
Vol. 135 (2019) ACTA PHYSICA POLONICA A No. 3

Soliton Solutions and Conservation Laws
of a (3+1)-Dimensional Nonlinear Evolution Equation

M. Ekicia, A. Sonmezoglua, A. Rashid Ademb, Qin Zhouc,∗, Zitong Luand, Sha Liue,
M. Mirzazadehf and Wenjun Liug

aDepartment of Mathematics, Faculty of Science and Arts, Yozgat Bozok University, 66100 Yozgat, Turkey
bDepartment of Mathematical Sciences, North-West University,

Mafikeng Campus, Private Bag X 2046, Mmabatho 2735, Republic of South Africa
cSchool of Electronics and Information Engineering,

Wuhan Donghu University, Wuhan 430212, People’s Republic of China
dSchool of Economics and Management, Beijing University of Posts and Telecommunications,

Beijing 100876, PR China
eWuhan University Library, Wuhan 430072, People’s Republic of China

fDepartment of Engineering Sciences, Faculty of Technology and Engineering, East of Guilan, University of Guilan,
PC 44891-63157 Rudsar–Vajargah, Iran

gState Key Laboratory of Information Photonics and Optical Communications, and School of Science,
P.O. Box 122, Beijing University of Posts and Telecommunications, Beijing 100876, People’s Republic of China

(Received November 14, 2018; in final form January 17, 2019)
This work studies a new (3+1)-dimensional nonlinear model, which was introduced by Abdul-Majid Wazwaz

in 2014. This new physical model describes the shallow-water waves and short waves in nonlinear dispersive
models. Analytical traveling wave solutions including the solitons and plane wave solutions are derived by using the
G′/G-expansion technique. Moreover, the conserved quantities of this model are also given.
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1. Introduction

Studying the nonlinear evolution equation arising in
natural science is very important for us to understand
and explain the nonlinear phenomena [1–14]. By the an-
alytical and numerical methods, many researchers con-
structed travelling wave solutions of some famous non-
linear mathematical physics equations, such as the non-
linear Schrödinger equation in nonlinear optics, the non-
linear Gross–Pitaevskii equation in the Bose–Einstein
condensates, the Korteweg–de Vries (KdV) equation in
fluid mechanics, and so on. It can be noted that a new
(3+1)-dimensional nonlinear equation was proposed by
Abdul-Majid Wazwaz in 2014, it is an extension version
of the (3+1)-dimensional KdV equation. This work stud-
ies this model by a different method, which is the G′/G-
expansion technique. Some new soliton solutions is re-
ported, and finally the conserved quantities are discussed.

The new (3+1)-dimensional nonlinear model that is
going to be studied in this paper is given by [1]:

3wxz − (2wt + wxxx − 2wwx)y + 2
(
wx∂

−1
x wy

)
x

+2
(
w∂−1x wyy

)
y
+ wyz = 0, (1)
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where the inverse operator ∂−1x is defined by:(
∂−1x f

)
(x) =

x∫
−∞

f(t)dt, (2)

under the decaying condition at infinity. It should be
noted that

∂x∂
−1
x = ∂−1x ∂x = 1. (3)

We first remove the integral term in (1) by introducing
the potential

w(x, y, z, t) = ux(x, y, z, t), (4)
to convert (1) to the equation

3uxxz − (2uxt + uxxxx − 2uxuxx)y + 2 (uxxuy)x

+2 (uxuyy)y + uxyz = 0. (5)
In order to secure soliton solutions to Eq. (5), the follow-
ing wave variable is employed:

u(x, y, z, t) = U(η), η = κ1x+ κ2y + κ3z − vt, (6)
where κi (i = 1, 2, 3) and v are constants, which are to
be determined. Next, inserting (6) into (5), and then in-
tegrating the result twice with respect to η, and choosing
constants of integration to zero yields(

2vκ1κ2 + 3κ21κ3 + κ1κ2κ3
)
U ′

+
(
2κ31κ2 + κ1κ

3
2

)
(U ′)

2 − κ41κ2U ′′′ = 0. (7)

(539)
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2. Extended G′/G-expansion scheme

