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The aim of this work is to develop a new numerical calculation program to calculate the shear stress sub-

jected to a shear force for the general case of deflected bending, and to develop in this context a new numerical
computational program for the calculation of the shear stress distribution in an arbitrary complex cross-section,
in light to determine the position, and the value of the maximum stress, and consequently the determination of
the shape factor seen in their practical importance. The calculation is valid for any axis and not necessary for
the two principal axis of inertia. The calculation of the geometric characteristics of the section is necessary in this
case. The formulae is done by the calculation of the static moment of the cut-off portion of section, where the
calculation is made by an evaluation of an integral of complex function. View the obtained of a complex function,
the calculation is given numerically by the use of the high order Gauss–Legendre formulae. The validation of the
results is made by the convergence of the numerical accurate results to those for a chosen section like the arbitrary
triangle which the exact result can be calculated analytically by the use of the new formulae. In this case, the
solution is seen when the relative error given by the quadrature approaches to zero. The application will be for
unsymmetrical section, views their practical interests in engineering.
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1. Introduction

The shear stress τ calculation due to the effect of the
shear force T is generally done with respect to the prin-
cipal axes of inertia for the case of simple bending, given
the existence of the calculation formula in the litera-
ture [1–10]. In this case, the section is oriented in such
a way that the shear force is applied according to one of
the principal axes of inertia [11–15].

When the shear force is applied along an axis which is
not necessarily the principal axis of inertia, which is the
case for the deflected bending theory for a majority of
the structures forming a mechanical, civil or Aerospace
construction [10], the calculation of the tangential stress
presented in the literature is done first of all by the con-
sideration of the projection of the shear force according
to the two principal inertias [1–15].

In this case, it is necessary to search the direction of the
two principal axes of inertia and to calculate the stress τ
along these two axes using the formula for simple bend-
ing [1–15]. This computation method is rather compli-
cated in view of the arbitrary orientation of the section
with respect to these axes. The computational geometry
becomes very complicated for the evaluation of the vari-
ation of the incoming static moments in the calculation
formula.

Sometimes it is impossible to orient one of the
main axes of inertia along the axis of application of
the shear force for technical reasons of construction.
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The calculation of the shear stress directly relative to
the axis in question is impossible, also given the lack of
an appropriate formula valid in this case. For this rea-
son, the authors use the projection of the shear force
along the principal axes of inertia and deduce the vecto-
rial sum of the stresses according to the two projections.
For example, in Refs. [1–15], the authors used the uni-
versal formula designed for simple flexion with respect to
the principal axes of inertia for symmetric sections. In
Ref. [10], the authors developed a program of computa-
tion of the shear stress for wing profiles only of the sym-
metric forms. Then all authors and industrial construc-
tors, and up to now, and without exception [1–15], use
only symmetric sections and the theory of simple bending
in their calculations and construction for the evaluation
of shear stress, for reasons of lack of analytical formula
applicable to the non-symmetrical sections with respect
to any axes, or simply neglecting the calculation of the
shear stress by considering a fairly large length of the
beam with respect to the transverse dimension and con-
sidering in this case only the calculation of the stress due
to the bending moment.

This work focuses to develop a new formula and nu-
merical calculation program to compute the distribution
of the shear stress for the general case of deflected bend-
ing for arbitrary axis for beams having arbitrary complex
cross-section, in light to determine the value and the po-
sition of maximum stress and consequently the determi-
nation of the general shape factor, in order to calculate
the maximum shear stress within the bending strength
test for the beams of small or moderate lengths for ar-
bitrary form of the cross-section in the general case of
deflected bending.
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The comparison and validation of numerical results
will be made with implementing the program for the
given unsymmetrical section like an arbitrary triangle
where the exact solution can be analytically calculated
by the use of the new formulae.

2. Mathematical formulation

The following Fig. 1 shows the general diagram of
the shear stress τy and the direct stress σ under the
effect of a vertical shear force Ty and a bending mo-
ment Mx in any cross-section in the case of the de-
flected bending. For the case of the application of (My

and Tx), one can deduce by analogy the corresponding
scheme.

Under the effect of moment bending Mx, the normal
force of the upper part is calculated by the following
relation:

dN∗ = σdA∗. (1)
The integration of (1) gives

N∗ =

∫
A∗

σdA∗. (2)

Since the application of Mx is made with respect to
any axis which is not necessarily a principal axis of in-
ertia, the normal stress σ is calculated by the follow-
ing relation according to the deflection bending theory
by [1–5]:

σ =
MxIy

IxIy − I2xy
y∗ +

MxIxy
IxIy − I2xy

x∗. (3)

Replacing relation (3) in relation (2) and integrating the
result along the section of the upper part, we obtain

N∗ =
MxIy

IxIy − I2xy
S∗x +

MxIxy
IxIy − I2xy

S∗y , (4)

Fig. 1. Geometric presentation of shear stress due to
shear force Ty: (a) perspective view, (b) profile view,
(c) front view.

with

S∗x =

∫
A∗

y∗dA∗, S∗y =

∫
A∗

x∗dA∗. (5)

The relation (4) contains two different terms. The first
term depends on the geometry (Ix, Iy, Ixy, S∗x, S∗y) of the
section (which is given and unchanged), and the other
term is the Mx which depends on the internal forces.
Then the differentiation of relation (4) affects only the
internal forces and is given by the following relation:

dN∗ = dMx

(
Iy

IxIy − I2xy
S∗x +

Ixy
IxIy − I2xy

S∗y

)
. (6)

