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This work studies a new (3+1)-dimensional nonlinear model, which was introduced by Abdul-Majid Wazwaz
in 2014. This new physical model describes the shallow-water waves and short waves in nonlinear dispersive
models. Analytical traveling wave solutions including the solitons and plane wave solutions are derived by using the
G’ /G-expansion technique. Moreover, the conserved quantities of this model are also given.
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1. Introduction

Studying the nonlinear evolution equation arising in
natural science is very important for us to understand
and explain the nonlinear phenomena [1-14]. By the an-
alytical and numerical methods, many researchers con-
structed travelling wave solutions of some famous non-
linear mathematical physics equations, such as the non-
linear Schrédinger equation in nonlinear optics, the non-
linear Gross—Pitaevskii equation in the Bose-Einstein
condensates, the Korteweg—de Vries (KdV) equation in
fluid mechanics, and so on. It can be noted that a new
(341)-dimensional nonlinear equation was proposed by
Abdul-Majid Wazwaz in 2014, it is an extension version
of the (3+1)-dimensional KdV equation. This work stud-
ies this model by a different method, which is the G’/G-
expansion technique. Some new soliton solutions is re-
ported, and finally the conserved quantities are discussed.

The new (3+1)-dimensional nonlinear model that is
going to be studied in this paper is given by [1]:

3wy, — (2wi + Wepe — 2wwm)y +2 (wxa;lwy)z

+2 (w@;lwyy)y + wy; =0, (1)
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where the inverse operator 9, ! is defined by:

(0:1F) (2) = / F(ydt, ()

under the decaying condition at infinity. It should be
noted that

0.0, = 0,10, = 1. (3)
We first remove the integral term in (1) by introducing
the potential

w(x,y,z,t) :ua:(xayvz7t>7 (4)
to convert (1) to the equation

3u:czz - (2umt + Ugpzzr — QUmua:m)y + 2 (uxxuy)w

+2 (Umuyy)y + Uzyz = 0. (5)
In order to secure soliton solutions to Eq. (5), the follow-
ing wave variable is employed:
w(z,y,z,t) =U(n), n=~rix+ koy+ r3z —vt, (6)
where k; (i = 1, 2, 3) and v are constants, which are to
be determined. Next, inserting (6) into (5), and then in-
tegrating the result twice with respect to 1, and choosing
constants of integration to zero yields

(21)%:1/<;2 + 3%%%3 + H1/€2H3) U/

+ (263 K2 + K1K3) (U")? = Ktk U™ = 0. (7
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2. Extended G'/G-expansion scheme

In this section, extended G’/G-expansion tech-
nique [2-5] is employed to analyze the (3+1)-dimensional
nonlinear model given by (1). We assume that Eq. (7)
has the solution in the form

U(n) = ao
M N i1 N2
+; o (%) +6 (%) \/a (1+,i (%) )

(%)

G

i ———rt——— |, (8)
1 G/ 2

(+(%))

where o, oy, Bi, i, 0; (i = 1,..., M) are constants to

be determined later, ¢ = +1, M is a positive integer,

and G = G(n) satisfies the following second order linear
ODE:

G" + puG =0, (9)
where p is a constant to be determined later. Using
the balance method leads to M = 1. Therefore,

the extended G’/G-expansion approach admits the
use of

Un) =ap+ oy (g) + P14l o (1—1— i (g)2>

AN 1
Nl = + 6 . (10)
G 1 (G2
Substituting (9) and (10) into the
ODE (7),
(%) o+ (%
following sets of solutions are procured where p is
arbitrary constant:

reduced
collecting the coefficients of ()7 and

)2), and solving the resulting system,

The first set of parameters is given by

3 5 0 6K
= = = anp = ol = ———--=
1= 1 ) 0 05 1 25% T n%’
- K3 (3/431 + Hg)
= 2uks — == =2 11
L (11)
The second set of parameters is given by
6k
pr=0=0, ap=ap, m Gy
K3 (3/‘61 + HQ)
= 2uks — = L =L 12
v Ia2as OPR (12)
The third set of parameters is given by
3 5 0 6K
= = « = o = ———--F
1 1 ) 0 05 1 2/‘6% + H% )
63 3 K3 (3K1+ Ka)
— _ = _8 - =7 13
71 2/{/% + /i% ’ v 12571 2/€2 ( )

The fourth set of parameters is given by

3k% VI
(2k2+K3) /0’

1 3K1K
V= —= (,LLKJ?-’-K/,?,-’- ! 3) .
2 K9

Using these results,
Eq. (5) are derived:
When p < 0, the hyperbolic traveling wave solutions

are
6&1\/
262 + K3
" {Al sinh(y/=pun) + A cosh(«/—/wm)}
Aj cosh(y/=pun) + Assinh(y/—pun) |’

where A, Ay are arbitrary constants and n = k1x+kKoy+
K3z + (2uK3 + nma(Bmtng) )t

F
2 262 + K2
x {Al sinh(y/=pn) + A COSh(\/T”’)} - (16)
Ay cosh(y/=pun) + Agsinh(y/=pn) | '

where A;, As are arbitrary constants and n = k1 z+rKoy+
K3z + (2uK3 + fa(3mth) )t.

