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Non-Phase Matched Stimulated Parametric Scattering
in Semiconductor Plasma: Temporal Effects
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Present paper is an effort to study stimulated parametric scattering of an electromagnetic wave propagating
in a doped semiconductor plasma medium. We study theoretically the time evolution of a parametrically amplified
wave in a non-phase matched semiconductor plasma medium. In order to describe the dynamics of the system,
Maxwell’s equations and hydrodynamic model for one component plasma along with coupled mode theory are used.
These equations are solved numerically in the whole time range up to the steady state for a crystal. Following
standard approach expressions for second order optical susceptibility, steady state, and transient gain coefficient
for stimulated parametric scattering have been derived. Numerical estimation is made by considering an n-CdS
irradiated by an intense laser at 77 K. This study suggests design of an optical parametric amplifier with tunable
temporal characteristics, which are found to agree well with the experimental findings.
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1. Introduction

Optical properties of semiconductors are greatly modi-
fied, when electrons are excited optically. This fact makes
semiconductors suitable for optical memories and switch-
ing elements. Moreover, their properties could be tailored
easily by fields, compositions, and micro-structuring;
therefore they are much often used for the manipulation
of light through nonlinear interaction. Nonlinear inter-
actions are generally used either to shift the available
optical frequency, or to remodel spatio-temporal charac-
teristics of coherent light beam. Change in the spatio-
temporal profile and polarization state without touching
its carrier frequency demands absence of phase matching
condition practically. In order to select dominant non-
linear interaction in given experimental situations, it is
essential to maintain phase matching conditions. Mate-
rial dispersion results in momentum mismatch in many
energy conserving nonlinear optical interactions [1–3].

However, one way to deal with the momentum mis-
match situation is to use birefringent phase matching,
angle phase matching, and anisotropic techniques [4–6].
Spatio-temporal nonlinear diffraction for quasi-phase
matching of momentum and energy mismatch has been
introduced for beam manipulation and multi-harmonic
generation. Concepts of dispersion engineering and dis-
persion compensation has been utilized for phase mis-
match switching with a periodic profile [7, 8]. Nowa-
days metamaterials with zero refractive index are used
to eliminate the requirement of phase matching which
allows improved efficiency of nonlinear process regard-
less of directionality [9]. Effect of phase mismatch has
also been investigated in negative index material [10],
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although fabrication of desired bulk metamaterials in-
volves certain limitations due to complexity in design.
In optically isotropic materials, having strong phonon–
photon coupling, low frequency index is quite high, and
phase matching is not possible in the forward direc-
tion [11]. Even quasi phase matching techniques are not
applicable to such cubic crystals.

In view of above limitations and keeping in mind the
fact that phase mismatch is more relevant to feasible ex-
perimental conditions, it seems to be more realistic to
consider a tolerable small phase mismatch in the phe-
nomena of interest. Therefore, apart from using meta-
materials and all other phase matching solutions, present
study for the first time focuses on an analytical investi-
gation of non-phase matched stimulated parametric scat-
tering (SPS) in a cubic compound semiconductor plasma
medium. Relevant data of an ionic crystal (CdS) is used
for the numerical appreciation of the analysis. The crys-
tal sample is assumed to be shined by a laser with photon
energy well below the band gap of the crystal, so that
only free charge carriers influence the optical properties
of interest.

2. Theoretical formulations

This section considers SPS under the influence of an
intense laser beam travelling along x axis in a nonlin-
ear crystal. The electric field associated with pump wave
under plane wave approximation may be expressed as
E0 = E0(x̂) exp(i(k0x − ω0t)). SPS, a three-wave mix-
ing process gets initiated by a single intense pump field
at frequency ω0 at the input to a nonlinear crystal. This
field is provided by the laser source which in turn mixes
through the nonlinear susceptibility with a signal field at
ω1 to give rise to an idler field generated as a result of
nonlinearity of the medium. The idler field so generated
mixes back with the pump to produce additional signal
which remixes with the pump to produce more idler. The
process continues in this way until power is gradually
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transferred from the strong pump to the initially weak
signal and idler fields through the nonlinear interaction
mediated by second order susceptibility χ(2). It is cus-
tomary to describe this interaction macroscopically by
means of the nonlinear polarisability, which is nonzero in
piezoelectric crystal [12]. Hence, in the presence of the
strong input pump field, signal and idler fields can expe-
rience growth as they propagate through the nonlinear
crystal.

