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The interface migration of capillary rise in porous media is a complicated problem. The Lucas–Washburn
equation provides the relation between the height and the time in early stage with small height, and some restrictions
are introduced in this equation. However, with the development of experiments and simulations, the impact of
shapes and dynamic contact angle on capillary rise can be carried out from microscopic view. In this paper,
a multiphase lattice Boltzmann model is applied to simulate the capillary rise in microtubes with different cross-
sections. Through the simulations of three-dimensional capillary rise, the effect of the cross-section shapes on the
equilibrium height is compared, and the contact angle hysteresis is found in the angular capillary tubes, that the
contact angle of the main terminal meniscus in equilibrium height is larger than the static contact angle.
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1. Introduction

Porous media are widely used in various modern tech-
nologies. The capillary suction performance of porous
media is a subject of common interest. The interface
migration of capillary rise in porous media is a compli-
cated problem, and many related study have been car-
ried out [1–4]. The capillary suction optimization is the
improvement of the two-phase interface migration in mi-
crochannels, and the basis is the optimization for cap-
illary rise in microtube. Some new models have been
presented, such as a multiscale diffuse-interface model
for capillarity-driven flow in porous media presented by
Roudbari et al. [5]. Their model is based on averaging
of the equations of motion for binary fluid with a diffuse
interface according to the Navier–Stokes–Cahn–Hilliard
equations, but a precise description of microscale flow is
not the interest of their model.

For a detailed understanding, capillary rise is the key
to improve the capillary suction performance of porous
media. The classic description of capillary rise is given
by the Lucas–Washburn equation [6], assuming that the
contact angle preserves the equilibrium value at all times.
The Lucas–Washburn equation provides the relation be-
tween the height and time in early stage with small
height, corresponding to squared height in proportion
to the time. The capillary rise process is activated by
capillary force, which is balanced by viscous force, in-
ertial force, and gravity. With major forces consid-
ered only, the analytic solutions can be obtained for
four time stages, including purely inertial time stage,
viscous-inertial time stage, purely viscous time stage,
and viscous-gravitational time stage.
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The influence of the inertia and the gravity is neglected
in the Lucas–Washburn equation. However, the iner-
tia force needs to be considered in the very beginning
of capillary rise. The foregoing ground experiments are
mainly carried out using small diameter tubes under nor-
mal gravity, and then the h2 ∼ t behavior predicted by
the Lucas–Washburn equation is observed mainly. Fortu-
nately, the microgravity experiments can provide the very
initial behavior. Before the h2 ∼ t behavior in the initial
stage of capillary rise, the relation of two different stages
are found in microgravity experiments that is height in
proportion to squared time and time, respectively [7].

In the initial stage of capillary rise, the inertia and vis-
cous force are in a continuous change, and the meniscus is
unstable. The contact angle needs a process to reach the
equilibrium contact angle, and the dynamic contact angle
has been studied in capillary rise [8–12]. In order to mea-
sure contact angle, capillary rise experiments have been
carried out in single capillaries and in columns of packed
powder [8]. During capillary rise, the contact angle is
always larger than the static contact angle, and large
values may be up to 60◦, although their expected value
may be 0◦. The dynamic contact angle can be expressed
by the function of Ca number, and some assumptions
are proposed based on this relation [9]. The experiments
of direct measurement of dynamic contact angle and its
variation with the velocity of the moving meniscus can
be found from Heshmati’s work [10]. Through analyzing
the effects of dynamic contact angle on liquid infiltration
into horizontal capillary tubes, a semi-analytical solution
is proposed by Hilpert [11]. Based on velocity-dependent
dynamic contact angle relations, Popescu et al. [12] pro-
posed four expressions to explain the lack of consistent
experimental evidence for deviations in the rate of cap-
illary rise from the Washburn equation. Since, the exact
form of the dependence is still a question of debate, es-
pecially for irregular shapes, the model requires further
investigation.
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The Lucas–Washburn equation is obtained with circu-
lar cross-section capillaries. However, many other factors
contribute to the complexity of the capillary rise pro-
cess, such as dynamic contact angle, and irregular cross-
sections. As a result, continuous interest maintains on
the topic, though the capillary rise has been studied for
many years. Since the Lucas–Washburn equation can-
not be applied at the two ends of the liquid column in
the capillarity, Levine et al. [13] have presented a general
Washburn formula for the rate of rise of the meniscus as
a function of height in a cylindrical tube. The menis-
cus exerts an extra drag increasing the effective height.
In the late stage of capillary rise, the gravity need to
be considered, and an analytic solution of capillary rise
restrained by gravity is proposed by Fries et al. [14].
By introducing tortuosity and fractal dimension, capil-
lary rise in a single tortuous capillary has been stud-
ied [15]. Their results show that the accumulated weight
of liquid imbibed into a single tortuous capillary is
independent of the shape of a capillary in the early
rising stage.

