, such as frequency, wave vector, polar-
ization, and phase. Over the past few years, the new
indispensable physical characteristic of the photonic sys-
tem has emerged, namely the topology of the photonic
systems. In a narrow sense the photonic crystal topology
is a property of a photonic material that characterizes
the quantized global behavior of the wave functions on
its entire dispersion band. Just as the topology of the
Fermi surface defines the properties of the free electrons
in metals and semiconductors, the geometry of the iso-
frequency surface in the phase space of the propagating
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electromagnetic waves determines the optical properties
of the corresponding optical materials. Thus, the study
of the photonic crystal topology behavior may open a
possibility to discover fundamentally new states of light
with unusual properties and new application opportuni-
ties throughout photonics, like the photonic analog of the
topological insulators [3–5].

An unusual class of subwavelength photonic structures,
which exhibit an optical topological transition (OTT)
from a standard closed ellipsoid dispersion, which is usual
for isotropic (with spherical iso-surface) and anisotropic
(with spherical and ellipsoidal iso-surfaces) dielectrics
with positive material parameters µ and ε, to the open
hyperboloid dispersion, that occurs in metamaterials,
composed from µ-negative and/or ε-negative materials,
has been recently studied by a number of researchers.
Naturally, being induced by the changes of the aver-
age electromagnetic response, such topological transi-
tions can be understood in the long-wave limit, which
ignores the finite size of the constituent materials unit
cells. The fact that hyperbolicity requires metallic behav-
ior in one direction and insulating behavior in the other
direction leads to the requirement that metals, semicon-
ductors, or ferrites along with dielectrics must be used as
building blocks of such structures [6–8].

There is a conventional classification for anisotropic
hyperbolic media with different topological phases. In
a uniaxial case, type I hyperbolic structures have one
component of the principal permittivity or permeabil-
ity tensor component negative, and its hyperboloid sur-
face are two sheeted. In contrast, type II structures have
two components of principal permittivity or permeabil-
ity negative and single sheeted hyperboloid surface. The
type II structure is highly reflective as it is more metal-
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lic. In a general case of biaxial hyperbolic crystal, where
all three principal permittivity or permeability tensor
components are different and one component is negative,
the iso-frequency surface for the extraordinary ray is an
asymmetric hyperboloid. The changes in topology from
an ellipsoid to a hyperboloid are responsible for many of
the important properties of these materials [9–10]. As
it was recently shown, the characteristic frequencies of
gyroelectric and gyromagnetic materials, used as build-
ing blocks of artificial structures, can be closely spaced
within the same frequency band, which may result in a
number of new OTT phenomena [11–13].

Therefore, combining together these two different
classes of materials within a single structure results in
the fact that the electromagnetic plane waves can ex-
hibit new kinds of wave-vector surfaces which brings un-
usual physical phenomena and possibility of new appli-
cations which is the subject of the present study. In
the present work, we focus on the fundamental concept
and the general properties of non-local optical topologi-
cal transitions in the gyroelectromagnetic structure com-
posed from gyroelectric and gyromagnetic materials and
are under an action of an external magnetic field, which
can give a deep insight into the physical properties of
such materials, such as the positive and negative reflec-
tion or refraction, clarify the diffraction divergence of
electromagnetic waves, to name but a few. By prop-
erly combining and tuning the constituent parameters of
gyroelectromagnetic structure under study, the complex
iso-frequency surfaces, which represent a combination of
hyperboloid, elliptical, and spheroid topological surfaces,
can be obtained. The results obtained in the paper may
potentially lead to an entire new class of OTT’s, not
found within the conventional effective media.

2. Geometry of the problem and basic equations

Further, we are interested in the iso-frequency sur-
faces (surfaces of wave vectors) of a multilayered peri-
odic structure infinitely extended along the y-axis. It
consists of alternating magnetic (with constitutive pa-
rameters µm, εm) and semiconductor (with constitutive
parameters µs, εs) layers having thicknesses dm and ds,
respectively, whereas the structure period is d = dm+ds.
It is assumed that the magnetic and semiconductor layers
are magnetized uniformly by an external static magnetic
field M which is aligned along the z-axis transversely to
the structure periodicity as seen in Fig. 1.

