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We discuss a model consisting of two nonlinear oscillators, where a train of periodic ultrashort laser pulses
excites one of them. We show that the system can behave as a two-qubit system and produce maximally entangled
Bell states. Such generation is more effective than that for the system with continuous excitation.
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1. Introduction

The preparation and engineering of nonclassical quan-
tum states became one of the most important topics in
the research related to quantum optics and quantum in-
formation theory. The special role plays such schemes
of the state engineering which lead to the generation of
the states defined in finite-dimensional Hilbert spaces.
In the 90s’ Pegg and Barnet have proposed the schemes
and systems allowing to generate optical qubits. Such
systems, based on linear optical elements, are called lin-
ear quantum scissors [1, 2]. From the other side, systems
comprising nonlinear elements, (in particular, the sys-
tems with nonlinear Kerr media) were considered as a
potential tool for optical state truncation [3–5], and were
called nonlinear quantum scissors.

In this paper, we study a model of two mutually inter-
acting nonlinear oscillators where one of them is excited
by a train of ultrashort coherent pulses. For such system,
we show that under some special conditions, its evolu-
tion remains closed within a finite set of n-photon states
and can be treated as the nonlinear quantum scissors.
Additionally, discussed here model could be a source of
the maximally entangled Bell states. Such generation of
the Bell states is more efficient than that appearing in
the analogous system but excited by a continuous exter-
nal field.

2. The model

We consider a model of a Kerr-like coupler contain-
ing two quantum nonlinear oscillators. The oscillators
couple each other the continuous linear interaction and
additionally, one of them is excited by a series of ultra-
short external coherent pulses. Our system is governed
by the following Hamiltonian:
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Ĥ = ĤNL + ĤK , (1)
where HNL describes two nonlinear oscillators and the
interaction between them

ĤNL =
χa

2
(â†)2â2 +

χb

2
(b̂†)2b̂2

+εâ†b̂+ ε∗âb̂† + χabâ
†âb̂†b̂, (2)

whereas

ĤK =

∞∑
n=0

δ(t− nT )(αâ† + α∗â) (3)

governs the interaction with the external field which
is modeled by the sum of the Dirac-delta functions.
The operators â† (b̂†) and â (b̂) are the bosonic creation
(annihilation) operators corresponding to the two modes
labelled by a and b. The oscillators are characterized by
the nonlinear parameters χa and χb, which correspond to
the third-order susceptibility of the Kerr medium in non-
linear optical systems. The parameter ε is the strength
of the linear coupling between two modes and χab de-
scribes the cross-action process. We assume here that
χa = χb = χab = χ. The strength of the excitation by
the pulses is described by α, the time T denotes a period
of time between two subsequent pulses and n labels the
number of the external pulse.

In our considerations, we assume that the parameters
ε = ε∗, α = α∗ are much smaller than those describing
the nonlinearities (α, ε � χ). Thanks to those assump-
tions the system behaves as the nonlinear quantum scis-
sors [3–5] — evolution is closed within a finite set of the
n-photon states. Additionally, when initially the system
is in the vacuum state |00〉, its evolution is practically
limited to the three states. In consequence, the trun-
cated wave-function can be expressed as
|ψ(n)〉cut = C00|00〉+ C01|01〉+ C10|10〉, (4)

where Cij are complex probability amplitudes related to
the states |ij〉. What is interesting, when we consider the
system involving the cross-coupling, the state |11〉 is not
populated contrary to the situation when the cross-Kerr
interaction is absent [6].
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Applying the standard procedure [7], we perturbatively
derive the following set of equations for the probability
amplitudes which are relevant for the system’s evolution:

C00(n) =
1

Ω2

(
ε2T 2 + α2 cos(nΩ)

)
,

C01(n) =
αεT

Ω2
(−1 + cos(nΩ))

C10(n) = − i
α

Ω
sin(nΩ), (5)

where Ω =
√
α2 + ε2T 2 is a frequency which appears

in our system. The time-evolution of the probabilities
corresponding to the three states appearing in the trun-
cated wave-function is shown in Fig. 1. We have assumed
here that the time between two succeeding pulses T = π,
whereas the other parameters are: χa = χb = χab = 1,
ε = 1/100 and α = 1/25.