One can calculate the normal force by the considera-
tion of the horizontal surface by intervening the shear
stress τ by

dN∗ = τbdz. (7)
Then the tangential stress τy can be calculated, starting
from the relation (7), by

τy =
dN∗

bdz
. (8)

Replacing the relation (6) in relation (8), one obtains

τy =
dMx

bdz

(
Iy

IxIy − I2xy
S∗x +

Ixy
IxIy − I2xy

S∗y

)
. (9)

The derivative of the bending moment Mx with respect
to the longitudinal direction z of the beam gives the
value of the shear force along the y-axis by the following
relation:

dMx

dz
= Ty, (10)

setting

Q = 1−
I2xy
IxIy

. (11)

Replacing relations (10) and (11) in relation (9) we ob-
tain the following relation:

τy
Ty

=
1

bxQIxIy

(
IyS
∗
x + IxyS

∗
y

)
. (12)

The relationship (12) gives the general formula for cal-
culating the shear stress τy under the effect of a shear
force Ty applied along the arbitrary central y-axis for an
arbitrary cross-section in the case of deflected bending.

For a section having one or two axes of symmetries,
or with respect to the principal axes of inertia, the in-
ertial product Ixy with respect to these axes is equal
to zero. The coefficient Q given by the relation (11)
becomes equal to unity. The relation (12) gives the
famous calculation relation of the shear stress, applied
for an axis of symmetry of a symmetrical section or
with respect to the principal axes of inertia for any
section [1–15]:

τy =
TyS

∗
x

bxIx
. (13)

By analogy and under the effect of the shear force Tx,
the following relationship can be obtained directly from
the relation (12) by changing Ty by Tx, τy by τx, bx by
by, the y-axis by the x-axis, one obtains easily
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τx
Tx

=
1

byQIxIy

(
IxS

∗
y + IxyS

∗
x

)
. (14)

The right member of the relations (12) and (14) depends
only on the geometry of the section which is character-
ized by calculating the static moments S∗x and S∗y of the
upper surface.

At the end, the position and the value of the stress
τMax of the section can be determined.

The corresponding shape factor of the section can be
calculated by the following relation:

k =
τMax

τAverage
=
τMax

T
A. (15)

As we can see two shear forces Tx and Ty, then we have
two factors of form kx and ky, respectively.

3. Applications

We present in this work three general forms of the sec-
tions determined with appropriate parameters. We are
only interested in the section in the first quadrant.

Under the effect of Ty, the scheme shown in Fig. 1 can
be considered. By analogy, the corresponding scheme can
be deduced under the effect of Tx from Fig. 1.

3.1. First section

The general equation of this section is given by
Eq. (16). We are only interested in the section in the
first quadrant. Figure 2 shows the general shape of the
sections chosen according to the parameters n and m il-
lustrated in Table I:(

x′

a

)n
+

(
y′

h

)m
= 1. (16)

Table I presents some sections studied according to pa-
rameters n and m and the curves in Fig. 2.

Fig. 2. Presentation of the shape of the five sections
according to relation (16) and the parameters of Table I.

TABLE I

Some sections depending on the values of n and m.

Curve 1 2 3 4 5
n 2/3 1/2 1 2 3
m 1 1 1 2 1/2

Then, according to Fig. 2, curve 1 is for n = 2/3,
m = 1.0. Curve 2 is for n = 1/2 and m = 1.0. Curve 3
is for n = 1.0 and m = 1.0. Curve 4 is for n = 2.0 and
m = 2.0. Curve 5 is for n = 3.0 and m = 1/2.

To calculate the distribution of the shear stress by the
formulae (12) and (14), it is necessary to calculate the
geometrical characteristics of this section. Then we can
prove the following formulae:

A = ah

1∫
0

(1− zn)
1
m dz, (17)

x′G =
a2h

A

1∫
0

z (1− zn)
1
m dz, (18)

y′G =
ah2

2A

1∫
0

(1− zn)
2
m dz, (19)

Ix =
ah3

3

1∫
0

(1− zn)
3
m dz − y′2GA, (20)

Iy = a3h

1∫
0

z2 (1− zn)
1
m dz − x′2GA. (21)

For the calculation of the stress τy, the static moments S∗x
and S∗y as well as the length of the band bx of the upper
part of Fig. 1 are calculated by the following relations:

bx = a

[
1−

(
y

h
+
y′G
h

)m] 1
n

, (22)

S∗x = ah2

1−y′G/h∫
y/h

zgdz, (23)

S∗y =
a2h

2

1−y′G/h∫
y/h

g

(
g − 2

x
′

G

a

]
dz, (24)

with

g =

[
1−

(
z +

y′G
h

)m] 1
n

(25)

and

−y
′
G

h
≤ y

h
≤ 1− y′G

h
. (26)

For the computation of the stress τx, the static moments
S∗x and S∗y , as well as the length of the right part of Fig. 3
are calculated by the following relations:

by = h

[
1−

(
x

a
+
x′G
a

)n] 1
m

, (27)

S∗y = a2h

1−x′G/a∫
x/a

zgdz, (28)
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Fig. 3. Shape of the circular sector at angle θ. Curve 1:
θ = 20◦. Curve 2: θ = 30◦. Curve 3: θ = 45◦. Curve 4:
θ = 60◦. Curve 5: θ = 70◦. Curve 6: θ = 80◦. Curve 7:
θ = 90◦.