2/@2
G ?\/
2K 2
1

B ==

the following exact solutions to

u(l.7 y7 ZVt) =

(15)

u(xayaz7t) =

u(x,y,zgt) = Qp —

.} Avsinh(v/=pn) + Az cosh(v/—pun)
Ay cosh(y/=pm) + Az sinh(y/=un)

[Al sinh(y/—pn) + Az cosh(\/—;m)}_1 (17)
Aj cosh(y/=pn) + As sinh(y/—pun) ’
where A;, As are arbitrary constants and n = k1z+rKoy+

K3z + (8uk3 + f3(3r1tra) )t.

2/@2

3/4;1\/

2K 2+/<2

A sinh(y/=un) + Az cosh(y/—un)
A cosh(y/=pn) + Az sinh(y/—un)

Fiyf1— {Al sinh(y/—pn) + Az Cosh(\/—/wm)}2
Aj cosh(y/=pun) + Ag sinh(y/—pn) ’
where Al, Ajg are arbitrary constants and nn = k1 x+koy+
K3z 4+ 2 (ukS + ks + ‘3"‘1"“3)1?.
If, however, © > 0, the trigonometric traveling wave

solutions are
6r7 /10
2K% + K3

Ay cos(/pm) — Ag sin(y/mn)
Ay sin(y/pn) + Az cos(y/un)

where A, Ao are arbitrary constants and n = k1z+kKoy+
ryz + (2unf 4 2CpEEmRl ),

2/{2

u(@,y,2,t) =

(18)

u(x7y7z7t) = 0y —

(19)
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Gn:{’\/ﬁ
2K% + K3
y [Al cos(y/in) — Az sin(y/im) ]~
Ay sin(y/un) + Agcos(y/im) |

where A1, A, are arbitrary constants and n = k1x+kKoy+
K3z + (2uK$ + fa(3ritna) )t.

2/‘62
6r3/h
2K% + K3

" Ay cos(y/um) — Ag sin(y/1n)
Ay sin(y/pm) + Az cos(y/mn)

B {Al cos (/i) — Az sin(\/ﬁn)] -t (1)
Ay sin(y/mn) + Az cos(y/mn) ’

where A1, A, are arbitrary constants and n = k1x+kKoy+

K3z 4 (Suid 4 FaBmitra) )y

2.‘@2
k% VH
2K2 + K3

" Ay cos(y/um) — Ag sin(y/1n)
Ay sin(y/pm) + Az cos(y/1n)

;\/ 1+ [Al cos(y/fn) — As Sin(ﬁm)r} (22)
Ay sin(y/mn) + Az cos(y/mn) ’
where Al, Ag are arbitrary constants and n = K1+ Koy +
K3z + 5 (ukS + K3 + 3“1“3) .
Finally, if p =0, the plane wave solutions are

6/1? A1
5 ) (23)
267+ k3 \Ain+ Ao

where A1, As are arbitrary constants and n = k1z+rKoy+
K3z + (7”3(3“1+“2) )t

2/{2

U(l’,y, th) =ao+

(20)

u<xayazvt) = Qo —

u(xayazvt) = Qo —

u(l’,y, th) = Qg —

3K
u(xayazvt) = Qg — 9

K]+ %
. 1
Fisech (\/—/J, (mw + Koy + K32 + 5 (uﬁ;l + K3 +

where 79 = tanh™

3
v 1
éi'u (tanh (\/u (Hlx + Koy + K3z + =
1

3/433 A1
7 ) (24)
2:"@1 + K3 A17’] + A2

where A;, A; are arbitrary constants and
N =K1 + Koy + K3z + (k3 + 3'27:3)15

The special cases are as follows:
When pu < 0 and A? > A3, the following bright and
singular soliton solutions emerged from (15) to (18),
respectively:

u(x,y,z,t) = Qg —

6K%y/—p

u(x,y, z,t) =oag — —5—>5
(7y37) 0 2/@%_1_5%

X tanh (\/—M (Iﬁl‘ + Koy + K32

fg (9 + Ka) (3;;; “2)) t> + 770) : (25)