Fig. 1. The time-evolution of the probabilities
Pij = |Cij |2.

Fig. 2. Time evolution of the parameter F (n).

To verify the exactness of our approximate analyti-
cal solution we apply the fidelity between the two wave
functions

F (n) = |〈ψ(n)|ψ(n)〉cut|, (6)
where |ψ〉cut is derived from the analytical formulae,
whereas |ψ〉 was found with application of the “exact” nu-
merical methods. At this point, it should be mentioned
that in the papers devoted to the solid state physics the
fidelity is called the Loschmidt echo [8, 9]. Thus, in Fig. 2
we show the time-evolution of the fidelity. We see here
that F (n) reaches the values which are close to the unity.
That means that our quantum scissors approximation
works very well and our system behaves as the qubit-qubit
system.

3. The entanglement

In our study, we concentrate on the possibility of gen-
eration of the entangled states by the Kerr-like coupler
when the cross-Kerr interaction is present.

As a measure of the entanglement, we apply the nega-
tivity N(ρ̂) which is based on the negative partial trans-
position (NPT) criterion [10, 11]. N(ρ̂) is determined
by the eigenvalues λi of the partially transposed density
matrix ρ̂T and can be written as

N(ρ̂) = max(0,−2minλi), (7)
where we truncate the density matrix to the subspace
2 ⊗ 2(ρ̂ = |ψ〉cutcut〈ψ|). The negativity takes zero value
for all separable states, and is equal to the unity for the
maximally entangled states.

Fig. 3. The time-evolution of the negativity Nab and
the fidelities corresponding to the states |B1〉 and |B2〉.

In Fig. 3 we see that the negativity reaches the values
from zero to unity and thus, the system can lead to the
generation of the maximally entangled states. The mo-
ments of time corresponding to such generation are the
same as those for which the probabilities P01 ≈ P10 ≈ 1/2
(see Figs. 1 and 3). At the same times, the probability
P00 becomes close to zero. Therefore, we can conclude
that maximally entangled states produced in the system
are the Bell states
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|B1〉 =
1√
2
(|01〉+ i |10〉),

|B2〉 =
1√
2
(|10〉+ i |01〉). (8)

The probabilities of finding |B1〉 and |B2〉 are plotted
in Fig. 3. We see that the maximal values of the prob-
abilities for the Bell states reach the values equal to the
unity at some moments of time. Additionally, the Bell
states |B1〉 and |B2〉 appear alternately.

What is interesting, the system excited by ultra-
short pulses produces entanglement states more effec-
tively than that discussed in [12] and excited by the field
characterized by the continuous constant amplitude. For
the system considered in [12], the maximal values of the
negativity were equal to ≈ 0.6. Additionally, when we
take into account the cross-coupling interaction, the Bell
states (8) are produced with higher probabilities than for
the cases when such coupling is neglected. Thus, we see
that the cross-coupling processes are responsible for the
higher efficiency and the periodicity of generation of the
maximally entangled states.

4. Conclusion

In the present paper, the model of two mutually inter-
acting quantum nonlinear oscillators (Kerr-like coupler)
excited by a series of ultrashort external coherent pulses
was considered. We have shown here that when both:
external excitation and the oscillator–oscillator interac-
tion are weak, our system can be treated as the nonlinear
quantum scissors. In consequence, it behaves as the
qubit-qubit system. Moreover, the proposed model
can be applied as a potential source of the maximally

entangled states (the Bell states). What is relevant, the
model of the Kerr-like coupler considered here is able
to generate maximally entangled states more efficiently
than other systems already discussed in other papers. For
instance, our model seems to be more efficient in the gen-
eration of Bell states than the Kerr-like coupler without
the cross-Kerr interaction, and the coupler continuously
excited by an external field with a constant envelope.
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