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Quantum Glass of Interacting Bosons
with Off-Diagonal Disorder Has a Severe Sign Problem
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We study a disordered system of interacting bosons, described by the Bose–Hubbard model with the disorder
introduced via Gaussian-distributed hopping integrals. After applying the replica trick and the Trotter formula,
we arrive at an expression for order parameters involving averaging with respect to the effective Hamiltonian, that
has to be numerically evaluated. We show that the Monte Carlo algorithm fails because of the sign problem, which
is severe in this case, hence cannot be removed via standard methods. It cannot be therefore excluded that this
problem belongs to the NP-complete complexity class, i.e., of problems without known polynomial-time solution
but with a possibility of validating a given solution candidate at such a computational complexity.
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1. Introduction

Disordered systems are of great interest from the point
of view of both condensed matter and statistical physics.
The Anderson localization [1] is an example of a unique
phenomenon that originates exclusively from disorder. In
most cases, many-body systems pose a difficult challenge
to be properly described theoretically, since the standard
methods from single-particle systems break down when
applied due to the exponential increase of the number of
states to consider, which causes the solution to be un-
feasible. Therefore, one needs to refrain to more com-
plicated methods, like Green’s functions [2] or density
matrix renormalization group (DMRG) [3]. Theoreti-
cal description of randomness in such strongly correlated
systems is an additional challenge to cope with beyond
these usual difficulties found in interacting many-body
systems. Many of the latter have been proven [4, 5]
to belong to the NP-complete computational complex-
ity class [6]. NP stands here for nondeterministic poly-
nomial time and means that for a computational prob-
lem belonging to this class, the correctness of a given
(e.g. guessed) solution can be numerically checked in
time polynomially scaling with the system size. How-
ever, direct solving the problem is a more difficult task,
and no algorithm of polynomial complexity that com-
putes the result has yet been found. It may be shown
that obtaining one will be equivalent to a discovery of a
polynomial algorithm solving other problems belonging
to this class (NP-complete problems). The existence of
the latter is, however, uncertain.

The Monte Carlo method (MC) [7] is one of the most
extensively used ways of simulating physical many-body
and complex systems. Although in its standard version
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suitable for classical physical systems, the error of the re-
sult is proven to be polynomially bounded, the effective
problem emerging from the mapping of a quantum sys-
tem to a classical one [8] may be impossible to be solved
within such complexity. It has been shown [4] that the
fermionic Ising spin problem is NP-complete and suffers
from the unresolvable sign problem, which means that
the error of the result obtained via MC grows exponen-
tially with the system size. The hardness originates there
from negative weights of some configurations, which upon
their summation, leads to the partition function orders
of magnitude smaller than its standard deviation.

In this work, we study a quantum many-body system
of interacting bosons in which an off-diagonal disorder is
introduced, i.e. it is incorporated into the kinetic energy
term describing the hopping of particles between sites.
This causes appearance of frustration in the system and
hence a possible emergence of the glassy phase [9], which
in competition with quantum fluctuations leads to inter-
esting phenomena known from the field of quantum spin
glasses [10], which has been recently shown [11].

Here, we focus on the computational complexity of the
problem. It has been shown [5] that some of the Ising
spin glass models are NP-complete, while some other are
polynomially bounded. The glassy system investigated
by us exhibits features analogous to those of spin glasses,
hence we are interested in establishing whether it is pos-
sible to get rid of the sign problem of the bosonic glass.
We show that the approach of average sign [12] fails in a
way described by Kieu and Griffin [13]. As a result, we
arrive at the conclusion that statistical averages in the
system cannot be computed using this standard trans-
formation. However, we do not establish whether it can
be computed in polynomial time using another method.