In this section, extended G′/G-expansion tech-
nique [2–5] is employed to analyze the (3+1)-dimensional
nonlinear model given by (1). We assume that Eq. (7)
has the solution in the form

U(η) = α0

+

M∑
i=1

αi (G′G )i+βi (G′G )i−1
√
σ

(
1+ 1

µ

(
G′

G

)2)

+γi

(
G′

G

)−i
+ δi

(
G′

G

)−i+1

√
σ

(
1+

1
µ

(
G′

G

)2)
 , (8)

where α0, αi, βi, γi, δi (i = 1, . . . ,M) are constants to
be determined later, σ = ±1, M is a positive integer,
and G = G(η) satisfies the following second order linear
ODE:

G′′ + µG = 0, (9)
where µ is a constant to be determined later. Using
the balance method leads to M = 1. Therefore,
the extended G′/G-expansion approach admits the
use of

U(η) = α0 + α1

(
G′

G

)
+ β1

√√√√σ

(
1 +

1

µ

(
G′

G

)2
)

+γ1

(
G′

G

)−1
+ δ1

1√
σ
(
1 + 1

µ

(
G′

G

)2) . (10)

Substituting (9) and (10) into the reduced
ODE (7), collecting the coefficients of (G

′

G )j and

(G
′

G )j
√
σ(1 + 1

µ (
G′

G )2), and solving the resulting system,
following sets of solutions are procured where µ is
arbitrary constant:

The first set of parameters is given by

β1 = γ1 = δ1 = 0, α0 = α0, α1 = − 6κ31
2κ21 + κ22

,

v = −2µκ31 −
κ3 (3κ1 + κ2)

2κ2
. (11)

The second set of parameters is given by

α1 = β1 = δ1 = 0, α0 = α0, γ1 =
6µκ31

2κ21 + κ22
,

v = −2µκ31 −
κ3 (3κ1 + κ2)

2κ2
. (12)

The third set of parameters is given by

β1 = δ1 = 0, α0 = α0, α1 = − 6κ31
2κ21 + κ22

,

γ1 =
6µκ31

2κ21 + κ22
, v = −8µκ31 −

κ3 (3κ1 + κ2)

2κ2
. (13)

The fourth set of parameters is given by

γ1 = δ1 = 0, α0 = α0, α1 = − 3κ31
2κ21 + κ22

, (14)

β1 = ±
3κ31
√
µ

(2κ21+κ
2
2)
√
σ
,

v = −1

2

(
µκ31+κ3+

3κ1κ3
κ2

)
.

Using these results, the following exact solutions to
Eq. (5) are derived:

When µ < 0, the hyperbolic traveling wave solutions
are

u(x, y, z, t) = α0 −
6κ31
√
−µ

2κ21 + κ22

×
[
A1 sinh(

√
−µη) +A2 cosh(

√
−µη)

A1 cosh(
√
−µη) +A2 sinh(

√
−µη)

]
, (15)

where A1, A2 are arbitrary constants and η = κ1x+κ2y+

κ3z + (2µκ31 +
κ3(3κ1+κ2)

2κ2
)t.

u(x, y, z, t) = α0 −
6κ31
√
−µ

2κ21 + κ22

×
[
A1 sinh(

√
−µη) +A2 cosh(

√
−µη)

A1 cosh(
√
−µη) +A2 sinh(

√
−µη)

]−1
, (16)

where A1, A2 are arbitrary constants and η = κ1x+κ2y+

κ3z + (2µκ31 +
κ3(3κ1+κ2)

2κ2
)t.

u(x, y, z, t) = α0 −
6κ31
√
−µ

2κ21 + κ22

×

{
A1 sinh(

√
−µη) +A2 cosh(

√
−µη)

A1 cosh(
√
−µη) +A2 sinh(

√
−µη)

+

[
A1 sinh(

√
−µη) +A2 cosh(

√
−µη)

A1 cosh(
√
−µη) +A2 sinh(

√
−µη)

]−1}
, (17)

where A1, A2 are arbitrary constants and η = κ1x+κ2y+

κ3z + (8µκ31 +
κ3(3κ1+κ2)

2κ2
)t.

u(x, y, z, t) = α0 −
3κ31
√
−µ

2κ21 + κ22

×

{
A1 sinh(

√
−µη) +A2 cosh(

√
−µη)

A1 cosh(
√
−µη) +A2 sinh(

√
−µη)

(18)

∓ i

√
1−

[
A1 sinh(

√
−µη) +A2 cosh(

√
−µη)

A1 cosh(
√
−µη) +A2 sinh(

√
−µη)

]2}
,

where A1, A2 are arbitrary constants and η = κ1x+κ2y+
κ3z +

1
2 (µκ

3
1 + κ3 +

3κ1κ3

κ2
)t.