The meniscus of a certain liquid behaves differently in
various cross-section capillary tubes. An empirical solu-
tion of the surface tension from capillary rise in rectan-
gular tubes is obtained by experiments [16]. In noncir-
cular capillary tubes, the arc menisci in the corners and
the main terminal meniscus have different behaviors, and
rapid advancement of arc menisci ahead of main termi-
nal meniscus impacts the dynamics of rise. Capillary rise
in different sinusoidal capillaries is simulated by Amara
et al., and the results show that the meniscus reaches
different equilibrium positions [17]. Figliuzzi et al. [18]
present a model to describe the capillary rise of a liq-
uid in a capillarity of varying circular cross-section, and
used the optimal control theory to design the optimized
capillaries. Berthier et al. [19] derive a general condition
for the establishment of spontaneous capillary rise in any
composite microchannel of constant cross-section, includ-
ing the microchannel comprising different wall materials
and even open parts. For a given inlet radius, the com-
posite shape can realize the minimum imbibition time.
Gorce et al. [20] find that imbibition into tubes with
a power-law relationship between the radius and axial
position generally occurs more quickly than a constant-
radius tube. Berthier et al. [21] propose a general expres-
sion for the determination of the velocities of spontaneous
capillary flows in composite and confined microchannels
of arbitrary shapes. But this expression is restricted in
sharp corners, due to the entrainment effect on the bulk
of the flow.

The initial stage of capillary rise, dynamic contact an-
gle and the shape of capillary tubes have important im-
pact on the capillary rise. The lattice Boltzmann method
has microscopic and mesoscopic features that facilitate
the processing of irregular boundary conditions, which
can be applied to study this problem from microscopic
view. Santos et al. [22] present several simulations results
of capillary invasions in two- and three dimensions by

using lattice Boltzmann method. The velocity field near
the solid, the dynamic contact angle, and the boundary
conditions are investigated, and their work indicated the
potential of lattice Boltzmann method in capillary inva-
sion dynamic studies. Wolf et al. [23] simulate the capil-
lary rise between parallel plates using lattice Boltzmann
method. Some discrepancies in the first stages of cap-
illary rise are found when the distance between parallel
plates is large. Their results indicate that the inclusion of
long-range forces does not change significantly the fluid
flow dynamics at the mesoscopic level. Lu et al. [24] de-
velop a multiphase lattice Boltzmann method to investi-
gate capillary rise dynamics, and the numerical results
show quantitative agreement with experimental data.
The effects of gravity, adhesion, surface tension, viscous
drag, inertia, and the tube radius on the initial differ-
ences are analyzed in detail to identify the mechanisms in
their work.

For the study of capillary rise, it can be seen from
the above that the relation between liquid height and
time is obtained mainly. The dynamic contact angle can
be obtained in circular tube, but rarely is analyzed in
angular tubes.

When the capillary rise process is completed, the liquid
weight inside the microtube is the balance between the
capillary force and the gravity, and the force equilibrium
equation can be expressed as

Pσ cos θ = ∆ρAhg, (1)
where A is the cross-sectional area, and P is the wetted
perimeter of the cross-section.

Introducing the hydraulic diameter DH = 4A
P ,

and then the equilibrium height of capillary rise
h = 4σ cos θ

∆ρgDH
.

In this simulation, the microtubes are arranged in dif-
ferent geometrical shapes with the same hydraulic di-
ameter. If the meniscus follows the same pattern of
distribution, the capillaries can reach the same equi-
librium height. But according to the previous re-
search, the corner of capillaries has better wetting abil-
ity and different heights will be achieved. The multi-
phase lattice Boltzmann model is applied and the equi-
librium liquid height will be compared in the three-
dimension microtubes in this paper. The dynamic con-
tact angle and the impact of shapes of microtubes are
also studied.