S∗x =
ah2

2

1−x′G/a∫
x/a

g

(
g − 2

y
′

G

h

)
dz (29)

with

g =

[
1−

(
z +

x′G
a

)n] 1
m

(30)

and

−x
′
G

a
≤ x

a
≤ 1− x′G

a
. (31)

For n = m = 1, the relation (16) gives the equation of
a triangle with a horizontal side equal to a and the ver-
tical side equal to h. In this case the integrals in the
relations (17) to (31) can be evaluated analytically. The
following results will be obtained:

A =
ah

2
, (32)

x′G =
a

3
, y′G =

h

3
, (33)

Ix =
ah3

36
, Iy =

a3h

36
, Ixy = −a

2h2

72
. (34)

Similarly, under the action of Ty:

bx = a

(
2

3
− y

h

)
, (35)

S∗x =
ah2

3

(
y

h
+

1

3

)(
2

3
− y

h

)2

, (36)

S∗y = −a
2h

6

(
1

3
+
y

h

)(
2

3
− y

h

)2

. (37)

For the computation of the shear stress τy let us sub-
stitute the relations (22), (23), and (24) into the re-
lations (12); we find after simplification the following
results:

τy
Ty

=
20

ah

(
1

3
+
y

h

)(
2

3
− y

h

)
, (38)

with

−1

3
≤ y

h
≤ 2

3
. (39)

The position and the maximum value of the stress τy in
relation (38) are

τymax

Ty
=

5

ah
for

y

h
=

1

6
. (40)

Similarly, under the action of Tx, we shall have the fol-
lowing results:

by = h

(
2

3
− x

a

)
, (41)

S∗x =
a2h

9

(
3
x

a
+ 1
)(2

3
− x

a

)2

, (42)

S∗y = −ah
2

6

(
1

3
+
x

a

)(
2

3
− x

a

)2

. (43)

Let us substitute relations (35), (36) and (37) in re-
lations (14) we find after simplification the following
result:

τx
Tx

=
20

ah

(
1

3
+
x

a

)(
2

3
− x

a

)
, (44)

with

−1

3
≤ x

a
≤ 2

3
. (45)

The position and maximum value of the stress τy in re-
lation (23) are

τxmax

Tx
=

5

ah
for

x

a
=

1

6
. (46)

The shape factors of the triangular section can be calcu-
lated using Eq. (15) for the two shear forces along the
axes Gx and Gy:

kx = ky =
5

2
. (47)

For a symmetric triangular section (isosceles triangle),
the variation of the shear stress as well as the value and
position of the maximum stress and the shape factors are
as follows [1–8]:

τy
Ty

=
12

ah

(
1

3
+
y

h

)(
2

3
− y

h

)
, (48)

τx
Tx

=
12

ah

(
1

3
+
x

a

)(
2

3
− x

a

)
, (49)

τymax

Ty
=
τxmax

Tx
=

3

ah
for

x

a
=
y

h
=

1

6
, (50)

and

kx = ky =
3

2
. (51)

According to results (47) and (51), the maximum stress
with respect to the principal axis is 40% smaller than
the maximum stress directed along the central axis of
the definition of this section.

3.2. Second section

The shape of this second section represents a circular
sector in the first quadrant limited between the horizon-
tal axis and a straight line forming an angle θ with the
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horizontal as shown in Fig. 3. This section is defined by
a radius R and an angle of rotation θ. When θ = 90◦,
the circular sector becomes a quarter circle as the shape
of the first section when n = m = 2.0 (curve 4).

It can be shown that the geometric characteris-
tics of this section can be calculated by the following
formulae:

A =
θ

2
R2, (52)

x′G =
2R

3θ
sin θ, (53)

y′G =
2R

θ

sin θ∫
0

z
(√

1− z2 − z

tan θ

)
dz, (54)

Ix = R4

sin θ∫
0

z2
(√

1− z2 − z

tan θ

)
dz − y′2GA, (55)

Iy=
R4

3

sin θ∫
0

[(
1−z2

) 3
2 −

( z

tan θ

)3]
dz−x′2GA, (56)

Ixy =
R4

8
sin2 θ − x′Gy′GA. (57)

For the calculation of the stress τy by the relation (12),
it can be demonstrated that the static moments S∗x and
S∗y as well as the length of the bandwidth bx of the up-
per part of Fig. 1 can be calculated by the following
relations:

bx =

R

√1−
(
y

R
+
y′G
R

)2

− 1

tan θ

(
y

R
+
y′G
R

) , (58)

S∗x = R3

sin(θ)−y′G/R∫
y/R

z
[√

1− g2 − g

tan θ

]
dz, (59)

S∗y =
R3

2

sin θ−y′G/R∫
y/R

[(
−x
′
G

R
+
√
1− g2

)2

−
(

g

tan θ
− x′G

R

)2
]
dz, (60)

with

g = z +
y′G
R

(61)

and

−y
′
G

R
≤ y

R
≤ sin θ − y′G

R
. (62)