If, however, µ > 0, the trigonometric traveling wave
solutions are

u(x, y, z, t) = α0 −
6κ31
√
µ

2κ21 + κ22

×
[
A1 cos(

√
µη)−A2 sin(

√
µη)

A1 sin(
√
µη) +A2 cos(

√
µη)

]
, (19)

where A1, A2 are arbitrary constants and η = κ1x+κ2y+

κ3z + (2µκ31 +
κ3(3κ1+κ2)

2κ2
)t.
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u(x, y, z, t) = α0 +
6κ31
√
µ

2κ21 + κ22

×
[
A1 cos(

√
µη)−A2 sin(

√
µη)

A1 sin(
√
µη) +A2 cos(

√
µη)

]−1
, (20)

where A1, A2 are arbitrary constants and η = κ1x+κ2y+

κ3z + (2µκ31 +
κ3(3κ1+κ2)

2κ2
)t.

u(x, y, z, t) = α0 −
6κ31
√
µ

2κ21 + κ22

×

{
A1 cos(

√
µη)−A2 sin(

√
µη)

A1 sin(
√
µη) +A2 cos(

√
µη)

−
[
A1 cos(

√
µη)−A2 sin(

√
µη)

A1 sin(
√
µη) +A2 cos(

√
µη)

]−1}
, (21)

where A1, A2 are arbitrary constants and η = κ1x+κ2y+

κ3z + (8µκ31 +
κ3(3κ1+κ2)

2κ2
)t.

u(x, y, z, t) = α0 −
3κ31
√
µ

2κ21 + κ22

×

{
A1 cos(

√
µη)−A2 sin(

√
µη)

A1 sin(
√
µη) +A2 cos(

√
µη)

∓

√
1 +

[
A1 cos(

√
µη)−A2 sin(

√
µη)

A1 sin(
√
µη) +A2 cos(

√
µη)

]2}
, (22)

where A1, A2 are arbitrary constants and η = κ1x+κ2y+
κ3z +

1
2 (µκ

3
1 + κ3 +

3κ1κ3

κ2
)t.

Finally, if µ = 0, the plane wave solutions are

u(x, y, z, t) = α0 −
6κ31

2κ21 + κ22

(
A1

A1η +A2

)
, (23)

where A1, A2 are arbitrary constants and η = κ1x+κ2y+

κ3z + (κ3(3κ1+κ2)
2κ2

)t.

u(x, y, z, t) = α0 −
3κ31

2κ21 + κ22

(
A1

A1η +A2

)
, (24)

where A1, A2 are arbitrary constants and
η = κ1x+ κ2y + κ3z +

1
2 (κ3 +

3κ1κ3

κ2
)t.

The special cases are as follows:
When µ < 0 and A2

1 > A2
2, the following bright and

singular soliton solutions emerged from (15) to (18),
respectively:

u(x, y, z, t) = α0 −
6κ31
√
−µ

2κ21 + κ22

× tanh

(
√
−µ
(
κ1x+ κ2y + κ3z

+

(
2µκ31 +

κ3 (3κ1 + κ2)

2κ2

)
t

)
+ η0

)
, (25)

u(x, y, z, t) = α0 −
6κ31
√
−µ

2κ21 + κ22

× coth

(
√
−µ
(
κ1x+ κ2y + κ3z

+

(
2µκ31 +

κ3 (3κ1 + κ2)

2κ2

)
t

)
+ η0

)
, (26)

u(x, y, z, t) = α0 −
12κ31

√
−µ

2κ21 + κ22

× coth 2

(
√
−µ
(
κ1x+ κ2y + κ3z

+

(
8µκ31 +

κ3 (3κ1 + κ2)