2. Multiphase lattice Boltzmann model

2.1. Multiphase model

The Shan–Chen multiphase model is used in this
paper. With the Bhatnagar–Gross–Krook (BGK) ap-
proximation, the lattice Boltzmann equation can be
written as

fi (x + ei∆t, t+ ∆t) =

fi (x, t)− 1

τ
[fi (x, t)− feqi (x, t)] , (2)
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where fi (x, t) is the density distribution function related
to the discrete velocity direction i, and τ is a relaxation
time, which is related to the kinematic viscosity by υ =
c2s (τ − 0.5) ∆t.

The equilibrium distribution function is calculated as

feqi (x, t) = ωiρ

[
1 +

ei · u
c2s

+
(ei · u)

2

2c4s
− (u)

2

2c2s

]
. (3)

The macroscopic parameters can be calculated as

ρ =
∑
i

fi, (4)

u =
1

ρ

∑
i

fiei. (5)

The equilibrium velocity of the fluid is calculated from

ueq = u+
Fατ

ρ
(6)

and the actual fluid velocity is calculated by

u∗ = u+
Fα∆t

2ρ
. (7)

In Eq. (7), the force Fα includes the inter-particle force
and the external force.

A D3Q19 model is applied in this study, and the dis-
crete velocity is shown in Fig. 1.

The Caenahan–Starling (C-S) equation of state (EOS)
is used for the multiphase fluid, which is defined as:

p = ρRT
1 + bρ/4 + (bρ/4)

2 − (bρ/4)
3

(1− bρ/4)
3 − aρ2, (8)

with a = 0.4963R2T 2
c /pc, and b = 0.18727RTc/pc.

The inter-particle force is defined as:

F (x, t) = −Gψ(x, t)
∑
i

wiψ(x+ ei∆t, t)ei, (9)

Fig. 1. Discrete velocity model in D3Q19.

where G is a parameter that controls the strength of the
inter-particle force and ψ is a mean-field potential ex-
pressed as

ψ(ρ) =

√
2 (p− ρc2s)

Gc2s
. (10)

2.2. Surface tension

The equilibrium states of four droplets with different
initial diameters are simulated in a three-dimensional
space, then the stable internal and external pressure
difference and radius of the droplets are obtained nu-
merically. According to the Young–Laplace equation
∆p = 2σ/R, the results of the calculated surface ten-
sion are shown in Fig. 2. The average surface tension is
0.00463 mu/ts2 (mu — mass unit, ts — time step), and
the maximum relative error is about 2%. The calculated
surface tension will be used to ensure the same Ca (cap-
illary) number and Bo (bond) number in the simulation
and the real system.

Fig. 2. Surface tension calculation from 3D droplet
simulations.

2.3. Contact angle
When a droplet comes into contact with a solid wall,

the equilibrium contact angle will form in the three-phase
contact line. In this Shan–Chen multiphase model, a var-
ious “wall density” ρw is chosen to obtain the desired con-
tact angle. For solid nodes, the bounce-back boundary
condition is used. Since the liquid-vapor interface owns
certain thickness, the interface is defined at which the
fluid density is 50% of the liquid density [24]. Further-
more, the pre-wetting film forming on the solid wall, the
large error happens in the calculation of contact angle as
shown in Fig. 3.

3. Results and discussions

Three microtubes with the circular, rectangular, and
triangular cross-section are studied, respectively, and the
geometry can be seen in Fig. 4. The three different cross-
sections are shown clearly in Fig. 5. Each node can be
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Fig. 3. Relation between contact angle and wall
density.

Fig. 4. Three microtubes with different cross-sections.

Fig. 5. Cross-sections in the three simulated micro-
tubes.

occupied only by the fluid or the solid. The black nodes
represent the solid wall, and the white is the flowing space
in Fig. 5. In this setting, the rectangular microtube owns
the desired hydraulic diameter, but the circular and tri-
angular microtubes have about 8% lower than the desired
value in diameter. With the same hydraulic diameter, the
circular microtube owns the smallest area and perimeter,
and the triangular owns the biggest ones. In the simu-
lating zone, the upper and lower boundaries are wall.
The periodic boundary condition is applied to the other
boundaries, and the bounce-back boundary condition is
applied to the fluid–solid interface

3.1. Equilibrium height

The simulating equilibrium heights in the three micro-
tubes are shown in Fig. 6. The red stands for the wall,
the blue for the non-wetting fluid, and the purple for the
wetting fluid. It can be seen that the equilibrium height
in the circular microtube is the largest, and the lowest
height is in the triangular microtube. The corners in the
rectangular and triangular microtubes show better capil-
lary pumping performance, especially in triangular one.
The reason is that the meniscus rises in corners follow-
ing a universal h3 ∼ t law without saturation [25]. The
asymmetry of the meniscus in the triangular microtube
appears obviously.