For the computation of the stress τx by the formula (14)
it can also be shown that the static moments S∗x
and S∗y as well as the length of the bandwidth by
of the upper part can be calculated by the following
relations:

by =


R
(
x
R +

x′G
R

)
tan θ if

(
x
R +

x′G
R

)
< cos θ,

R

√
1−

(
x
R +

x′G
R

)2
if
(
x
R +

x′G
R

)
≥ cos θ,

(63)

S∗y = R3

1−x′G/R∫
x/R

zgdz, (64)

S∗x =
R3

2

1−x′G/R∫
x/R

g

(
g − 2

y′G
h

)
dz, (65)

with

g =


(
z +

x′G
R

)
tan θ if

(
z +

x′G
R

)
< cos θ,√

1−
(
z +

x′G
R

)2
if
(
z +

x′G
R

)
≥ cos θ

(66)

and

−x
′
G

R
≤ x

R
≤ 1− x′G

R
. (67)

The results of the section of a quarter circle can be found
in the first section for n = m = 2.0 (curve 4) and in the
second section when θ = 90.0◦ (curve 7). This gives us
the possibility to validate the formulae found by the rela-
tions (17) to (31), and by the relations (52) to (68), and
to confirm again the numerical calculation accuracy and
the used quadrature.

3.3. Third section

The general equation of this section is given by
Eq. (68). We are only interested in the section in
the first quadrant. Figure 4 shows five shapes of five
sections selected according to parameter n illustrated
in Table II:

y
′
= h

(
x′

a

)n
, (68)

where n is a non-zero positive real.
Table II presents five sections chosen according to the

value of n. For n = 1 we find the triangular section,
where the results obtained must be the same as the first

Fig. 4. Form of the third section according to the value
of n. Curve 1: n = 2/3. Curve 2: n = 1/2. Curve 3:
n = 1.0. Curve 4: n = 2.0. Curve 5: n = 3.0.
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TABLE II

Some sections depending on the values of n according to
Fig. 4

Curve 1 2 3 4 5
n 1/2 2/3 1 2 3

section when n = m = 1 and with the analytical results
presented by relations (35) to (47).

It can be shown that the geometric characteristics
of this section can be calculated by the following
formulae:

A =
ah

n+ 1
, (69)

x′G =
n+ 1

n+ 2
a, y′G =

n+ 1

2(2n+ 1)
h, (70)

Ix =
7n2 + 4n+ 1

12(3n+ 1)(2n+ 1)2
ah3, (71)

Iy =
1

(n+ 3)(n+ 2)2
a3h, (72)

Ixy =
n

4(n+ 1)(n+ 2)(2n+ 1)
a2h2. (73)

For the calculation of the stress τy according to relation
(12), the static moments S∗x and S∗y , as well as the length
of the bandwidth by of the upper part of Fig. 1 can be
calculated by the following relationships:

bx = a

[
1−

(
y

h
+
y′G
h

) 1
n

]
, (74)

S∗x = ah2

1−y′G/h∫
y/h

z (1− g) dz, (75)

S∗y=
a2h

2

1−y′G/h∫
y/h

[(
1−x

′
G

R

)2

−
(
g−x

′
G

a

)2
]
dz, (76)

with

g =

(
z +

y′G
h

) 1
n

(77)

and

−y
′
G

h
≤ y

h
≤ 1− y′G

h
. (78)

For the calculation of the stress τx according to rela-
tion (14), the static moments S∗x and S∗y , as well as the
length of the bandwidth bx of the upper part of Fig. 1
can be calculated by the following relationships:

by = h

(
x

a
+
x′G
a

)n
, (79)

S∗y = a2h

1−x′G/a∫
x/a

zgdz, (80)

S∗x =
ah2

2

1−x′G/a∫
x/a

g

(
g − 2

y′G
h

)
dz, (81)

with

g =

(
z +

x′G
a

)n
(82)

and

−x
′
G

a
≤ x

a
≤ 1− x′G

a
. (83)

4. Calculation procedure

Given the complexity of integral functions in rela-
tions (17) to (21), (23), (24), (28), (29), (54) to (56),
(64), (65), (75), (76), (80) and (81), the analytical cal-
culation is impossible. Hence, our interest is directed to-
wards the determination of the numerical solution. In
this context, the Gauss–Legendre quadrature of order
20 was used for regular functions [16–23]. This method
compared with others methods, such as the rectangle,
trapezium and the Simpson methods [16, 17], has a
speed and convergence efficiency. It requires a very small
number of points to have a high accuracy in compari-
son with the other methods; for example, for an accu-
racy of 10−8, only 20 Gauss points are needed. There-
fore for rectangles, trapezius and Simpson we need, re-
spectively about 1500000, 700000, and 200000 points.
Then, the quadrature of the Gauss–Legendre is
written as

b∫
a

f (z) dx =
b− a
2

i=q∑
i=1

wif(zi), (84)

with

zi =
b+ a

2
+
b− a
2

ξi (i = 1, 2, 3, . . . , q). (85)

The values of ξi and wi (i = 1, 2, . . ., q) are, respec-
tively the roots of the Legendre polynomial of order q
and the associated coefficients with the quadrature of
Gauss–Legendre. For q = 20, the values of ξi and wi
are shown in Table III.