2. Model

We study a system of bosons featuring off-diagonal
disorder realized by a set of hopping integrals being
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independent random variables Jij of the Gaussian
distribution with zero mean and variance equal to J2/N .
We also include the on-site interaction of strength U
and the chemical potential µ. Hence, the Bose–Hubbard
Hamiltonian describing said system has the following
form:

Ĥ = −
∑
i<j

Jij

(
â†i âj + â†j âi

)
+
U

2

∑
i

n̂i (n̂i − 1)− µ
∑
i

n̂i, (1)

where âi(â
†
i ) annihilates (creates) a particle at site i

(1 . . . N), and n̂i = â†i âi is the particle number operator
for site i.

We follow closely the quantum extension [14] of
the method presented first by Sherrington and Kirk-
patrick [15]. The resulting procedure includes employing
the so-called replica trick [16] to simplify the expression
for the free energy averaged over the Jij distributions.
Then, using the Trotter expansion formula [17], one
separates the non-commuting terms of the Hamiltonian,
which is then followed by applying the Hubbard–
Stratonovich transformation to get rid of the higher
order terms. The latter is done at the cost of introducing
a set of new variables and finally one uses the saddle
point method to find the values of these variables that
minimize the free energy. Having this done, we arrive
at the following system of self-consistent equations
for variables λkk′ that have been introduced via the
Hubbard–Stratonovich transformation and serve as the
order parameters of the effective system,

λkk′ =
Jβ

2M
〈pkpk′〉eff , (2)

where M denotes the size of the Trotter expansion that
was carried out to obtain the final equations, pk and qk
are the eigenvalues of the operators P̂ = i

(
â† − â

)
/
√
2

and Q̂ =
(
â† + â

)
/
√
2, respectively, and k is the Trotter

index. The statistical averages are computed as follows:

〈· · · 〉eff =
Trpq · · · e−βĤeff

Trpq e−βĤeff

, (3)

and pose the main problem that is investigated in this
contribution. The trace here means a summation over all
possible configurations of {p1, p2, . . . , pM ; q1, q2, . . . , qM}.
Since the operators P̂ and Q̂ have infinite spectra, the
Hilbert space needs to be truncated, which is done via
expressing the problem in the particle number eigen-
states and limiting the number of particles to maximally
a few. The average is then taken with respect to the
effective Hamiltonian given by

−βĤeff = − 1

N

[
Jβ

2M

∑
k

(
p2
k + q2

k

)]2

+
Jβ

M

∑
k,k′

λkk′ (pkpk′ + qkqk′) + lnM(p, q) (4)

with

M(p, q) =

M∏
k=1

〈pk|qk〉
〈
qk

∣∣∣e−βĤU/M
∣∣∣ pk+1

〉
, (5)

where Hamiltonian ĤU = (U/2)n̂2 − (µ + U/2)n̂ is the
interaction part of the original Hamiltonian. Finally, the
critical lines that one wants to find in order to obtain the
phase diagram of the system are given by a condition∑

k

λkk′ =
1

2
. (6)

Note that the original size of the system N , has been
integrated out, but a new size of the classical counterpart
M , is introduced. The quantum-classical mapping per-
formed here is exact in the limit of M → ∞. However,
the number of configurations increases exponentially with
M , so calculations are achievable in reasonable time only
for the lowest values of M .

3. Discussion

In the self-consistent Eqs. (2), we would like to com-
pute the statistical averages according to the recipe from
Eq. (3) in a computationally effective manner. The MC
method, if applicable, would allow to obtain the critical
lines for M up to a few hundreds with use of a typi-
cal modern computer. However, the straightforward ap-
plication of MC needs the weights to be real and posi-
tive, which is not satisfied in the studied equations, since
M(p, q) may be complex. We would like to check if it
is possible to modify the problem in a way that would
allow the usage of MC.

First, one may notice that each summand
s(p, q) = pkpk′ exp

(
− βHeff(p, q)

)
(7)

is a complex conjugate of another one
s(p, q) = s(−p, q)∗ ⇒ s(p, q) + s(−p, q) ∈ R, (8)

and the only unmatched summands are real
s(0, q) ∈ R, (9)

which allows us to drop the imaginary part of all sum-
mands without changing the final result. This leaves us
with only real weights, but they might be negative so the
sign problem still occurs.

