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Structures with aperiodic layering are characterized by extremely interesting phononic properties. There
is a phononic band gap phenomenon in them, so the waves with given frequency ranges do not propagate in
these structures. These properties allow the use of such structures as selective filters or devices for noise control.
The study examined transmission of the quasi one-dimensional octagonal structure. The properties of the aperiodic
structure were analyzed depending on the network’s generation number and layers thickness. The transmission
matrix algorithm was used for the analysis. The tested lattices were made of an amorphous Zr55Cu30Ni5Al10 alloy
immersed in water. The influence of water temperature on transmission peaks shifts was also studied.
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1. Introduction

One of the characteristic properties of phononic struc-
ture is the presence of phononic band gaps (PhBG) [1].
Materials with aperiodic structure are used for construc-
tion of the selective acoustic filters, sensors, or noise
suppressor [2, 3].

The transfer matrix method (TMM) [4], finite differ-
ence time domain (FDTD) [5, 6], plane wave expansion
(PWE) [7] and finite element method (FEM) [8] are the
most common in examination of phononic wave propaga-
tion properties. In this work the transfer matrix method
algorithm is used.

Amorphous alloys are a widely studied group of mate-
rials in terms of their unique magnetic properties [9–13]
as well as the magnetocaloric phenomena occurring in
them [14–16]. In this work amorphous Zr55Cu30Ni5Al10
was used to build a quasi one-dimensional mechanical
wave filter.

2. Methods, materials and structure

The TMM algorithm is characterized by high accu-
racy of the results obtained. It is a commonly used
method for simulate the transmission spectra of quasi
one-dimensional phononic crystals, quasicrystals and dis-
ordered structures. The TMM algorithm is used to ana-
lyze periodic [17] and aperiodic [18] multilayer structures.

2.1. TMM algorithm

In this paper, the TMM algorithm was used to deter-
mine the transmission in quasi one-dimensional octagonal
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structure. The relationship between the phase velocity vi
and the pressure pi of the acoustic wave, which is propa-
gating in a multilayer structure (where i is layer number
and t is time) is defined as:

1

v2i

∂2p

∂t2
−∇2p = 0. (1)

Solution of Eq. (1), for the quasi one-dimensional multi-
lattice structure, is given by

pi =
(
Ai e

ikix +Bi e
− ikix

)
e− iωt = Pi(x)e

− iωt, (2)
where Ai is transmitted and Bi — reflected wave coeffi-
cients for the frequency f . The wave vector ki is deter-
mined by

ki = 2πf/vi. (3)
The acoustic impedance Zi in i-th layer is defined as:

Zi = viρi, (4)
where ρi is i-th layer mass density. In multilayer struc-
ture the transition between the layers is described by
matrix Φi,i+1, which is expressed as

Φi,i+1 =
1

2

[
Zi+Zi+1

Zi

Zi+1−Zi

Zi
Zi−Zi+1

Zi

Zi+Zi+1

Zi

]
. (5)

The propagation matrix Γi, corresponding to the i-layer
with thickness di, can be written as

Γi =

[
e ikidi 0

0 e− ikidi

]
. (6)

The propagation of the wave in a multilayer structure
can be described by the matrix equation[

P+
in P−

in

]T
= M

[
P+
out P−

out

]T
, (7)

where P+
in is incident, P−

in — reflected, P+
out — transmit-

ted wave and P−
out is always 0. M is characteristic matrix

depending on the layers structure.
The simplest case of the propagation for one-layer

structure is defined by Eq. (8):
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[
P+
in P−

in

]T
= Φin,1Γ1Φ1,out

[
P+
out P−

out

]T
. (8)

The characteristic matrix M for n-elements multilayer
structure takes the form

M = Φin,1

[
n∏

i=2

Φi−1,iΓi

]
Φn,out. (9)

The transmission coefficient T of the multilayer aperiodic
structure was determined from the characteristic matrix
M and denoted as

T =

∣∣∣∣ 1

M1,1

∣∣∣∣2 . (10)