The relation of the hydraulic diameter for cylinder is
P
A = 2

R . According to Eq. (1), the equilibrium height of
capillary rise in the cylinder is the Jurin height, which is
expressed as h = 2σ cos θ

∆ρgR .
For the circular microtube, the theoretical equilib-

rium height is 55.4 lu for the desired circular, and
the simulated result is 58.9 lu, which is about 6%
higher than the theoretical value. For the simulated
geometry, the circular structure is composed of nodes,
and the theoretical equilibrium height for the actual
geometry is 58.0 lu (lu — lattice unit), which is
very close to the simulated result. For the rectan-
gular and triangular microtube, the equilibrium height
cannot be predicted by the above equation. The
wetted perimeter of the cross-section becomes irreg-
ular and is difficult to be expressed in the corners,
as shown in Fig. 6.

The dimensionless parameters are chosen as h∗ = h
hmax

,

and t∗ = ρgR2t
8µhmax

.
When the whole capillary rise process is considered,

the gravity cannot be ignored and the Lucas–Washburn
equation is inapplicable. As the comparison among the
Fries model, experimental results and experimental data
(Fig. 7), for t∗ between 0.2 and 1.4 some deviation to
lower results can be seen. Their explanation is a higher
friction than expected originating from surface rough-
ness, the neglect of entry effects or assuming a constant
contact angle [14]. In the experiments of capillary rise,
the tubes, open on bottom and top, are immersed into
the liquid from above. Then the surface oscillation will
happen at the beginning of capillary rise [26]. However,
in the simulation, an initial horizontal interface is set
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Fig. 6. Equilibrium height in the three microtubes:
(a) circular microtube, (b) rectangular microtube,
(c) diagonal line in rectangular microtube, (d) trian-
gular microtube.

inside and outside of microtubes. These factors are dif-
ferent among model, experiment, and simulation, which
may cause some deviation in results.

Fig. 7. Comparison of theoretical, experimental [14],
and simulated results of capillary rise.

It can be seen from Fig. 8 that, for different tubes
with the same hydraulic diameter, the equilibrium height
of circular tube is largest and the triangular one is low-
est. In the simulation, the equilibrium height for circular,
rectangular and triangular cross-section is 58.9, 52.9, and
36.9 lu, respectively. For the three microtubes with dif-
ferent cross-sections, the circular cross-section owns the
smallest wetted area and perimeter, which corresponds to
the largest viscous force and smallest capillary force. But,
the results show that the circular cross-section reaches
the largest equilibrium height. For the circular and rect-
angular microtubes, the distance between the center and
the wall is the same, but the corner in the rectangular one
has larger distance and smaller dynamic contact angle.

Fig. 8. Capillary rise height of the central meniscus as
a function of time.

According to Princen’s model [27], the rising liquid in-
cludes the liquid column up to the central meniscus and
the fingers along the corners, and the equilibrium height
for the central meniscus is

h = (2 +
√
π)
κ−2

a
, (11)

where a is side length, and κ−1 =
√
σ/ρg. For

rectangular cross-section, the theoretical rise height is
51.8 lu, which is about 2% lower than the simulated value
(52.9 lu).

The mean height is defined by the suction volume in
the three cross-sections. When the mean height is ap-
plied, the equilibrium height in the circular, rectangu-
lar and triangular microtube is 65.0, 57.7, and 46.0 lu,
respectively. Compared with the equilibrium height of
the central meniscus, the mean equilibrium height has
the relative increase of about 10.4%, 9.1%, and 24.7%,
respectively. The results are directly related with the
corners in the three microtubes.

The mean rising heights of the central meniscus in
three microtubes increasing from 500 ts to 100000 ts are
shown in Fig. 9. It can be seen from Fig. 9 that there are
some differences in the initial stage, where a bigger height
appears in the triangular microtube. This is because
of that the gravity can be ignored, and the triangular
microtube owns the largest wetted perimeter of the
three microtubes, corresponding to the largest capillary
force.

