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In the present paper, the selected thermodynamic properties of the superconducting state in H3Se compound
are theoretically characterized. In the considered system, the superconducting state is induced under the pressure
of 300 GPa. The numerical calculations are conducted in the framework of the Eliashberg formalism, due to the
relatively high value of the electron–phonon coupling constant, λ = 1.05. In a result, the numerical values of the
superconducting order parameter and the wave function renormalization factor, as a function of temperature, are
obtained. It is found that the critical temperature value is ∼ 120 K; for the Coulomb pseudopotential equal to
0.1. Moreover, the difference between free energy for the normal and superconducting state, the critical magnetic
field, as well as the specific heat for the superconducting and normal state on the temperature are determined.
In a conclusion, it is suggested that the strong-coupling and retardation effects play pivotal role in the analyzed
superconducting phase, similarly to what can be found in the breakthrough hydrogen sulfide material.
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1. Introduction

In 2014, Drozdov et al. reported that the ultra-dense
phase of sulfur hydride (H3S) may exhibit superconduct-
ing properties at ∼ 150 GPa, with transition tempera-
ture (Tc) equal to 203 K [1]. This observation started
the wave of new discoveries. In a few next years, re-
searchers have found a large number of potential hy-
drogen rich compounds, which could be superconducting
with a high value of Tc, e.g. PH3 with Tc = 103 K at
207 GPa [2], SnH4 with Tc = 91 K at 220 GPa [3] and
ScH6 with Tc = 147 K at 285 GPa [4]. These discoveries
confirm Ashcroft’s prediction that hydrogen-based com-
pounds may exhibit high-temperature superconducting
state [5] at relatively low pressure values, when compar-
ing to the pristine hydrogen case [6].

Currently, one of the most promising hypothetical
hydrogen-based superconductors are compounds of hy-
drogen and selenium, which under high pressure condi-
tions show rather good thermodynamical properties. In
this regard, special attention should be given to H3Se,
which is the most thermodynamically stable structure
among all known superconducting hydrogen selenides [7].
Moreover, the empirical McMillan formula [8] suggest
that in H3Se at 300 GPa, the value of Tc can exceed
the level of 100 K [7], which is almost three times higher
than in the prominent MgB2 compound [9]. Next, the
electron–phonon coupling value, found within the den-
sity functional theory (DFT) calculations [7], is of the
order of unity (λ = 1.05) and positions H3Se in the
strong-coupling regime, similarly to the groundbreaking
hydrogen sulfide. Interestingly, the latter one is not the
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sole similarity shared by hydrogen-based superconduc-
tors with selenium and sulphur, respectively. In partic-
ular, both selenium [10, 11] and sulfur [12, 13] are pre-
dicted to be superconducting as a standalone chemical
elements. Furthermore, selenium is a similar and isoelec-
tronic to sulfur; both are chalcogenides in the same group
of periodic table. In what follows, the experimental re-
alization of H3Se and its derivatives may be realistically
possible in the close future, toward extending the existing
groups of already verified hydrogen-based superconduc-
tors i.e. H3S [1, 14, 15], PH3 [2, 14], and PtH [16–19].

In this context, the in-depth analysis of the thermody-
namic properties of H3Se is crucial for the further devel-
opments in this field. First, to verify the existing qualita-
tive theoretical studies of this compound, and second to
provide guidelines for future corresponding experimen-
tal studies. Herein, such theoretical investigations are
provided within the state-of-art Eliashberg formalism for
the strong-coupling superconductors [20, 21]. Specifi-
cally, all the most important thermodynamical properties
of the discussed state are comprehensively analyzed, to
give their quantitative temperature-dependent estimates.
The analysis is supplemented by pertinent conclusions.