2.2. Analyzed structure

Concatenation rule for quasi one-dimensional octago-
nal structure XL [19] is given by

XL+1 = XLXLXL−1, (11)
where the initial conditions are

X0 = A,X1 = AB. (12)
In Table I the distribution of layers in quasi periodic

octagonal structures for generation numbers L from 2 to
4 are presented. The letter A from Table I represents the
layer made of amorphous alloy Zr55Cu30Ni5Al10, while
B means the layer made of distilled water, in which
the speed of sound propagation v depends on the tem-
perature T and is determined by the following depen-
dence [20, 21]:

v (T ) = 1.40238744× 103 + 5.03836171T (13)

−5.81172916× 10−2T 2 + 3.34638117× 10−4T 3

−1.48259672× 10−6T 4 + 3.16585020× 10−9T 5.

A significant change in the speed of mechanical waves
depending on the temperature (Fig. 1) affects the shifts
of the transmission peaks of the analyzed structures.

Fig. 1. Influence of temperature on the speed of me-
chanical waves in distilled water.

Table II shows the characteristics of the materials used.
The material of the surroundings of the multilayer struc-
ture has always been distilled water at 20 ◦C.

TABLE I

Arrangement of the layers of analyzed structures.

L XL

2 ABABA
3 ABABAABABAAB
4 ABABAABABAABABABAABABAABABABA

TABLE II

Material parameters of the components of the multilayer
structure [20–22].

Material
Mass
density
ρ [kg/m3]

Velocity
of sound
v [m/s]

Layer
thickness
d [µm]

Zr55Cu30Ni5Al10 6829 1633 408.25
distilled water 998 1482 (20 ◦C) 494.119

3. Research

The study investigated the transmission (Fig. 2) of a
quasi-periodic octagonal superlattice with a structure of
layers determined by the concatenation rule (11). There
can be noticed the presence of two band gaps with a
large frequency range. The half-width of the transmission
peaks decreases as the number of layers increases. Peaks
with high transmission are visible.

Fig. 2. Transmission of octagonal structures for three
generations numbers L = {2, 3, 4}.

Figure 3 shows the shifts of the transmission peaks de-
pending on the temperature of distilled water inside the
structure for L = 3. White color means full transmis-
sion through the structure, while black color means no
transmission. It is clearly visible that the transmission
peaks shift toward higher frequencies as the temperature
increases.

Figure 3 shows the shifts of the transmission peaks de-
pending on the temperature of distilled water inside the
structure for L = 3. White color means full transmis-
sion through the structure, while black color means no
transmission. It is clearly visible that the transmission
peaks shift toward higher frequencies as the temperature
increases.
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Fig. 3. Influence of the temperature of distilled water
inside the structure on shifts of transmission peaks for
L = 3.

Figure 4 shows the effect of changing the thickness of
the layer of materials included in the multilayer structure
on the transmission of a mechanical wave. In Fig. 4a–c,
the layer of material Zr55Cu30Ni5Al10 changed its thick-
ness from 0.5 to 1.5 times the base value from Table II,
respectively for L equal to 2, 3, and 4. The influence of
the change in the thickness of the distilled water layer in
Fig. 4d–f was analyzed analogously.

4. Conclusions

The conducted research revealed the occurrence of
phononic band-gap for the range of ultrasonic mechani-
cal waves in the octagonal structure made of amorphous
alloy and distilled water.

The influence of the distilled water temperature on the
transmission and the type of network structure (peaks of
small half-width) allows the construction of flow temper-
ature sensors based on aperiodic superlattices.

Changing the thickness of the layer causes non-linear
shifts in the transmission peaks.

Fig. 4. Transmission for the octagonal structure in the range of the thickness of the amorphous alloy dA from 0.5 dA
to 1.5 dA for (a) L = 2, (b) L = 3, (c) L = 4 and in the range of the thickness of the distilled water dB from 0.5 dA to
1.5 dA for (a) L = 2, (b) L = 3, (c) L = 4.
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