It is supposed that all characteristic dimensions,
namely the thicknesses of the magnetic and semicon-
ductor layers as well as the period of the given struc-
ture satisfy the long-wavelength limit, i.e. they are all
much smaller than the wavelength in the correspond-
ing part of the composite medium (dm � λ, ds �
λ, d � λ), and, thus, the multilayered structure is
considered to be a finely-stratified one. In view of
this assumption, the standard homogenization proce-
dure from the effective medium theory is applied in or-

Fig. 1. Geometry of the problem under study.

der to derive averaged expressions for effective constitu-
tive parameters of the multilayered structure. There-
fore, the whole structure is approximated as an infi-
nite gyrotropic space, which is then characterized by
relative effective permeability µeff and relative effec-
tive permittivity εeff represented as the second-rank
tensors µeff = [µxx, µxy, 0;−µxy, µyy, 0; 0, 0, µzz] and
εeff = [εxx, εxy, 0;−εxy, εyy, 0; 0, 0, εzz], whose expres-
sions are derived via underlying constitutive parameters
of magnetic (µm, εm) and semiconductor (µs, εs) layers
one can find in [13, 14].

From Maxwell’s equations, the bi-quadratic disper-
sion equation between the frequency ω and wavevector
k = k (sin θ cosϕ, sin θ sinϕ, cos θ) for the electromag-
netic waves in the infinite gyroelectromagnetic medium
can be written as follows:
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where k0 = ω/c, c is the speed of light in the vac-
uum, and ε = εxx cos

2 ϕ+ εyy sin
2 ϕ, ε⊥ = εxxεyy + ε2xy,

µ = µxx cos
2 ϕ + µyy sin

2 ϕ, µ⊥ = µxxµyy + µ2
xy are in-

troduced as generalized effective constitutive parameters.
Equation (1) describes a two-sheeted dispersion surface
in k space known as iso-frequency surface or refractive
index surface.

3. Topological transitions in iso-frequency
surfaces of a gyroelectromagnetic structure

Let us consider the iso-frequency surface (surface of
wave vectors) of electromagnetic waves propagating in an
unbounded gyroelectromagnetic structure, using the typ-
ical constituent parameters which are inherent to avail-
able materials (here we follow the results of [12] where
a magnetic-semiconductor composite in the form of a
barium-cobalt/doped-silicon superlattice is considered)
we perform our calculations for the microwave band, al-
beit all results can be easily extrapolated to other parts
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of spectrum. The characteristic resonant frequencies of
the underlying magnetic and semiconductor materials of
the superlattice appear to be different but rather closely
spaced within the same frequency band.

The topological transition points for the structure un-
der study, where the iso-frequency surface changes be-
tween closed and open geometries are fully described by
an effective permittivity εeff and relative effective per-
meability µeff tensors components.

For numerical calculations, hereafter, for the magnetic
constitutive layers, under saturation magnetization of
M = 2000 G, parameters are: f0 = ω0/2π = 4.2 GHz,
fm = ωm/2π = 8.2 GHz, b = 0, εm = 5.5; for
the semiconductor constitutive layers, parameters are:
fp = ωp/2π = 10.5 GHz, fc = ωc/2π = 9.5 GHz,
ν = 0, εl = 1.0, µs = 1.0. The free space wave num-
ber k0 = 155.5 m−1. For theoretical study we neglect
the losses in the structure that is we assume that elec-
tron collision frequency in the semiconductor as well as
magnetic damping in the magnetic layer are zero.

Fig. 2. Effective permittivity (a) and permeability (b)
as a function of free space wave number k0.

Since the material response and iso-frequency contours
are fully described by an effective permittivity εeff and
effective permeability µeff tensors components, let us
consider the corresponding frequency dependences (in
terms of free space wave number) at δ1 = δ2 = 0.5,
which is presented in Fig. 2. The dotted lines denote the
topological transition points where the iso-frequency sur-
face changes between closed and open geometries. The

topological iso-frequency surfaces in different frequency
ranges are presented in Fig. 3. We can distinguish eight
frequencies at which OTT’s occur.