2κ2

)
t

)
+ η0

)
, (27)

u(x, y, z, t) = α0 −
3κ31
√
−µ

2κ21 + κ22

(
tanh

(√
−µ
(
κ1x+ κ2y + κ3z +

1

2

(
µκ31 + κ3 +

3κ1κ3
κ2

)
t

)
+ η0

)

∓ i sech

(√
−µ
(
κ1x+ κ2y + κ3z +

1

2

(
µκ31 + κ3 +

3κ1κ3
κ2

)
t

)
+ η0

))
, (28)

where η0 = tanh−1(A2/A1). Also, setting A1 = 0, A2 6= 0 and A2 = 0, A1 6= 0 in (15)–(18), addition soliton solutions
to the model (5) can be secured. However, these are ignored for convenience.

If, however, µ > 0, the following periodic wave solutions emerged from (19)–(22), respectively:

u(x, y, z, t) = α0 +
6κ31
√
µ

2κ21 + κ22
tan

(
√
µ

(
κ1x+ κ2y + κ3z +

(
2µκ31 +

κ3 (3κ1 + κ2)

2κ2

)
t

)
− η0

)
, (29)

u(x, y, z, t) = α0 −
6κ31
√
µ

2κ21 + κ22

(
√
µ

(
κ1x+ κ2y + κ3z +

(
2µκ31 +

κ3 (3κ1 + κ2)

2κ2

)
t

)
− η0

)
, (30)

u(x, y, z, t) = α0 −
12κ31

√
µ

2κ21 + κ22
2

(
√
µ

(
κ1x+ κ2y + κ3z +

(
8µκ31 +

κ3 (3κ1 + κ2)

2κ2

)
t

)
− η0

)
, (31)
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u(x, y, z, t) = α0 +
3κ31
√
µ

2κ21 + κ22

(
tan

(
√
µ

(
κ1x+ κ2y + κ3z +

1

2

(
µκ31 + κ3 +

3κ1κ3
κ2

)
t

)
− η0

)

± sec

(
√
µ

(
κ1x+ κ2y + κ3z +

1

2

(
µκ31 + κ3 +

3κ1κ3
κ2

)
t

)
− η0

))
, (32)

where η0 = tan−1(A1/A2). Moreover, setting A1 = 0,
A2 6= 0 and A2 = 0, A1 6= 0 in (19)–(22), more periodic
wave solutions to the model (5) can be acquired. But
they are ignored for convenience.
Remark-1: By using (4), soliton and other solutions to

the governing Eq. (1) can be obtained.

3. Conservation laws of (5)

A conservation law [6, 7] for Eq. (5) is a space-time
divergence

DtT
t +DxT

x +DyT
y +DzT

z = 0,

which holds for all formal solutions u(t, x, y, z) of Eq. (5)
where the conserved density T t, and the spatial fluxes T x,
T y, T z are functions of t, x, y, z, u, and derivatives of u.
Furthermore, if there exists a non-trivial differential func-
tion Λ, called a “multiplier” such that Eu(ΛG) = 0, then
ΛG is a total divergence, i.e. ΛG = DtT

t+DxT
x+DyT

y,
for some (conserved) vector [T t, T x, T y, T z], and Eu is
the Euler–Lagrange operator. Thus, knowledge of each

multiplier Λ leads to a conserved vector computed by a
homotopy operator. If u and its derivatives tend to zero
as x, y, z approaches infinity, the conserved quantities
are obtained by

∫∞
−∞

∫∞
−∞

∫∞
−∞ T tdxdydz.