2. Theory

As mentioned above, the thermodynamic properties of
H3Se are determined here in the framework of the Eliash-
berg equations. In the isotropic case, they constitute a
set of two equations, namely: the equation for the or-
der parameter function (∆n = ∆ (iωn)) and equation for
the wave function renormalization factor (Zn = Z (iωn)),
where ωn = (π/β) (2n− 1) denotes the Matsubara fre-
quency and β = 1/kBT with kB being the Boltzmann
constant. Explicitely, described set of equations take the
following form:
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∆nZn =
π

β

M∑
m=−M

K (ωn − ωm)− µ?(ωm)√
ω2
m + ∆2

m

, (1)

Zn = 1 +
π

β

M∑
m=−M

K(ωn − ωm)√
ω2
m + ∆2

m

ωm

ωn
Zm. (2)

The K (ωn − ωm) function in Eqs. (1) and (2) denotes
the electron–phonon pairing kernel and is defined by:

K (ωn − ωm) ≡ 2

∫ +∞

0

dΩ
α2F (Ω)Ω

(ωn − ωm)2 + Ω2
, (3)

where the electron–phonon spectral function (α2F (Ω))
was adopted from [7]; wherein it has been calculated in
the framework of the DFT, as implemented in the Quan-
tum Espresso package [22].

For the considered superconductor the electron–
electron depairing interactions are modeled by the
Coulomb pseudopotential (µ? ≡ µ?θ(ωc − |ωm|)) param-
eter; the θ denotes Heaviside’s function, the value of
cut-off for the phonon frequency is ωc = 10Ωmax and
ωmax stands for its maximum value which is equal to
322.12 meV. In the case of H3Se the µ? parameter is
assumed to be 0.1, in accordance with the Ashcroft pre-
dictions for hydride superconductors [5].

3. Results

In the present paper, the Eliashberg equations are
solved using the in-house developed numerical methods
described in [20, 23–25]. It is instructive to note that the
numerical analysis is conducted here for the 2201 Mat-
subara frequencies, in order to reach the numerical stabil-
ity of computations. Accordingly, the physically-relevant
results are obtained for T ≥ T0, where T0 = 7 K.

Fig. 1. (a) The maximum value of the order parameter
as a function of the temperature and (b) the correspond-
ing maximum value of the temperature-dependent wave
function renormalization factor.

In what follows, the first step of analysis concerns the
solutions of Eqs. (1) and (2) on the imaginary axis. In a
result of the numerical computations, the temperature-
dependent maximum values of the order parameter func-
tion (∆m=1) and the wave function renormalization

factor (Zm=1) are obtained, as depicted in Fig. 1a and b,
respectively. It can be easily observed that the calculated
points resemble typical behavior of the ∆m=1 and Zm=1

functions for the phonon-mediated superconductors [23].
Moreover, results depicted in Fig. 1a allow to determine
the critical temperature value (Tc) for the considered
compound; specifically at the critical temperature, the
order parameter takes on the zero value, which marks
the superconductor-metal phase transition. In the dis-
cussed case, the Tc value is estimated to 121 K. Note that
the determined temperature is about 10 K higher than
corresponding prediction of the empirical McMillan for-
mula [8], presented in [7]. Furthermore, ∆m=1 function
can be approximately interpreted as the half-value of the
energy gap at the Fermi level (∆ (0)), whose maximum
for the H3Se material is 20.9 meV at T0. On the other
hand, the wave function renormalization factor, depicted
in Fig. 1b, is related to the effective mass of electrons by
the following formula: m?

e ' Zm=1(T )me, where symbol
me represents the electron band mass. In this context,
for T = Tc it is obtained that m?

e/me ' 1 + λ ' 2.05.
Notably, this value is in agreement with other estimate,
namely: Zm=1(Tc) ∼ 2.05; which to some extent con-
firms the high precision of numerical calculations pre-
sented here.

Fig. 2. (a) The order parameter and (b) the wave func-
tion renormalization factor for the selected values of the
temperature, as a functions of m.

Figure 2 presents the characteristics of (A) the or-
der parameter and (B) the wave function renormaliza-
tion factor as a function of m for the selected values of
temperature. It is observed that both functions become
saturated above 150 Matsubara frequencies. Moreover,
with the increase of the temperature, the saturation oc-
curs for the lower values of m. This fact ensures that
assumed number of the Matsubara frequencies is suffi-
cient to obtain convergence for the analyzed thermody-
namic properties. Note additionally that the determined
results can be transparently compared with the predic-
tions of the BCS theory, by calculating the characteristic
ratios for the thermodynamic properties. First of such
ratios is conventionally defined as:
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R∆ ≡
2∆ (0)

kBTc
, (4)

and equals to 4.01 for the analyzed superconductor.
It should be noted that the BCS theory predicts much
lower value i.e. R∆ = 3.53. The two remaining parame-
ters for the thermodynamic critical field and the specific
heat are calculated below.