I region (ω < ω1). Principal effective permeability
components are positive, while ε⊥ > 0, εxx < 0, εyy > 0
and εzz < 0. In this case, the topological transition oc-
curs at the frequency ω1, where εxx = 0. In region I,
the single sheeted hyperboloid infinitely extends along
the y-axis for extraordinary wave, i.e. along the period-
icity axis, and there is no propagation for ordinary wave
(empty surface), due to the pure imaginary values of or-
dinary wave vector component.

II region (ω1 < ω < ω2). Principal effective perme-
ability components are positive, while ε⊥ < 0, εxx > 0,
εyy > 0 and εzz < 0. Topological transition occurs at
the frequency ω2, where ε⊥ = 0. In region II double
sheeted hyperboloid infinitely extends along the z-axis
for ordinary wave, i.e. parallel to the direction of an
external magnetic field, and there is no propagation for
extraordinary wave. Remarkably, there are no propagat-
ing waves either extraordinary or ordinary polarized in
the cross-section of the iso-frequency surface by the coor-
dinate plane kz = 0, due to pure imaginary wave vector
components.

III region (ω2 < ω < ω3). Principal effective perme-
ability components are positive, while ε⊥ > 0, εxx > 0,
εyy > 0 and εzz < 0. Topological transition occurs at
the frequency ω3, where εzz = 0. In region III the tran-
sition to the closed ellipsoidal dispersion surface for ex-
traordinary wave occurs, while for ordinary waves there is
still double sheeted hyperboloid infinitely extended along
the z-axis.

IV region (ω3 < ω < ω6). Principal effective permit-
tivity components are positive, while µ⊥ > 0, µxx < 0,
and µyy < 0. Topological transition occurs at the fre-
quency ω6, where µyy = 0. In region IV there are two
closed iso-frequency surfaces for both waves which inter-
sect. In the points of intersection the dispersion surface
degeneracy takes place, and the two independent modes
no more exist. These points, also called diabolic points,
are points of a double eigenvalue with two linearly in-
dependent eigenvectors (the optical axes of the crystal).
It is known that at such points a number of interest-
ing physical phenomenon occur, like conical refraction or
surface states existence [15–17].

V region (ω6 < ω < ω7). Principal effective permit-
tivity components are positive, while µ⊥ > 0, µxx < 0,
and µyy > 0. Topological transition occurs at the fre-
quency ω7, where µxx = 0. The iso-frequency surface for
extraordinary waves is closed ellipsoid, while for ordinary
waves it changes from the closed ellipsoid to the open two
sheeted hyperboloid extended along x-axis.

VI region (ω7 < ω < ω8). Principal effective permittiv-
ity components are positive, while µ⊥ < 0, µxx > 0, and
µyy > 0. Topological transition occurs at the frequency
ω8, where µ⊥ = 0. In this case there are no propagating
ordinary polarized waves, while the iso-frequency surface
for extraordinary waves is closed ellipsoid.
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Fig. 3. Iso-frequency surfaces of the gyroelectromagnetic structure under study in the different frequency ranges.

VII region (ω8 < ω < ω4). Principal effective perme-
ability components are positive, while ε⊥ > 0, εxx < 0,
εyy < 0, and εzz > 0. Topological transition oc-
curs at the frequency ω4, where εxx = 0. The iso-
frequency surface for ordinary waves is closed ellipsoid,
while for extraordinary waves it represents complex sur-
face which is a combination of closed ellipsoid and open
surfaces [18].

VIII region (ω4 < ω < ω5). Principal effective perme-
ability components are positive, while ε⊥ < 0, εxx > 0,
εyy < 0, and εzz > 0. Topological transition occurs
at the frequency ω5, where ε⊥ = 0. In this range the
iso-frequency surface for ordinary waves remains closed
ellipsoid, while the iso-frequency surface for extraordi-
nary waves possess topological transition to the open
two-sheeted hyperboloid, infinitely extended along the y-
axis. Remarkably, the hyperboloid and ellipsoid intersect
in four points, where the topology degeneracy occurs.

IX region (ω > ω5). All principal effective permeabil-
ity and effective permittivity components are positive.
In this case the iso-frequency surfaces for both waves are

standard type closed ellipsoids, which intersect at four
points. At these intersection points the topology singu-
larity occurs, where the conical refraction phenomenon
can take place under the certain conditions.