For (5), we obtain a multiplier Λ, that is given by
Λ = f1(t)u+ xf4(t, z) + yf3(t, z) + f2(t, z)

+
1

2
f5(t)

(
y2 − x2

)
+

1

4
x2f ′1,

where fi, i = 1, 2, 3, 4, 5 are arbitrary functions.
Thus, corresponding to the above multiplier we have the
following conservation laws of (5):

DtT
t
1 +DxT

x
1 +DyT

y
1 +DzT

z
1 = 0,

where

T t1 =
1

6

(
2f1(t)w

∫
wy dx− 4f1(t)wy

∫
wdx

+x2 (−f ′1)wy + xf ′1

∫
wy dx

)
, (33)

T x1 =
1

360

[
30f ′1x

2

∫
wyz dx+ 45f ′1x

2

(∫
wy dx

)(∫
wyy dx

)
+ 45f ′1x

2

(∫
wdx

)(∫
wyyy dx

)
−60f ′1x2

∫
wty dx+ 30f ′′1 x

2

∫
wy dx+ 180f ′1wzx

2 + 120wf ′1wyx
2 + 150f ′1wxx

2

∫
wy dx

−30f ′1wxyx2
∫
wdx− 72f ′1wxxyx

2 − 180f ′1x

∫
wz dx− 240wf ′1x

∫
wy dx+ 120f ′1wyx

∫
wdx

+108f ′1wxyx− 400w2f1(t)

∫
wy dx− 60f1(t)

(∫
wz dx

)(∫
wy dx

)

+120f1(t)

(∫
wdx

)(∫
wyz dx

)
+ 120f1(t)

(∫
wdx

)2(∫
wyyy dx

)
+120f1(t)

(∫
wy dx

)(∫
wtdx

)
− 240f1(t)

(∫
wdx

)(∫
wty dx

)
− 360wf1(t)

∫
wz dx

+120f ′1

(∫
wdx

)(∫
wy dx

)
+ 720f1(t)wz

∫
wdx+ 640wf1(t)wy

∫
wdx− 72f ′1wy

+560f1(t)wx

(∫
wdx

)(∫
wy dx

)
− 144f1(t)wywx − 80f1(t)wxy

(∫
wdx

)2

+ 216wf1(t)wxy

+72f1(t)wxx

∫
wy dx− 288f1(t)wxxy

∫
wdx

]
, (34)
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T y1 =
1

360

[
90x2f ′1wxw + 135x2f ′1w

∫
wyy dx− 45x2f ′1wyy

∫
wdx+ 30x2f ′1wxx

∫
wdx

−90xf ′1
(∫

wyy dx

)(∫
wdx

)
− 60xf ′1wx

∫
wdx+ 72f1(t)wxxw − 240f1(t)w

(∫
wy dx

)2

−60f1(t)w
∫
wz dx+ 480f1(t)w

(∫
wyy dx

)(∫
wdx

)
+ 120f1(t)w

∫
wtdx+ 240f1(t)wxw

∫
wdx

+120f1(t)wz

∫
wdx+ 240f1(t)wy

(∫
wy dx

)(∫
wdx

)
− 120f1(t)wyy

(∫
wdx

)2

+ 80f1(t)wxx

(∫
wdx

)2

−72f1(t)wxxx
∫
wdx− 240f1(t)wt

∫
wdx+ 30x2f ′′1 w − 60xf ′1w

2 − 120xf ′′1

∫
wdx− 80f1(t)w

3 − 60x2f ′1wt

+60xf ′1

∫
wtdx− 36f1(t)w

2
x + 30x2f ′1wz − 18x2f ′1wxxx − 30xf ′1

∫
wz dx− 36f ′1wx + 36xf ′1wxx

]
, (35)

T z1 =
1

12

(
− 2f1(t)w

∫
wy dx+ 4f1(t)wy

∫
wdx+ 12f1(t)wx

∫
wdx− 6xf ′1w + 6f ′1

∫
wdx (36)

−6f1(t)w2 + x2f ′1wy + 3x2f ′1wx − xf ′1
∫
wy dx

)
,

DtT
t
2 +DxT

x
2 +DyT

y
2 +DzT

z
2 = 0, where T t2 = −2

3
wyf2(t, z), (37)

T x2 =
1

30

[
40wyf2(t, z)w − 24f2(t, z)wxxy − 30f2zw + 10f2(t, z)

∫
wyz dx+ 15f2(t, z)

(∫
wy dx

)(∫
wyy dx

)

+15f2(t, z)

(∫
wyyy dx

)
(

∫
wdx)− 20f2(t, z)

∫
wty dx+ 50wxf2(t, z)