On the basis of the above solutions, the normalized
free energy difference between the superconducting and
normal state can be calculated from the following for-
mula [26, 27]:

∆F

ρ (0)
= −2π

β

M∑
n=1

(√
ω2
n + ∆2

n − |ωn|
)

×(ZS
n − ZN

n

|ωn|√
ω2
n + ∆2

n

). (5)

In the above equation symbol ρ (0) is the value of the elec-
tron density of states at the Fermi level, whereas ZS

n and
ZN
n stand for the wave function renormalization factor of

the superconducting state and the normal state, respec-
tively. The numerical results for the ∆F/ρ (0) function
are presented in the lower part of Fig. 3a. It can be
easily observed that the ∆F/ρ (0) takes negative values
for the entire range of temperature, which indicates the
thermodynamical stability of the superconducting phase
in H3Se at 300 GPa. Moreover, the function described
by Eq. (5), allows next to determine the temperature-
dependent normalized thermodynamic critical field as

Hc√
ρ (0)

=
√
−8π [∆F/ρ (0)]. (6)

In correspondence, the upper part of Fig. 3a shows the
Hc/

√
ρ (0) ratio as a function of temperature. Contrary

to the ∆F/ρ (0), the normalized thermodynamic critical
field takes the positive values for the entire temperature
range. However, as a main outcome, discussed parameter

Fig. 3. (a) The thermodynamic critical field as a func-
tion of the temperature (upper part) and the depen-
dence of the free energy value on the temperature (lower
part), (b) the temperature-dependent specific heat of
the superconducting state and the normal state.

allows to determine the second dimensionless ratio, to-
ward its comparison with the canonical BCS predictions.
In particular, the corresponding ratio reads

RH ≡
TcC

N (Tc)

H2
c (0)

. (7)

In the case of H3Se, it is received that RH = 0.148, which
is notably lower than the estimate of the BCS theory
which suggests that RH = 0.168.

Similarly, the calculation of the normalized specific
heat difference (∆C) between the superconducting (CS)
and normal state (CN ) leads to the last remaining char-
acteristic ratio within the BCS theory. Specifically, the
normalized ∆C (T ) /kBρ (0) is given as

∆C (T )

kBρ (0)
= − 1

β

d2 [∆F/ρ (0)]

d (kBT )
2 , (8)

where the specific heat in the normal state reads:
CN (T )/kBρ(0) = γ/β assuming that the Sommerfeld
constant is written as γ = 2

3π
2(1 + λ). The temperature

dependence of the ∆C (T ) /kBρ (0) function is depicted
in Fig. 3b, and exhibits the characteristic jump at criti-
cal temperature, which is marked by vertical black line.
To this end, the aforementioned characteristic ratio for
the specific heat is defined as:

RC ≡
∆C(Tc)

CN (Tc)
. (9)

Herein, the numerical calculations give RC = 1.68,
whereas BCS theory predicts that RC = 1.43. There-
fore, another dimensionless ratio visibly differ from the
BCS theory estimates.

4. Summary

In the present paper the thermodynamic properties
of the H3Se compound under high pressure (300 GPa)
were analyzed within the Eliashberg formalism. In this
context, one of the most crucial observations correspond
to the critical temperature value, which appeared to be
around 10 K higher than the estimation given in the

TABLE I

The adopted and obtained values of the most important
parameters which characterize superconducting state in
H3Se at 300 GPa.

Quantity Value Unit

ad
op

te
d p 300 GPa

m 2201 –
µ? 0.1 –
λ 1.05 –

ob
ta
in
ed

Ωmax 322.12 meV
T0 7 K
Tc 121 K

∆m=1(T0) 21 meV
Zm=1(Tc) 2.05 K

R∆ 4.01 –
RC 1.68 –
RH 0.148 –
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framework of the empirical McMillan formula. Similarly
the characteristic ratios for the order parameter, the ther-
modynamic critical field and the specific heat showed dis-
crepancies with the estimates of the BCS theory.

Above observations suggest that the strong-coupling
and retardation effects play pivotal role in the H3Se
at 300 GPa. In other words, analyzed material is a
strong-coupling superconductor, which cannot be de-
scribed within the mean-field BCS theory toward quan-
titative determination of the most important supercon-
ducting properties.

To this end, values of all component thermodynamic
parameters, which enters formulae for the above ratios,
were determined and their estimates are given explicitly
in Table I.
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