Let us now consider the topological transitions for dif-
ferent metamaterial filling factors (k0 = 155.5 m−1).
The corresponding permittivity and permeability depen-
dences are presented in Fig. 4.

Under the chosen material parameters the change in
the superlattice geometric factors δm and δs is mainly re-
sponsible for topological transitions in the iso-frequency
surface of the ordinary waves, while the iso-frequency sur-
face of extraordinary waves remains the closed ellipsoid
regardless of the δm or δs values. The latter is due to the
fact that µzz, ε⊥, εxx, and εyy are positive over the en-
tire range of filling factor values. It should be noted that
when δm = 0 the structure represents a bulk semiconduc-
tor with ellipsoid iso-frequency surface for extraordinary
waves, whereas when δm = 1 the structure represents a
bulk ferrite and the iso-frequency surface for extraordi-
nary waves is a sphere with radius k0

√
εm.
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Fig. 4. Effective permittivity (a) and permeability (b)
as a function of geometrical factors of magnetic δ1 and
semiconductor δ2 materials.

On the other hand, the iso-frequency surface for ordi-
nary waves undergoes a number of extreme topological
transitions depending on the values of δm/δs. These re-
gions are defined by the values where µ⊥, µxx, εzz and/or
µyy change the sign. Let us note that µyy is positive over
the whole range of interest. We can distinguish five bands
of interest: I. µ⊥ > 0, µxx > 0, and εzz < 0, II. µ⊥ < 0,
µxx > 0, and εzz < 0, III. µ⊥ < 0, µxx < 0, and εzz < 0,
IV. µ⊥ < 0, µxx < 0, and εzz > 0, V. µ⊥ < 0, µxx > 0,
and εzz > 0.

In band I, the iso-frequency surface for ordinary waves
is open two-sheeted hyperboloid, since components µ⊥,
µxx, and εzz have opposite signs. This hyperboloid in-
finitely extends along the z-axis.

In band II, where both µ⊥ and εzz are negative,
whereas µxx and µyy are positive, the two-sheeted hy-
perboloid surface gradually closes and turns into the one-
sheeted hyperboloid extended infinitely along the z-axis.
Moreover, this hyperboloid under the certain material pa-
rameters intersects with the ellipsoid, which describes the
propagation of the extraordinary waves at four points, so
that the diabolic points occur.

In band III, where µ⊥, εzz, and µxx are negative, the
iso-frequency surface for ordinary waves is degenerated
into a two single-sheeted hyperboloids which revolution

axes are perpendicular to each other. In this case the
influence of structure hyperbolicity associated with the
direction of an external magnetic field (z-axis) as well
as the hyperbolicity associated with the direction of the
periodicity of the structure along y-axis occurs. As a
result, a new unique topological surface, which can be
named as bi-hyperbolic takes place [19].

In band IV, where component µ⊥ is negative, while εzz
is positive, but µxx and µyy have different sings (negative
and positive, respectively). The iso-frequency surface for
ordinary waves is also an open form. Although, in con-
trast to band I, in this case the iso-frequency surface is a
double-sheeted hyperboloid surface, which extends along
the y-axis.

Finally, in band V, where µ⊥ is negative, while εzz,
µxx, and µyy are positive, the structure shows metallic
behavior with no propagating waves of the given polar-
ization. In this case the wave vector of the ordinary wave
acquires pure imaginary values.

4. Conclusion

We have studied the topological transition points in
iso-frequency surfaces of an artificial gyroelectromagnetic
structure. The gyroelectromagnetic structure represents
the magnetic-semiconductor superlattice under an action
of an external magnetic field. The system is considered in
the subwavelength approximation. The effective medium
theory is applied to achieve the homogenized parame-
ters of the system. It is demonstrated that rich diver-
sity of topology forms, like conical singularity or diabolic
points, combination of different open and closed form
surfaces, can be achieved by properly choosing the pa-
rameters of the constituent materials. The topological
transition points were found and described. It is shown
that the topological transitions can be reconfigurable by
simply adjusting the material fraction, physical, and ge-
ometrical parameters of the system.
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