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We use the holographic analogy to calculate magneto-thermoelectric transport coefficients of the strongly in-
teracting electrons. The examples of the real materials which supposedly contain strongly interacting electron–hole
fluid include graphene, the topological insulators or three-dimensional compounds with the Dirac spectrum. In such
systems the particles (electron and holes if the Fermi energy is located close to the Dirac point) behave as a strongly
interacting fluid. This has been observed in graphene, where experimental signatures of the strong interactions have
been observed, and is assumed to be valid for other systems. On the gravity side we have modeled the transport
of such materials by two interacting vector fields. According to the gauge-gravity interpretation two vector fields
represent electron and hole currents flowing in the system under the effect of electric field. The axionic field intro-
duced into the gravity action provides momentum relaxation and gives finite values of DC transport coefficients.
We have calculated charge conductivity and thermal conductivity tensors and tensor of the Wiedemann–Franz
ratio. Our results favorably compare with the existing experimental data.
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1. Introduction

There exist various theoretical methods of calculation
of the (charge and energy) currents which appear in the
system in response to the applied forces: whether elec-
tric field E or temperature gradient ∇T . Typically we
are interested in small disturbances (E and∇T ) so it suf-
fices to calculate the currents to the linear order in the
forces. The corresponding coefficients relating the cur-
rents to the forces are known as kinetic coefficients. Their
knowledge is enough to get the corresponding transport
coefficients. Among many standard methods used to cal-
culate them one can mention: the Drude approach, the
Boltzmann equation and various Kubo–Greenwood lin-
ear response techniques based on the Green functions.

Recently still another approach has appeared in the
literature. It is related to the so called holographic
duality [1], also known [2] as gauge-gravity duality or
anti-de Sitter/condensed matter theory correspondence
(AdS/CMT correspondence). This method is based on
the important development on the gravity side [1] which
shows that one can calculate properties of the real sys-
tems using the Einstein theory of gravity but formulated
not in our real world space-time, but in the mentioned
AdS space-time which is characterized by the existence
of the boundary in spatial direction r. The condensed
matter system is supposed to leave on the boundary of
the gravity space-time [3].

There exist a number of recent papers [4–8] in which
the transport properties of the graphene have been stud-
ied by means of holographic duality. The important
reservation is that the system studied by means of
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holography has to be strongly interacting one. This
is related to the so-called holographic renormalization,
which means that the lowest order calculations on the
gravity side correspond to the strong coupling results on
the non-gravity field theory side [9]. As far as graphene
is concerned there have been found experimental signa-
tures [10] pointing out that the system really falls into
the strong coupling limit if it is tuned so that the Fermi
energy is at or close to the Dirac point. In this paper we
assume that the same is true for other two-dimensional
systems with the Dirac spectrum and also for three-
dimensional counterparts of the graphene known as the
Dirac semimetals (DSM).

In recent paper [11] we have used the holographic ap-
proach to analyze the properties of the Dirac semimetals.
Here we provide additional results and extended discus-
sion of the possible generalization of the Wiedemann–
Franz ratio to study the strongly interacting electrons in
a magnetic field.

2. The model and approach

To learn about the transport in condensed matter sys-
tems with the Dirac-like spectrum by means of grav-
ity theory one has to know that the particles are re-
ally very strongly interacting, so that one rather speaks
about the liquid and not individual electrons or holes. As
mentioned, the recent experiments [10] and other stud-
ies on graphene [12] show that indeed this is the case
if the system is tuned close to the Dirac point, which
is the particle-hole symmetry point. Here we assume
that all known systems with the linear spectrum close
to the Fermi energy are strongly interacting. That this
assumption might be true one can judge from the very
low zero temperature resistance of topological semimetal
ZrSiS [13, 14] and other systems [15] with linear
spectrum.
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To start we take the gravitational action in
(4 + 1)-dimensions

S =

∫ √
−gd5x
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− 1

2
∇µφi∇µφi

−1

4
FµνF

µν − 1

4
BµνB

µν − α

4
FµνB

µν

)
, (1)

where Fµν = 2∇[µAν ] stands for the ordinary Maxwell
field strength tensor, while the second U(1)-gauge field
Bµν is given by Bµν = 2∇[µBν ]. α is a coupling con-
stant between two gauge fields. In turn for the gauge
fields we assume the components Aµ(r)dxµ = a(r)dt +
B
2 (xdy−ydx) and Bµ(r)dx

µ = b(r)dt+Badd
2 (xdy−ydx),

where by the symbol B we have denoted a background
magnetic field and Badd is the magnetic field of the ad-
ditional U(1)-gauge field coupled to the Maxwell one.
At the end of calculations one assumes that Badd = B.
The charge current densities in the theory are given by
Jµ(F ) =

√
−g(Fµr + α/2Bµr) and Jµ(B) =

√
−g(Bµr +

α/2Fµr), where the right-hand sides are evaluated at the
space-time boundary, when r → ∞. The heat current
density is calculated from the identity derived in [6, 11]
involving the time-directed Killing vector and a two form
G̃νρ leading to the following expression for the heat cur-
rent: Qi = 2

√
−gG̃ir.