TABLE III

Abscissas and coefficients of the Gauss–Legendre formu-
lae of order 20.

i ξi wi

1 ±0.076526521133497333 0.152753387130725850
2 ±0.227785851141645078 0.149172986472603746
3 ±0.373706088715419560 0.142096109318382051
4 ±0.510867001950827098 0.131688638449176626
5 ±0.636053680726515025 0.118194531961518417
6 ±0.746331906460150792 0.101930119817240435
7 ±0.839116971822218823 0.083276741576704748
8 ±0.912234428251325905 0.062672048334109063
9 ±0.963971927277913791 0.040601429800386941
10 ±0.993128599185094924 0.017614007139152118
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In relations (12) and (14), the stresses τy and τx de-
pend respectively on the direction of the orientation of
the cutting forces Ty and Tx. Then for each axis one can
calculate the said shear.

5. Results and comments

The results are quoted in three parts for the three se-
lected sections. For each section, the variation of S∗x, S∗y ,
and τy is presented in the section when the shear force
Ty is applied and the variation of S∗x, S∗y and τx when the
shear force Tx is applied followed by results tabulated on
the geometric characteristics and the value and the po-
sition of the maximum stress and the associated shape
coefficient.

Each figure contains 5 to 7 curves according to the
value of the parameters defining the geometry of the sec-
tion.

The variation of the parameters in Figs. 5 to 22 is pre-
sented in the reference of the definition of the section
after making a change of reference between the central
axis and the axis of definition of the section, that the
variation of the static moments in the relationships (23),
(24), (28), and (29) for the first section, and in the rela-
tionships (59), (60), (64), and (65) for the second section
and in the relations (75), (76), (80), and (81) for the third
section are presented in a central reference mark accord-
ing to the relations (26), (31), (62), (67), (78), and (83),
respectively.

All results are determined in a non-dimensional man-
ner. All we did was simply change the variable to the
benchmark of the section definition.

5.1. First section

Figures 5 to 10 contain 5 curves for 5 sections chosen
according to the values of n and m. Then curve 1 is for
n = 2/3, m = 1.0. Curve 2 is for n = 1/2 and m = 1.0.
Curve 3 is for n = 1.0 andm = 1.0. Curve 4 is for n = 2.0
and m = 2.0. Curve 5 is for n = 3.0 and m = 1/2.

Figure 2 also shows the variation in the length of the
bandwidth bx/a as a function of the ordinate y′/h for

Fig. 5. Variation of static moment S∗x/(ah2) as a func-
tion of the ordinate y′/h for some sections according to
the values of n and m of Table I.

Fig. 6. Variation of static moment S∗y/(a2h) as a func-
tion of the ordinate y′/h for some sections according to
the values of n and m of Table I.

Fig. 7. Variation of the shear stress τyah/Ty as a func-
tion of the ordinate y′/h for some sections according to
the values of n and m of Table I.

the chosen sections when Ty is applied. It also represents
the variation of the length of the bandwidth by/h as a
function of the ordinate x′/a when Tx is applied.

Figures 5 and 6, respectively, represent the variation
of the non-dimensional static moments S∗x/(ah

2) and
S∗y/(a

2h) of the upper part of Fig. 2 according to the
principle of Fig. 1 as a function of y′/h, when a shear
force Ty is applied. We note that the static moments are
zero at the high end y′/h = 1.0 because the upper part
in this case does not exist and is also zero at the low end
y′/h = 0.0 by what the static moments represent those
of the complete section in relation to the central axes.
Then the static moments take a maximum at a point in
the section close to the centre of gravity.

Figure 7 shows the variation of the shear stress in the
non-dimensional form as a function of the vertical ordi-
nate y′/h when the shear force Ty is applied. It is noted
that the shear stress is zero at the upper and lower ends
and takes a maximum at a point in the section which is
not necessarily the centre of gravity. At the top and
bottom ends, we have S∗x = 0.0 and S∗y = 0.0 from
Figs. 5 and 6 and bx = 0.0 and by = 0.0 from Fig. 2.
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Fig. 8. Variation of the static moment S∗x/(ah2) as a
function of the ordinate x′/a for some sections according
to the values of n and m of Table I.

Fig. 9. Variation of the static moment S∗y/(a2h) as a
function of the ordinate x′/a for some sections according
to the values of n and m of Table I.

Then, in accordance with relation (12) an indeterminacy
of type 0/0 is obtained. The value of the stress at this
point cannot be computed numerically. However, we
know physically that the stress is zero in these two points.
Then the computation is approximated by the determi-
nation of the stress at the point y′/h = 10−8 (close to
zero) for the low part and at the point y′/h = 1.0− 10−8

close to one for the upper part.
Tables IV and V represent the numerical values of the

geometrical characteristics of this first section. These val-
ues are computed numerically by our developed program
by the use of the Gauss–Legendre quadrature of order 20.
We note that the inertia product Ixy 6= 0.0. This demon-
strates that the axis of application of the shear force is
not a principal axis of inertia and that formula (13) is no
longer valid in this case, where it makes the correction to
this formula by the application of the relation (12).

In order to apply the relation (12), it is necessary to
seek the orientation of the main axes of inertia and to
consider the calculations according to these two axes
after projecting the shear force Ty along these two

Fig. 10. Variation of the shear stress τxah/Tx as a
function of the ordinate x′/a for some sections according
to the values of n and m of Table I.

TABLE IV

Area and centroid of some sections for selected values of
n and m for the first section.