Hydrodynamic model for n-type homogeneous semi-
conductor plasma medium of infinite extent at liquid ni-
trogen temperature has been considered, which restricts
validity of our analysis only in the limit kal� 1 (l is the
carrier mean free path). The coupled mode scheme is ap-
plied to obtain a simplified expression for the second or-
der susceptibility via nonlinear polarization. While con-
sidering coupled wave problems, the classical description
is preferred over quantum one, since the decay or amplifi-
cation of the waves depends on the relative phases among
them, which is very well tackled classically. On the other
hand, if the number of quanta is taken into account, the
phases well be undetermined as required by the uncer-
tainty principle. Therefore in this paper, a classical dis-
cussion on the coupling of acoustic wave and light wave
is considered. Generation and amplification of signal and
idler are also hoped to be strongly dependent functions
of the phase mismatch parameter ∆k = k0 − k1 − ka,
where k0, k1, and ka are waves vectors of pump, signal,
and acoustic modes, respectively. Inclusion of phase mis-
match factor addresses the major problem that occurs
due to inherent phase mismatch between the interacting
waves propagating through the nonlinear materials due
to material dispersion. The frequency of scattered light
is assumed to vary as ka = k0

√
2 (1 + cos θ), where θ is

scattering angle. However, according to scattering the-
ory, amplification of only spectral component shifted to-
wards shorter or longer wavelengths, relative to the spon-
taneous three photons, is possible [13].

Following the standard approach [14, 15], here after
referred as paper I and II and basic equations for the
necessary formulations,

∂ϑ0

∂t
+ (∇ · ϑ0)ϑ0 + υϑ0 =

e

m
E0, (1)

∂ϑ1

∂t
+ (∇ · ϑ1)ϑ0 + (∇ · ϑ0)ϑ1 + υϑ1 =

e

m
E1. (2)

Response of the charge carrier to the incident pump field
is given by zero-order momentum transfer Eq. (1) in
which ϑ0 is the zeroth-order velocity of the electrons.
Similarly Eq. (2) represents the first order equation of
motion of electrons with first-order fluid velocity ϑ1. The
components of the oscillatory electron fluid velocity in the
presence of pump fields are obtained from Eq. (1) along
x and y direction, respectively

ϑ0x =
E

(υ − iω0)
, ϑ0y =

E

ω2
0

where E = e
mE0.

The other equations used in this analysis are
∂n1
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∂ϑ0
∂x

+ ϑ0
∂n1
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ε

∂2u

∂x2
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n1e

ε
. (5)

Conservation of charge is represented by the continuity
Eq. (3) in which n0 and n1 are the unperturbed and per-
turbed electron densities. Equation (4) represents mo-
tion of lattice vibration in a piezoelectric medium ρ, u, γs
and C being mass density of the crystal, displacement
of the lattice, phenomenological damping parameter of
acoustic mode, and crystal elastic constant, respectively.
The space charge field E1 is determined from the Poisson
Eq. (5) in which the second term on left hand side repre-
sents the piezoelectric contribution and ε and β are the
scalar dielectric and piezoelectric constant of the semi-
conductor.

2.1. Temporal amplification characteristics

In the parametric scattering process, coupling of the
electron plasma wave and generated acoustic wave takes
place only through the electronic contribution of nonlin-
ear optical susceptibility of the medium. One may derive
expression for the second order optical susceptibility from
the equation (8) of paper II and utilize expression for in-
duced nonlinear polarization given by

P1 (ω1) = ε0χ
(2)E∗

1E0, (6)

χ(2) =
Aeε1$

2
p (k0 − ka −∆k)

2mγsωaω1ω0
(7)

×

[(
δ21+iυωa

)
− (2k1+ka+∆k)2E

2

(δ22− iυω1)

(
1+

ω1

ω0

)]−1

,

χ(2) = Reχ(2) + Imχ(2),

where Reχ(2) and Imχ(2) are the real and imaginary parts
of susceptibility, respectively. Meaning of all the other
symbols are given in paper II.