We then check if the problem can be solved using a
standard transformation [12]. To do this, we break up
the weights exp(−βHeff) into their sign and magnitude
sgn(exp(−βHeff)) |exp(−βHeff)| and estimate the parti-
tion function and its variation [13] at the critical point.
Let

Zeff = Trpq e
−βĤeff (10)

and
Z̃eff = Trpq

∣∣∣e−βĤeff

∣∣∣ . (11)

We define new weights as:

w (p, q) =

∣∣∣e−βĤeff

∣∣∣
Z̃eff

, (12)

and as a result the averages we desire to compute via MC
method transform into
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Fig. 1. The relative error of the partition function Z of
the system as a function of reduced chemical potential
µ/U (colored symbols) for various values of the Trotter
size M . Lines are to guide an eye only.

Fig. 2. The relative error of the partition function Z
of the system as a function of the Trotter size M (col-
ored symbols) for various values of the reduced chemi-
cal potential µ/U . Solid lines are to guide an eye only.
The data for µ/U = 0.5 is accompanied with a sam-
ple exponential fit (dashed black line) given by formula
Var(Zeff)/Z

2
eff = exp(1.61493M − 7.10402).

〈· · · 〉eff =
〈〈· · · e−βĤeff/w(p, q)〉〉
〈〈e−βĤeff/w(p, q)〉〉

, (13)

where
〈〈· · · 〉〉 = Trpq · · ·w(p, q) (14)

is the average weighted by the new set of weights. The
latter are real and positive, which is a mandatory step
towards applying the MC method. We then calculate the
variance of the denominator

Var (Zeff) = Trpq

[
e−βĤeff

w(p, q)
− Zeff

]2

w(p, q) =

Z̃2
effTrpqsgn

2(e−βĤeff )− Z2
eff = Z̃2

eff − Z2
eff . (15)

In case the error of Zeff is too big, the MC method fails
despite the real weights. The value of Var(Zeff)/Z

2
eff at

the critical point plotted against the chemical potential
is presented in Fig. 1 for various values of the Trotter

size M . One may notice that the error exceeds the value
by at least 2 orders of magnitude already for M = 7 and
the ratio increases with M . We investigate the depen-
dence of the error on M at several values of µ/U and
present the corresponding results in Fig. 2. Fitting to
these data reveals an exponential growth with respect
to M . A sample fit for µ/U = 0.5 yields the dependency
of Var(Zeff)/Z

2
eff = exp(1.61493M − 7.10402). Hence, we

infer that MC calculation of this problem would be highly
inaccurate due to the fluctuations of denominator, that
are divergent with the system size.

4. Conclusions

We studied a quantum many-body system of interact-
ing bosons. We took into account an off-diagonal disorder
in the form of Gaussian-distributed hopping integrals, as
well as on-site interactions and the chemical potential.
On the way of solving the problem, we used the replica
method and Trotter expansion formula. We arrived at
the conclusion that the effective classical problem, re-
sulting from the mapping of discussed quantum system
of bosonic glass with off-diagonal disorder is impossible
to solve using a modification of the MC algorithm. This
resulted from the presence of the severe sign problem in
the calculation of statistical averages. We estimated the
error of the denominator in the expression for the sta-
tistical sum to be at least 2 orders of magnitude bigger
than its value already for M = 7 and divergent with M
exponentially, which makes the method unstable. We do
not, however, make any claims about complexity class
of this problem. Had the error scaled polynomially, we
would conclude the problem to be polynomially solved
based on [4]. Our opposite result does not settle the is-
sue though. It would require making a link to some other
problem already established in a certain complexity class.
Examples of such proofs can be found in Refs. [4, 5].
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