6/4;1\/

2K 2+/<2

+ <2pm‘;’ +
u(z,y, 2,t) =

x coth <\/u (mx + Koy + K3z

+ <2;mi’ o T R (3;;+ KQ)) t> + 770) : (26)
2

1263/—p

u(zr,y, 2,t) = ag —
(7ya ) 0 2/‘6%4‘&%

x coth 2 (\/ </~;1:17 + Koy + K3z

3
+ (Smi’ 4 i (Br1t r2) ';1; ”2)) t) +770>7 (27)
2

3&1%3) t) + 770)
Ko

5 (;m? + K3 +

R2

31 3>t)+no>>7 (28)

Y(A3/A}). Also, setting A; =0, Ay # 0 and Ay =0, A; # 0 in (15)-(18), addition soliton solutions

to the model (5) can be secured. However, these are ignored for convenience.

If, however, p > 0, the following periodic wave solutions emerged from (19)—(22

6riy/p

t

u(as,y,z, ) Oéo+2 %+l€2
6k3

U(£E7y, th) = Qp — 217\/'&2 <\/,E<:‘<CL’E + R2Y + K3z + (2/1/{? +
2K7 + K3
12k

w(z,y, z,t) = g — 53 3 Mﬁ 2( Vel k1T + Koy + K3z + 8;;/%51” +
2k7 + “2

tan <\/ﬁ<n1m + Koy + K3z + <2un? +

), respectively:

(o 40 ) no), 29)
ralins o) ) _770), (30
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B3RV

(LC Y, 2, t)_a()+

1

+ sec (\/,E (mx + Koy + K3z + (;ml + k3 +

DO |

where 19 = tan"!(A;/As). Moreover, setting A; = 0,
Ay # 0 and A =0, A1 # 0 in (19)—(22), more periodic
wave solutions to the model (5) can be acquired. But
they are ignored for convenience.

Remark-1: By using (4), soliton and other solutions to
the governing Eq. (1) can be obtained.

3. Conservation laws of (5)

A conservation law [6, 7] for Eq. (5) is a space-time
divergence

D,T" + D, T* + D,TY + D,T* =0,

which holds for all formal solutions u(t, z,y, z) of Eq. (5)
where the conserved density T¢, and the spatial fluxes 7%,
TY, T* are functions of ¢, x,y, z,u, and derivatives of u.
Furthermore, if there exists a non-trivial differential func-
tion 4, called a “multiplier” such that E,(AG) = 0, then
AG is a total divergence, i.e. AG = D,T*+D,T*+D,T",
for some (conserved) vector [T, T% TY T?], and E, is
the Euler—Lagrange operator. Thus, knowledge of each

J

3&1%3

K2

1 3 3K1k3
t . Z t) —
22+ 12 < an <\/ﬁ (/ﬁx + Koy + K32 + 5 (M:‘ﬁ + K3 + o ) ) 770>

))»))

(

multiplier A leads to a conserved vector computed by a
homotopy operator. If u and its derivatives tend to zero
as x, y, z approaches infinity, the conserved quantities

are obtained by [*_ [70 [ T'dzdydz.

For (5), we obtain a multiplier A, that is given by
A= fl(t)u + l'f4(t, Z) + yf?)(ta Z) + fQ(t7 Z)
1 1
+5 () (v° = 2%) + 27 fl,

where f;, i = 1, 2, 3, 4, 5 are arbitrary functions.
Thus, corresponding to the above multiplier we have the
following conservation laws of (5):

DyT! + D,T¥ + D,TY + DT} =0,

where

T = é(2f1(t)w/wydx—4f1(t)wy/wda;

72 (f{)wy+xf{/wydx>, (33)

1
TF = 360 [30f{x2/wyzd:c+45f{w2 (/wydm) (/wyydx) + 45 f] 2 (/wdx) (/wyyydx>

—60f] 2> /wty dz + 30f z? /wy dz + 180 f]w,x* + 120w f{w,x* + 150 fw,2* /wy dz

—3Of{wzyac2/wdx—72f{wmyac2 — 180f{x/wzdx—240wf{x/wydx+ 120f{wyx/wdx

+108 f1wayx — 400w? f1 (t) / wy dx — 60, (t) ( / wzd:z:> < / wydz>
cr2050) ([ (o) s 1200 ( [ i)’ ([ e
1201 (1) (/wydx> </wtdx) 240/ (¢ ( wdm) ( wtydx) —360wf1(t)/wzdac