Our next aim is to investigate the nonlinear absorption
coefficient (α) [16] using the following relation:

α =
(k0 − ka −∆k)

2ε1
Im
(
χ2
)
E0, (8)

where

Imχ(2) =
Aeε1$

2
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ω1υ
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2
2+ω1ωaυ2− (2k1+ka+∆k)

2
E
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2
.

The nonlinear steady-state gain of the signal as well as
idler waves can be possible only if α obtainable from
Eq. (8) is negative. It is evident that the pump amplitude



Non-Phase Matched Stimulated Parametric Scattering in Semiconductor Plasma: Temporal Effects 365

should be well above the threshold pump amplitude nec-
essary for the onset of steady state SPS process, which
could be derived from Eq. (7) under the condition of
Imχ(2) = 0 as

|E0th| =
m

e (2k1 + ka + ∆k)

√
δ42ωa + υ2ω2

1ωa

ω1
. (9)

Transient characteristics of nonlinear optical effects in-
fluence the rapidity with which various kinds of optical
functions can be performed. In view of availability of
state of art ultrafast pulsed lasers having pulse duration
comparable or smaller than photon life times, it would
be interesting to study temporal amplification character-
istics of the semiconductor plasma medium. Therefore
we will further explore the temporal derivatives, using
following expression for transient gain coefficient [17]:

gT =
√
gssLΓ τp − Γ τp, (10)

in which Γ is the acoustical phonon life time, L is the
interaction length, τp is the pulse duration and gss is the
steady state gain coefficient evaluated by Eq. (8). Tran-
sient gain coefficient can be determined with the help
of Eq. (10) for the SPS phenomenon in a semiconduc-
tor plasma. Evolution of SPS in time has been explored
considering that the pulse duration of the pump is much
shorter than Γ−1. This transient process will lead to
dependence of scattering angles and frequencies on the
interaction length and duration of the interaction pro-
cess.

3. Results and discussion

We now address a detailed numerical appreciation
of our theoretical model for the study of a non-phase
matched SPS through determination of second order
optical susceptibility, nonlinear absorption coefficient,
steady state gain, and transient gain coefficient in an
n-type CdS crystal at 77 K duly irradiated by a CO2

laser. The physical constants considered for the analy-
sis are: m = 0.107m0 (m0 being the free electron mass),
ε1 = 9.35, γs = 2 × 1010 s−1, ρ = 4.82 × 103 kg/m3,
ν = 4× 1013 s−1.

Graphical analysis of the nonlinear absorption and
temporal amplification characteristics of a semiconduc-
tor plasma medium considers a tolerable small phase
mismatch to compose an experimentally viable situation.
Prior condition to achieve a significant gain is that the
pump field should be well above the threshold amplitude
and well below the damage threshold of the crystal [18].
Estimated threshold pump intensity for the onset of SPS
is found to be ≈ 1014 W/m2, which fulfils both these
criteria.

Figure 1 displays the variation of nonlinear absorption
coefficient α with respect to phase mismatch factor ∆k
with scattering angle θ as a parameter. It is evident that
there is gain at almost whole range of ∆k. Identical vari-
ation has been observed for all the three different scatter-
ing angles. In fact tolerable ∆k leading to highest gain
could be traced as nearly equal to 5 × 107 m−1. Hence

Fig. 1. Calculated phase mismatch dependence of non-
linear absorption coefficient with scattering angle θ as a
parameter at ωp = 0.63ω0 and E0 = 4× 108 V/m.