Curve n m A/(ah) x′G/a y′G/h

1 2/3 1.0 0.40000 0.31250 0.28571
2 1/2 1.0 0.33333 0.30000 0.25000
3 1.0 1.0 0.50000 0.33333 0.33333
4 2.0 2.0 0.78540 0.42441 0.42441
5 3.0 0.5 0.64285 0.35000 0.41538

axes. In this case the computational geometry becomes
quite complicated where computation becomes almost
impossible.

The numerical results found for the triangle n = 1.0
and m = 1.0 (curve 3) can be confirmed with the exact
results given by the relationships (32), (33), and (34),
which demonstrates the reliability of our numerical
program.

Table VI represents the value and position of the max-
imum stress as well as the shape factor value ky for the
five shapes chosen for the first section when the force Ty
is applied. The numerical results found for the triangle
were confirmed when n = m = 1.0 (curve 3) with rela-
tions (40) and (47).

For the application of the transverse force Tx, the
variation of the static moments S∗x and S∗y is consid-
ered, as well as the shear stress respectively according to

TABLE V

Moments and product of inertia of some sections for se-
lected values of n and m for the first section.

Curve n m Ix/(ah
3) Iy/(a

3h) Ixy/(a
2h2)

1 2/3 1.0 0.01814 0.02154 −0.01071

2 1/2 1.0 0.01249 0.01761 −0.00833

3 1.0 1.0 0.02777 0.02777 −0.01388

4 2.0 2.0 0.05488 0.05488 −0.01647

5 3.0 0.5 0.04719 0.03236 −0.01456
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TABLE VI

Values of τymax, and ky of some sections for selected
values of n and m for the first section.

Curve n m τymax/(ah) y′/h ky

1 2/3 1.0 7.14637 0.49049 2.85854
2 1/2 1.0 9.38918 0.48148 3.12969
3 1.0 1.0 5.00000 0.49949 2.50000
4 2.0 2.0 2.17432 0.49949 1.70772
5 3.0 1/2 3.03597 0.50650 1.95169

TABLE VII

Values of τxmax, and kx of some sections for selected
values of n and m for the first section.

Curve n m τxmax/(ah) x′/a kx

1 2/3 1.0 7.08947 0.49749 2.83578
2 1/2 1.0 9.09962 0.49549 3.03317
3 1.0 1.0 5.00000 0.49949 2.50000
4 2.0 2.0 2.17423 0.49949 1.70765
5 3.0 1/2 2.81957 0.45645 1.81258

Figs. 8–10. The same comments presented for the case
of the application of Ty are valid for the case of Tx. The
variations of S∗x and S∗y and τx are a function of x′/a.
They vary from left to right in this case. The functions
are now null at the left and right ends.

Table VII represents the value and position of the max-
imum stress as well as the shape factor value kx for the
five shapes chosen for the first section when the force Tx
is applied. The numerical results found for the triangle
were confirmed when n = m = 1.0 with relations (40)
and (47).

5.2. Second section

Figures 11 to 16 contain 7 curves for 7 sections chosen
according to the values of θ. Then the curves 1 is for
θ = 20.0◦. Curve 2 is for θ = 30.0◦. Curve 3 is for
θ = 45.0◦. Curve 4 is for θ = 60.0◦. Curve 5 is for
θ = 70.0◦. The curve 6 is for θ = 80.0◦ and the curve 7
is for θ = 90.0◦.

Fig. 11. Variation of static moment S∗x/R3 as a func-
tion of the ordinate y′/R for some sections.

Fig. 12. Variation of static moment S∗y/R3 as a func-
tion of the ordinate y′/R for some sections.

Fig. 13. Variation of the shear stress τyR2/Ty as a
function of the ordinate y′/R for some sections.

Figure 3 also shows the variation in the length of the
bandwidth bx/R as a function of the y′/R ordinate for the
selected sections when Ty is applied. It also represents
the variation of the length of the bandwidth by/R as a
function of the ordinate x′/R when Tx is applied for the
second section.

Fig. 14. Variation of static moment S∗x/R3 as a func-
tion of the ordinate x′/R for some sections.
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Fig. 15. Variation of static moment S∗y/R3 as a func-
tion of the ordinate x′/R for some sections.

Fig. 16. Variation of the shear stress τxR2/Tx as a
function of the ordinate x′/R for some sections.

Figures 11 and 12 represent respectively the variation
of the dimensionless static moments S∗x/R3 and S∗y/R

3

of the upper part of Fig. 3 according to the principle of
Fig. 1 as a function of y′/R when the shear force Ty is
applied.

Figure 13 shows the variation of the shear stress
τyR

2/Ty in the non-dimensional form as a function of the
vertical ordinate y′/R when the shear force Ty is applied.

Tables VIII and IX represent the numerical values
of the geometrical characteristics of this second section.
These values are computed numerically by our developed
program by the use of the Gauss–Legendre quadrature of
order 20. We note that the inertia product Ixy 6= 0.0.
This demonstrates that the axis of application of the
shear force is not a principal axis of inertia and that for-
mula (13) is no longer valid in this case, where it makes
the correction to this formula by the application of the
developed relation (12).

We can confirm the numerical results obtained for the
quarter circle θ = 90.0◦ (curve 7) with the case of n =
2.0 and m = 2.0 (curve 4) for the first section, which
demonstrates the reliability of our numerical program.