+120f; (/wdx) </wyd:c) + 720 f1(¢

/wdx+640wf1( Jw /wdxf 72 f1w,

+560f1 (£)ws ( / wdx) ( / w, dx) A4Sy (Hwyws — 8Of (Hwy ( / wda:)2 + 216w (e,

+72f1(t)wes / wydz — 288 f1 () weay /wdx] ,
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17360

2
—90x f1 (/ wyydx) (/wdx) — 60 f]w, /wdx + 72f1 (H)wegw — 240 f1 (H)w </ wy dx)

—60f1(t)w/wzdx+480f1(t)w </ wyydx> </wd:1:> + 120f1(t)w/wtdx+240f1(t)wxw/wdx

+120f1(t)wz/wdm +20f, (H)w, (/ wydx) (/wdx) —120f, (H)wy, </wdx>2 + 801 (£) e (/wdx)

—72f1 () Wy /wdx — 240 f1 (t)wy /wdx + 3022 f'w — 60z f{w? — 120z f7 / wdz — 80f; (t)w? — 602 f;w;

1
qv_ L [90$2f{wzw + 135x2f{w/wyy do — 45x2f{wyy/"de + 30x2f{wzz/'lUd{E

2

+60z f; / wydz — 36 f1 (H)w? + 3022 flw, — 182 f{wyee — 302f] / w, dz — 36 f{w, + 36z f{wm] , (35)

T 1(2f1(t)w/wydx+4f1(t)wy/wdx+12f1(t)wx/wd:c6mf{w+6f{/wd:1: (36)

T 12
—6f1(t)w? + 2® flw, + 32” flw, — x f] / wy dx) ,
2
DT} + D, Ty + D,TY + D, T5 =0, where Tj= —gwyfg(t, z), (37)

T8 = % lZLOwyfg(t7 2)w — 24 fo(t, 2)Wyzy — 30 f2,w + 10f2(t, 2) /wyz dz + 15f5(t, 2) (/ Wy dx) (/ Wyy dx)

+15f5(¢, 2) (/wwydm> (/wdx) —20f5(t, 2) /wtyd:c + 50w, fa(t, 2) /wydx - 10f2(t,z)w$y/wdac
+60w,, fa(t, z) + 10 fo /wy dx — 5fs, / Wy dx} , (38)

1
TY = 30 (3Owrf2(t, 2)w — 5 faw + 10 forw + 45 fo(t, 2)w / Wyy Az — 15wy, fa(t, 2) /wdx

+10wxa:f2(ta Z) /wdx - 6wxmzf2(tv Z) + 10wzf2(tv Z) - 20wtf2(ta Z))» (39)
. 1
T = 3 (Bwg fa(t, 2) + wy fa(t, 2)), (40)
1
DT + D,T§ + D,TY + D, T; =0, where Ti= 3 (f3(t, 2)w — 2yw, f3(t, 2)) , (41)

1
Ty = 0 [ — 30y fa.w + 40ywy, f3(t, 2)w — 24y f3(t, 2)Waay + 10y f3(t, 2) /wyz dx

st ( fonte) (o) e o)  fonte) 50500 () ([ i)

fZOyfg(t,z)/wtyder10f32/wdx—20f3t/wdx— lszfg(t,z)/wdx+50ywmf3(t,z)/wydx

—10y f3(t, 2)way /wdx + 6wgy f3(t, 2) — 5f3(t, 2) /wz dz + 10f5(t, 2) /wt dz + 60yw, f5(t, z) — 10f3(¢, z)w2

+10y f3; /wy dx — 5y f3, / Wy dm] , (42)



544 M. Ekici et al.

1
T;l = % (30ywzf3(tv Z)w - Gywmxzf?)(tv Z) — 5y fs,w + 10y farw — 30f3(t7 Z)w/wy dz + 45yf3(t’ Z)U)/U)yy dz
+30w, f3(t, 2) /wdx — 15ywy, f3(t, 2) /u)dm + 10ywy. f3(t, 2) /wdx + 10yw, f5(t, z) — 20yw, f3(t, z)), (43)

Ty = %(Gywmf?,(t, 2) 4 2ywy f3(t, 2) + fs(t, 2)(—w)), “y

DT} + D,T§ + D,TY + D,Tf =0,

where T} = % (f4(t,z)/wy dz — wayf4(t,z)) ) (45)