∫
wy dx− 10f2(t, z)wxy

∫
wdx

+60wzf2(t, z) + 10f2t

∫
wy dx− 5f2z

∫
wy dx

]
, (38)

T y2 =
1

30

(
30wxf2(t, z)w − 5f2zw + 10f2tw + 45f2(t, z)w

∫
wyy dx− 15wyyf2(t, z)

∫
wdx

+10wxxf2(t, z)

∫
wdx− 6wxxxf2(t, z) + 10wzf2(t, z)− 20wtf2(t, z)

)
, (39)

T z2 =
1

3
(3wxf2(t, z) + wyf2(t, z)) , (40)

DtT
t
3 +DxT

x
3 +DyT

y
3 +DzT

z
3 = 0, where T t3 =

1

3
(f3(t, z)w − 2ywyf3(t, z)) , (41)

T x3 =
1

30

[
− 30yf3zw + 40ywyf3(t, z)w − 24yf3(t, z)wxxy + 10yf3(t, z)

∫
wyz dx

−15f3(t, z)
(∫

wyy dx

)(∫
wdx

)
+ 15yf3(t, z)

(∫
wy dx

)(∫
wyy dx

)
+ 15yf3(t, z)

(∫
wyyy dx

)(∫
wdx

)
−20yf3(t, z)

∫
wty dx+ 10f3z

∫
wdx− 20f3t

∫
wdx− 10wxf3(t, z)

∫
wdx+ 50ywxf3(t, z)

∫
wy dx

−10yf3(t, z)wxy
∫
wdx+ 6wxxf3(t, z)− 5f3(t, z)

∫
wz dx+ 10f3(t, z)

∫
wtdx+ 60ywzf3(t, z)− 10f3(t, z)w

2

+10yf3t

∫
wy dx− 5yf3z

∫
wy dx

]
, (42)
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T y3 =
1

30

(
30ywxf3(t, z)w − 6ywxxxf3(t, z)− 5yf3zw + 10yf3tw − 30f3(t, z)w

∫
wy dx+ 45yf3(t, z)w

∫
wyy dx

+30wyf3(t, z)

∫
wdx− 15ywyyf3(t, z)

∫
wdx+ 10ywxxf3(t, z)

∫
wdx+ 10ywzf3(t, z)− 20ywtf3(t, z)

)
, (43)

T z3 =
1

6

(
6ywxf3(t, z) + 2ywyf3(t, z) + f3(t, z)(−w)

)
, (44)

DtT
t
4 +DxT

x
4 +DyT

y
4 +DzT

z
4 = 0,

where T t4 =
1

3

(
f4(t, z)

∫
wy dx− 2xwyf4(t, z)

)
, (45)

T x4 =
1

30

[
40xwyf4(t, z)w + 18f4(t, z)wxy − 24xf4(t, z)wxxy − 30xf4zw + 10xf4(t, z)

∫
wyz dx

+15xf4(t, z)

(∫
wy dx

)(∫
wyy dx

)
+ 15xf4(t, z)

(∫
wyyy dx

)(∫
wdx

)
− 20xf4(t, z)

∫
wty dx

−40f4(t, z)w
∫
wy dx+ 20wyf4(t, z)

∫
wdx+ 50xwxf4(t, z)

∫
wy dx− 10xf4(t, z)wxy

∫
wdx

+60f4z

∫
wdx+ 60xwzf4(t, z)− 30f4(t, z)

∫
wz dx+ 10xf4t

∫
wy dx− 5xf4z

∫
wy dx

]
, (46)

T y4 =
1

30

[
− 5xf4zw + 10xf4tw + 30xwxf4(t, z)w + 45xf4(t, z)w

∫
wyy dx− 15f4(t, z)

(∫
wyy dx

)(∫
wdx

)
+10f4z

∫
wdx− 20f4t

∫
wdx− 15xwyyf4(t, z)

∫
wdx− 10wxf4(t, z)

∫
wdx+ 10xwxxf4(t, z)

∫
wdx

+10xwzf4(t, z) + 6wxxf4(t, z)− 6xwxxxf4(t, z)− 20xwtf4(t, z)− 5f4(t, z)