TABLE VIII

Area and centroid of some sections for selected values of
θ for the second section.

Curve θ [◦] A/R2 x′G/R y′G/R

1 20 0.17453 0.65321 0.11517
2 30 0.26179 0.63661 0.17058
3 45 0.39269 0.60021 0.24861
4 60 0.52359 0.55132 0.31830
5 70 0.61086 0.51276 0.35904
6 80 0.69813 0.47021 0.39455
7 90 0.78539 0.42441 0.42441

TABLE IX

Moments and product of inertia of some sections for se-
lected values of θ for the second section.

Curve θ [◦] Ix/R
4 Iy/R

4 Ixy/R
4

1 20 0.00114 0.00933 0.00149
2 30 0.00370 0.01347 0.00281
3 45 0.01140 0.01920 0.00390
4 60 0.02372 0.02587 0.00186
5 70 0.03379 0.03227 −0.00208

6 80 0.04447 0.04155 −0.00828

7 90 0.05487 0.05487 −0.01647

Table X represents the value and the position of the
maximum stress as well as the shape factor value ky for
the seven shapes selected for the second section when
the force Ty is applied. We have confirmed the numeri-
cal results obtained for the quarter-circle case θ = 90.0◦

(curve 7) with case of n = 2.0 and m = 2.0 (curve 4)
for the first section, which demonstrates the reliability of
our numerical program.

For the application of the shear force Tx, we consider
the variation of the static moments S∗x and S∗y as well as
the shear stress, respectively, according to Figs. 14–16.
The same comments presented for the case of the appli-
cation of Ty are valid for the case of Tx. The variation of
S∗x and S∗y and τx depend on x′/R. They vary from left
to right in this case. The functions are now null at the
left and right ends.

Table XI represents the value and position of the max-
imum stress as well as the shape factor value kx for the
five shapes chosen for the first section when the force Tx

TABLE X

Values of τymax, and ky of some sections for selected
values of θ for the second section.

Curve θ [◦] τymax/R
2 y′/R ky

1 20 13.03241 0.17015 2.27458
2 30 7.79483 0.24674 2.04068
3 45 4.27495 0.34470 1.67877
4 60 2.78723 0.41957 1.45939
5 70 2.36675 0.45620 1.44576
6 80 2.20383 0.48402 1.53856
7 90 2.17430 0.49949 1.70769
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is applied. We confirmed the numerical results found for
the θ = 90.0◦ (curve 7) with the case of n = 2.0 and
m = 2.0 (curve 4) for the first section, which demon-
strates the reliability of our numerical program.

TABLE XI

Values of τxmax, and kx of some sections for selected
values of θ for the second section.

Curve θ [◦] τxmax/R
2 x′/R kx

1 20 13.26207 0.48048 2.31462
2 30 7.96378 0.47147 2.08483
3 45 4.21175 0.44244 1.65391
4 60 2.29435 0.60059 1.20132
5 70 2.20977 0.57757 1.34987
6 80 2.19126 0.54254 1.52979
7 90 2.17439 0.49949 1.70776

5.3. Third section

Figures 17 to 22 contain 5 curves for 5 sections chosen
according to the values of n of Table II. Then curve 1
is for n = 1/2. Curve 2 is for n = 2/3. Curve 3 is for
n = 1.0. Curve 4 is for n = 2.0. Curve 5 is for n = 3.0.

Fig. 17. Variation of static moment S∗x/(ah
2) as a

function of the ordinate y′/h for some sections according
to the values of n of Table II.

Fig. 18. Variation of static moment S∗y/(a
2h) as a

function of the ordinate y′/h for some sections according
to the values of n of Table II.

Fig. 19. Variation of the shear stress τyah/Ty as a
function of the ordinate y′/h for some sections according
to the values of n of Table II.

Fig. 20. Variation of static moment S∗x/(ah
2) as a

function of the ordinate x′/a for some sections according
to the values of n of Table II.

Figure 4 shows the variation in the length of the band-
width bx/a as a function of the ordinate y′/h for the
sections chosen when Ty is applied. It also represents
the variation in the length of the bandwidth by/h as a
function of the ordinate x′/a when Tx is applied for the
second section.

Figures 17 and 18 represent, respectively, the varia-
tion of the dimensionless static moments S∗x/(ah2) and
S∗y/(a

2h) of the upper part of Fig. 4 according to the
principle of Fig. 1 as a function of y′/h when the shear
force Ty is applied.

Figure 19 shows the variation of the shear stress in
the non-dimensional form as a function of the vertical
ordinate y′/h when the shear force Ty is applied. It is
noted that the shear stress is zero at the upper and lower
ends and takes a maximum at a point in the section which
is not necessarily the centre of gravity.

Tables XII and XIII represent the numerical values
of the geometrical characteristics of this third section.
These values are computed numerically by our developed
program by the use of the Gauss–Legendre quadrature of
order 20. We note that the inertia product Ixy 6= 0.0.
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Fig. 21. Variation of static moment S∗y/(a
2h) as a

function of the ordinate x′/a for some sections according
to the values of n of Table II.

Fig. 22. Variation of tangential stress τxah/Tx as a
function of the ordinate x′/a for some sections according
to the values of n of Table II.

This demonstrates that the axis of application of the
shear force is not a principal axis of inertia and that for-
mula (13) is no longer valid in this case, where it makes
the correction to this formula by the application of the
developed relation (12).