1
Ty = 0 l40xwyf4(t, 2)w + 18 f4(t, 2)way — 24w f4(t, 2)Wazy — 30z fa.w + 102 f4(t, 2) /wyz dzx

et ([ (fe) s 15080 [ oe) ([ ts) 0010 [

—40f4(t, z)w / wy dx + 20w, f4(t, 2) /wdm + 50zw, f4(t, 2) / wyda — 102 fa(t, 2)way / wdzx
+60f4, /wdx + 60zw, fa(t, z) — 30f4(t, 2) / wydz + 10 fay /wy dz — 52 f4. /wy dx] , (46)
1
Ty = 0 l— S5 fa.w + 10z fyyw + 30zw, f4(t, 2)w + 452 f4(t, 2)w / wyy dx — 15f4(t, 2) (/ Wyy dx) (/wdx)
+10f4, /wda: - 2Of4t/wda: — 15zwy, f4(t, 2) /wdx — 10w, f4(t, 2) /wdx + 102wy, f4(t, 2) /wdx

+10zw, fa(t, 2) + 6wey fa(t, 2) — 62Wapq fa(t, 2) — 202w fo(t, 2) — 5 f4(t, 2) / wydx + 10f4(¢, 2) /wt dz
—1014(t, z)wQ] , (47)

1
17 = G <2:Ewyf4(t, z) — fa(t, 2) /wy dz + 6xw, f4(t, 2) — 6 f4(t, z)w>, (48)
DTt + D, T¢ + D,TY + D.TF =0,
1
where T5t =3 (yf5 (t)w + z2 f5 (t)wy — 2 f5(¢) /wy da — y?f5 (t)wy>, (49)
~ 60

T 1 l— 4022 f5 (t)w,w — 1522 f5(t) (/ Wyyy dx) (/wdx) + 1022 f5(t)way /wdx + 40y f5 (t)w,w

+15y% f5(t) (/ wyyydm> (/wdx) — 10y2f5(t)wwy/wdx+80xf5(t)w/wydx —4Oxf5(t)wy/wdx

—mﬁ@</wﬂﬁ</wm>—mwﬁWJ@wm)(/wgyawﬁmw/@@FAMg/wm

—20y f5(t)w? — 1022 f5(t) /wyz da + 2422 f5 () Waay — 1522 f5(t) </ Wy dx) (/ Wyy dx> + 2022 f5(t) /wty dz
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—50m2f5(t)wx /wy dx — 6022 f5(t)w, + 10y% f5(1) / Wy, dz — 24y2f5(t)wmy

+1592 f5(t) (/ wydx) (/ wyydx) - 20y2f5(t)/wtydx + 50y2f5(t)wx/wy dz — 10y f5(t) /wz dx

86 fs () way + 120 f5 (E)wae + 20y fs(t) / widz + 60z f (¢) / w, dz + 60y2 f5 (1), + 24f5(t)w,

—102% fL /wy dx + 1092 f1 / wy dm] ,

(50)

1
TY = W l— 3022 f5 () wew — 45m2f5(t)w/wyy dz + 15x2f5(t)wyy/wdx — 1022 f5 (t)wu/wdx + 3092 f5 () w,w

+45y2f5(t)w/wyy dx — 15y2f5(t)wyy/wdm + 1002 f5 (D) wae /wdx + 30z f5(t) (/ Wyy da:) (/wdx)

+20z f5(t)w, / wdz — 60y f5(t)w / wy, dz + 60y f5(t)w, / wdz — 1022 fiw + 10y? flw + 40z fL / wdx

+20z f5 (t)w2 +40f5(t)w / wdx — 10:1:2f5(t)wz + 6m2f5(t)wmx + 20x2f5(t)wt —6y°fs (O Wazs

+10z f5(t) / w, dr — 122 f5(t)wee + 12f5(t)we — 20 f5(t) /wt dz + 10y2f5(t)wz - 20y2f5(t)wt1 )

T; = é(% (B)w — yfs(tyw — 65(t) / wdz — a2 f(t)w, — 322 f(H)w, + 392 f5 (1w,

+xfs(t) /wydx + y2f5(t)wy>'

(52)

Remark-2: Due to the presence of the arbitrary functions, in the multiplier, one can obtain an infinitely many

conservation laws of (5).

4. Conclusions

The new (3+1)-dimensional nonlinear model has
been investigated analytically. Based on the G'/G-
expansion method, the hyperbolic travelling wave solu-
tions, trigonometric travelling wave solutions, plane wave
solutions, bright and singular soliton solutions, and peri-
odic wave solutions are presented. Finally, the conserva-
tion laws are discussed.
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