∫
wz dx+ 10f4(t, z)

∫
wtdx

−10f4(t, z)w2

]
, (47)

T z4 =
1

6

(
2xwyf4(t, z)− f4(t, z)

∫
wy dx+ 6xwxf4(t, z)− 6f4(t, z)w

)
, (48)

DtT
t
5 +DxT

x
5 +DyT

y
5 +DzT

z
5 = 0,

where T t5 =
1

3

(
yf5(t)w + x2f5(t)wy − xf5(t)

∫
wy dx− y2f5(t)wy

)
, (49)

T x5 =
1

60

[
− 40x2f5(t)wyw − 15x2f5(t)

(∫
wyyy dx

)(∫
wdx

)
+ 10x2f5(t)wxy

∫
wdx+ 40y2f5(t)wyw

+15y2f5(t)

(∫
wyyy dx

)(∫
wdx

)
− 10y2f5(t)wxy

∫
wdx+ 80xf5(t)w

∫
wy dx− 40xf5(t)wy

∫
wdx

−60f5(t)
(∫

wy dx

)(∫
wdx

)
− 30yf5(t)

(∫
wyy dx

)(∫
wdx

)
− 20yf5(t)wx

∫
wdx− 40yf ′5

∫
wdx

−20yf5(t)w2 − 10x2f5(t)

∫
wyz dx+ 24x2f5(t)wxxy − 15x2f5(t)

(∫
wy dx

)(∫
wyy dx

)
+ 20x2f5(t)

∫
wty dx
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−50x2f5(t)wx
∫
wy dx− 60x2f5(t)wz + 10y2f5(t)

∫
wyz dx− 24y2f5(t)wxxy

+15y2f5(t)

(∫
wy dx

)(∫
wyy dx

)
− 20y2f5(t)

∫
wty dx+ 50y2f5(t)wx

∫
wy dx− 10yf5(t)

∫
wz dx

−36xf5(t)wxy + 12yf5(t)wxx + 20yf5(t)

∫
wtdx+ 60xf5(t)

∫
wz dx+ 60y2f5(t)wz + 24f5(t)wy

−10x2f ′5
∫
wy dx+ 10y2f ′5

∫
wy dx

]
, (50)

T y5 =
1

60

[
− 30x2f5(t)wxw − 45x2f5(t)w

∫
wyy dx+ 15x2f5(t)wyy

∫
wdx− 10x2f5(t)wxx

∫
wdx+ 30y2f5(t)wxw

+45y2f5(t)w

∫
wyy dx− 15y2f5(t)wyy

∫
wdx+ 10y2f5(t)wxx

∫
wdx+ 30xf5(t)

(∫
wyy dx

)(∫
wdx

)
+20xf5(t)wx

∫
wdx− 60yf5(t)w

∫
wy dx+ 60yf5(t)wy

∫
wdx− 10x2f ′5w + 10y2f ′5w + 40xf ′5

∫
wdx

+20xf5(t)w
2 + 40f5(t)w

∫
wdx− 10x2f5(t)wz + 6x2f5(t)wxxx + 20x2f5(t)wt − 6y2f5(t)wxxx

+10xf5(t)

∫
wz dx− 12xf5(t)wxx + 12f5(t)wx − 20xf5(t)

∫
wtdx+ 10y2f5(t)wz − 20y2f5(t)wt

]
, (51)

T z5 =
1

6

(
6xf5(t)w − yf5(t)w − 6f5(t)

∫
wdx− x2f5(t)wy − 3x2f5(t)wx + 3y2f5(t)wx

+xf5(t)

∫
wy dx+ y2f5(t)wy

)
. (52)

Remark-2: Due to the presence of the arbitrary functions, in the multiplier, one can obtain an infinitely many
conservation laws of (5).

4. Conclusions

The new (3+1)-dimensional nonlinear model has
been investigated analytically. Based on the G′/G-
expansion method, the hyperbolic travelling wave solu-
tions, trigonometric travelling wave solutions, plane wave
solutions, bright and singular soliton solutions, and peri-
odic wave solutions are presented. Finally, the conserva-
tion laws are discussed.
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