The Lucas–Washburn equation shows the relations in
the initial stage of capillary rise. According to Wash-
burn’s equation, h2 must vary linearly with time [8]. But
in the very initial stage of capillary rise, the process is
governed by inertial force, leading to a linear variation of
the height versus time. The relations of h ∼ t2 and h ∼ t
are found in many experiments, which also can be seen
from Fig. 10. But there is an initial stage of interface
falling, corresponding to the central meniscus lower than
the initial position.
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Fig. 9. Mean rising height of the central meniscus as a
function of time.

Fig. 10. Rising height varies with time in the initial
stage of capillary rise.

3.2. Dynamic contact angle

The contact angle of the main terminal meniscus is de-
fined as the dynamic contact angle in this paper, which is
the largest contact angle vertically in the microtube dur-
ing capillary rising. In the rectangular and triangular
tubes, the smallest contact angles are in the corners.
It can be seen from Fig. 11 that the dynamic contact
angle decreases linearly to a relative stable value in the
capillary rise process. But for the three different mi-
crotubes, the equilibrium contact angles have great dif-
ferences, although the expected contact is the same.
The maximum contact angle in the equilibrium height
is in the triangular microtube. The equilibrium contact
angle in circular microtube is very close to, but slightly
larger than the static contact angle. In the initial stage,
the largest contact angle appears in the triangular mi-
crotube, which is consistent with the lowest height of the
central meniscus in the same condition.

In Xue’s experiments, the dynamic contact angle de-
creased and then reached a plateau value over time in the

Fig. 11. Dynamic contact angle and interface velocity
varies with time.

initial stage of capillary rise, which had a very surpris-
ing difference between the experimental results and the
expected results [28]. In their work, the contact angle
is deduced from the experimental data in the capillary
tube with the radius of 0.15 mm. Their proposed rea-
sons are the contact angle hysteresis and the dynamic
contact angle effects.

The contact angle hysteresis can be found in the an-
gular capillary tube, in which the stable contact angle
is larger than the equilibrium contact angle. The phe-
nomenon cannot be found in the two-dimensional simu-
lation, and is not easy to be found in the experiments
due to the small differences between the equilibrium con-
tact angles and the static contact angle. In the three-
dimensional capillary rise, the force balance of the con-
tact line is complicated. Considering the corner, the cur-
vatures of the arc meniscus and the main terminal menis-
cus are asymmetry, and then the contact angle hysteresis
may happen along rising direction.

3.3. Interface rising velocity

In the capillary rise of the three microtubes, the circu-
lar capillary takes the largest equilibrium height and the
longest time to the equilibrium position, and it owns the
largest interface rising velocity at the same time (Fig. 11).

For the interface migration in circular tubes, the
dynamic contact angle is related to the static con-
tact angle and the capillary number Ca, which can be
expressed as

cos θd = cos θ0 − αCaβ , (12)
and the capillary number Ca = µ

σ
dh
dt , where u = dh

dt is
the interface moving velocity, θ0 and θd is the static and
dynamic contact angle, respectively.

The dynamic contact angle is affected by the velocity
and the shape. In this simulation, the parameters in the
equation of the dynamic contact angle and Ca are ob-
tained by fitting the curves, and α = 3.51267 × 10−5,
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β = −0.29834. But in the previous study [9, 23], the
parameter β is usually equal to some positive value,
which is very different from the present results. One
of the proposed reasons is the contact angle hysteresis.
The defined dynamic contact angle is the advancing con-
tact angle for capillary rise, but is the receding contact
angle for the wetting of the corners. Another is the inter-
face deforming effects. The previous relation is from the
experimental results for the dynamic contact angle in the
symmetric interface. The dynamic contact angle defined
in this paper is affected by the arc meniscus, and the main
meniscus is a deforming interface, which causes the dif-
ferences between the equilibrium contact angles and the
static contact angle during dynamic interface migration.

4. Conclusions

Three microtubes with circular, rectangular, and tri-
angular cross-section are set with the same hydraulic di-
ameter, and then capillary rise in these microtubes are
simulated using multiphase lattice Boltzmann model in
three dimensions. The results are analyzed and compared
with previous work. Some conclusions can be given as
follows:

1. For the microtubes with the same hydraulic diame-
ter, the equilibrium height of capillary rise is largest
in the circular microtubes.

2. In the very beginning of capillary rise, the interface
inside the microtubes may lower than the initial
height, and the capillary rising column is related to
the shape of the cross-section.

3. The contact angle hysteresis has been found in an-
gular microtubes, that the contact angle of the
main terminal meniscus is larger than the static
contact angle.

Further work must be done to understand the contact
angle hysteresis in the condition of deformed interface.
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