We can confirm the numerical results found for trian-
gle n = 1.0 (curve 3) with the exact results given by
relations (32), (33), and (34) and with the triangle re-
sults for n = m = 1.0 for first section (curve 3), which
demonstrates the reliability of our digital program.

TABLE XII

Area and centroid of some sections for selected values of
n for the third section.

Curve n A/(ah) x′G/a y′G/h

1 1/2 0.66666 0.60000 0.37500
2 2/3 0.60000 0.62500 0.35714
3 1.0 0.50000 0.66666 0.33333
4 2.0 0.33333 0.75000 0.30000
5 3.0 0.25000 0.80000 0.28571

TABLE XIII

Moments and product of inertia of some sections for se-
lected values of n for the third section.

Curve n Ix/(ah
3) Iy/(a

3h) Ixy/(a
2h2)

1 1/2 0.03958 0.04571 0.01666
2 2/3 0.03458 0.03835 0.01607
3 1.0 0.02777 0.02777 0.01388
4 2.0 0.01761 0.01250 0.00833
5 3.0 0.01292 0.00666 0.00535

Table XIV represents the value and position of the
maximum stress as well as the shape factor value ky for
the five shapes chosen for the first section when the force
Ty is applied.

TABLE XIV

Values of τymax, and ky of some sections for selected
values of n for the third section.

Curve n τymax/(ah) y′/h ky

1 1/2 2.89552 0.49349 1.93035
2 2/3 3.58408 0.49849 2.15044
3 1.0 5.00000 0.49949 2.50000
4 2.0 9.09956 0.49549 3.03318
5 3.0 12.92857 0.49249 3.23214

TABLE XV

Values of τxmax, and kx of some sections for selected
values of n for the third section.

Curve n τxmax/(ah) x′/a kx

1 1/2 2.98313 0.49349 1.98875
2 2/3 3.63274 0.49449 2.17964
3 1.0 5.00000 0.49949 2.50000
4 2.0 9.38768 0.51851 3.12922
5 3.0 14.20847 0.52952 3.55211

For the application of the shear force Tx, we consider
the variation of the static moments S∗x and S∗y as well
as the shear stress τxah/Tx, respectively, according to
Figs. 20–22. The same comments presented for the case
of the application of Ty are valid for the case of Tx. The
variations of S∗x and S∗y and τx are a function of x′/a.
They vary from left to right in this case. The functions
are now null to the left and right ends.

Table XV represents the value and position of the max-
imum stress as well as the shape factor value kx for the
five shapes chosen for the third section when the force Tx
is applied. The numerical results found for the triangle
when n = 1.0 were confirmed with relations (40) and (47)
and with the triangle results for the case n = m = 1.0
(curve 3) for the first section.

Finally, a criterion of resistance of the beams of moder-
ate lengths subjected to bending can be applied to avoid
breaking the beam by [1–3]:
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σ2
Max + 4τ2Max < σeleg. (86)

In relation (86), we clearly notice the influence of τMax

in the balance of applied stresses, which is accompanied
by the stress σMax due to the bending moment.

The application of this criterion will determine the size
of the section with a high precision without breaking.
That is, the dimension of the section with consideration
of τMax is less than the dimension of the no-effect section
of τMax.

6. Conclusion

This work allows us to calculate the shear stress due
to the effect of shear force for general case of deflected
bending theory in arbitrary complex unsymmetrical sec-
tions for the assumptions and constraints given in our
mathematical formulation. We can draw the following
conclusions:

1. The numerical program can make any unsymmet-
rical sections.

2. Each section has two shape factors kx and ky fol-
lowing the two options of two shear forces Tx and
Ty.

3. For T = Ty, the stress τ will be forced to zero at
the top and bottom ends and is zero at the left and
right ends if T = Tx.

4. When T is directed arbitrarily in the plane of the
section, it must be the projection as the horizon-
tal and vertical axes which cannot be forced as a
principal axis of inertia, and we consider the calcu-
lation of the stress τ along the two axes and make
the vector summation.

5. The stress τMax is at a point which is not the section
centre of gravity.

6. The calculation can be made to the two arbitrary
axes.

7. The calculation of the geometric characteristics of
the section is necessary.

8. The value of T in the program does not matter.
However, we calculate the value of τ/T as a func-
tion of the geometry of the section.

9. The calculation is done in a non-dimensional way.
However, the values of a, h and R of the selected
sections have no significant values.

10. The calculation of the geometrical characteristics
of the section as well as the static moments of the
upper and right parts is done by a numerical inte-
gration of the functions which depend on the shape
of the chosen section.

11. The numerical integration of the functions found is
done by the quadrature of Gauss–Legendre of order
q = 20 designed for the regular functions given its
rapidity of convergence and high precision.

12. The maximum stress in all cases is always higher
than the average stress. In other words, the form
factor is always greater than unity.

13. The distribution of τ and the value of the maximum
stress τMax as well as the shape factor depends on
the orientation of the central axis. The smallest
value of the maximum stress is along the principal
axis of inertia and the greatest value is also along
the other principal axis of inertia.

14. The maximum stress and the shape factor depends
on the rotation of the central axis in the plane of
the section.

As perspective and in the same line of research, we
can consider the calculation of the shear stress due to
shear forces for arbitrary unsymmetrical thin-walled hol-
low sections.
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