θ = 170◦ is found to be favourable for the consideration.
Resonance between k0 and k1 leads towards minimum
absorption coefficient. Initially when k0 > k1, increasing
scattering angle is found to shift highest gain position
towards lower ∆k values. However, interaction length is
considered to be higher than coherence length lc for the
whole range of phase mismatch factor with ∆k < 2k0.

Figure 2 depicts the behaviour of transient gain coef-
ficient gT as a function of plasma frequency ωp. These
identical curves signify rapid increments in transient gain
till ωp = 0.25ω0 and beyond this value further incre-
ments in ωp cause almost stable transient derivatives. In
the case of interaction length greater than the coherence
length, higher transient gain is achieved for L > lc, in-
dicating energy flow from the pump to the idler wave
for one coherence length, and strongest interaction with
mutual transformation of pump wave and idler wave.

Fig. 2. Variation of the transient gain coefficient gT
with plasma frequency at E0 = 4× 108 V/m.
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Fig. 3. Variation of the transient gain coefficient gT
with pump amplitude E0 at ωp = 0.63ω0.

In Fig. 3 transient gain coefficient gT is plotted against
the pump amplitude E0. Linear relationship between
the pump amplitude and transient gain gets established
through this curve.

Figure 4 depicts the qualitative behavior of the tran-
sient gain coefficient gT as a function of pulse duration
at different interaction lengths. A close inspection of
the figure reveals that the behavior of gT with increasing
pulse durations is identical for all the interaction lengths.
Firstly, gT increases with τp attaining maximum value
which remains nearly constant for certain range signify-
ing the existence of quasi saturation regimes. Beyond
this regime, gT diminishes very rapidly to zero. It is in-
teresting to note from Eq. (10) that gT is proportional to
the square root of both the interaction length and inter-
action time. Temporal spreading of the gain is observed
as the interaction length increases. Transient gain washes
out at longer pulse durations upon increasing interaction
length. Increments in interaction length shift the van-
ishing point of transient gain towards longer pump pulse
durations. This behavior agrees well with the experimen-
tal observations [19].

Figure 5 depicts correlation between transient gain and
steady state gain coefficient for different widths. For all
widths gT is smaller than gss. The curves are identi-
cal and displaced towards higher transient gain as Γ τp
is increased, due to the fact that in the transient case
the gain is proportional to the total integrated energy
[17]. This result shows the trend expected from the gen-
eral temporal behavior and is in good agreement with
Carman et al. [20].

Investigations of temporal amplification characteristics
of semiconductor medium has been the primary aim of
this study. Transient response of the order of a few mi-
croseconds is predicted theoretically. Favorable temporal
amplification characteristics of the SPS in semiconduc-
tor plasma medium could be achieved with the specific
control on relevant parameters such as pump amplitude,
doping concentration, interaction length.

Fig. 4. Temporal variation of the transient gain co-
efficient with L as a parameter at ωp = 0.63ω0 and
E0 = 4× 108 V/m.

Fig. 5. Variation of the transient gain coefficient with
steady state gain coefficient at ωp = 0.63ω0 and E0 =
4× 108 V/m.

Present analysis suggests the use of laser having
pulse duration ≈ 10−8–10−6 s which is readily available
through CO2 laser. It is worth noting that interaction
length of about a few µm is found to be favorable for
maximum transient gain coefficient. Temporal spreading
of the gain upon increasing interaction length could be
used to tune the temporal behavior of medium.

Transient SPS is characterised by a wide spectrum and
lower value of gain is obtained as compared to steady
state scattering. Furthermore, we find good qualitative
agreement with the experimental results.

4. Conclusion

The most remarkable feature of the reported results
is the reduced magnitudes of required pump intensity
at which stimulated parametric scattering gets initiated.
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The question of laser damage is central to the design
and operation of nonlinear optical devices, due to the in-
volvement of large radiation intensities shined over non-
linear crystals. Reduced pump requirements take care
of the damage threshold of the crystal, too. Therefore,
the present study successfully establishes an appropriate
model helpful in the construction of a cost effective op-
tical parametric amplifier with tunable steady state and
temporal amplification characteristics.
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