To calculate conductivities in the holographic approach
one has to disturb the system. On the gravity side this
is done by modifying both the field components a(r)
and b(r) (corresponding to scalar potentials of the non-
relativistic theory) and one has to allow for modifications
of the gravitational background, i.e. the metric. The lat-
ter is modified in time (t) and bulk gravity (r) directions.
The charge and heat currents are expressed in terms of
the assumed fields and the metric tensor perturbation
δg

(h)
tj as
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Q̃i(∞) = −4πTδijδg(h)tj . (4)
The resulting perturbation of the metric tensor is cal-
culated from the Einstein equations and can be written
as [11]:

δg
(h)
tj = − A

A2 + C2
(Ki +Di +Hi) δ

ij

+
C

A2 + C2
(Ki +Di +Hi) ε

ij , (5)

where εij is the two-dimensional antisymmetric tensor
with εxy = −1. The symbols have the following meaning:

A =
B̃2 + 12β2r2h

2r3h
, (6)

Km = 4
(
Q(F )(rh)Em +Q(B)(rh)Bm

)
+2α

(
Q(F )(rh)Bm +Q(B)(rh)Em

)
, (7)

C =
B

r2h

(
2Q(F )(rh) + αQ(B)(rh)

)
+
Badd

r2h

(
2Q(B)(rh) + αQ(F )(rh)

)
, (8)

Dm = 16πTξmrh3, (9)

Hm = −2BεmkEkrh − 2BaddεmkB
krh. (10)

For the brevity of the notation we set B̃2 = B2 +B2
add +

αBBadd, ξm = (∇T )m/T and Em, Bm are electric fields
related to two sectors in the action.

The axionic field φ in the action plays a very impor-
tant role on the gravity and field theory sides. On the
gravity side it means that in order to analyze the solu-
tion in detail one needs special black hole solution [11].
The explicit analysis of the model requires dyonic black
hole solutions. In the probe limit the fields do not change
the gravity background and the following ansatz for the
static five-dimensional topological black brane with pla-
nar symmetry is appropriate. It has the form

ds2 = −f(r)dt2 + dr2

f(r)

+r2(dx2 + dy2 + dz2), (11)
where f(r) = r2

2L2 − m
r2 , and m is constant. The Hawking

temperature is provided by the expression

T =
1

4π
f ′(r)|r→rh =

1

2π
rh. (12)

The radius L of the AdS space-time is set equal to one.
On the field theory side the importance of the axionic

field results from the fact that it provides a momentum
dissipation [4, 5] in the system and thus allows for finite
values of the direct current transport coefficients, which
are discussed in the next section.

3. Results

With two external fields marked by F and B we
end up with three currents JF ,JB ,Q. They corre-
spond to three vector fields EF = (ExF , E

y
F ),EB =

(ExB , E
y
B), ξ, where EF and EB are interpreted as elec-

tric fields in sectors F and B respectively, while ξ =
−∇T/T represents thermal force due to the tempera-
ture gradient. The two electric currents are discussed
in the following as resulting from electrons and holes
in the system. We thus define the matrix of kinetic
coefficients
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 J iF
J iB
Qi

 =

 σijFF σijFB αijFT

σijBF σijBB αijBT

αijFT αijBT κ0
i
jT


 EjF
EjB
ξj

 (13)

with i, j = x, y. Note that the magnetic field is directed
along the z axis, so we shall not be able to discuss the
effects connected with E ·B or ξ ·B terms, sometimes
called “axial-gravitational anomalies” [16].

We shall not write down the explicit formulae for
the matrix elements σijab. The analysis of the results
shows that both the magneto-conductance and magneto-
resistance are sensitive functions of the holographic dissi-
pation parameter β, which on the condensed matter side
we interpret as the inverse mobility µ of carriers. Pre-
cisely in the studied 3D system one can identify

µ2 =
1

12β2r2h
. (14)

This identification allows us to write the magneto-
conductance in terms of µB terms characteristic for the
Drude–Boltzmann approach. The holographic analysis
shows that the above mobility is inversely proportional
to temperature if one identifies T = rh/(2π).

Fig. 1. The dependence of σxx on the magnetic field B
and temperature T . We set rh = T .

To calculate and analyze the charge carrier density de-
pendence of the thermal conductivity of graphene with
no external magnetic field the authors [8] have diagonal-
ized the full matrix (which, in our notation, contained
only elements σxxFF (BB)) and got a good agreement with
experiment. The analogous analysis is performed here for
the model with the magnetic field. Figure 1 shows the
dependence of σxx on both temperature and magnetic
field. Thermal conductivity κij tensor is defined as:

Qi = −κijTξj , (15)
under the proviso that no currents flow (JF = 0, JB = 0)
in the system. The dependence of the diagonal part of
it on the magnetic field for a few values of parameter
rh ∝ T is shown in Fig. 2b.

Fig. 2. (upper part) Magnetic field dependence of the
thermal conductivity coefficient κxx close to the charge
neutrality point (QF = QB = 0.1) for three values
of the temperature T = 1, 1.5, 2. For better visibility
the values of κxx have been divided by 50 and 10 for
rh = 2, 1.5, respectively. (lower part) The dependence
of the Wiedemann–Franz coefficients as defined in (16)
on the magnetic field for three values of temperature.
For better visibility the curves for T = 2 have been di-
vided by 10 and those for T = 1.5 by 4. The diagonal
components W xx are plotted by the thick lines and the
off-diagonal W xy by thin lines. We set rh = T .

In principle it is not clear how to define the
Wiedemann–Franz tensor. The definition we accepted
previously [11] relied on the simple division of the re-
spected components of transport coefficients i.e. W̃ ij =
κij/(σijT ). This definition is acceptable on phenomeno-
logical grounds but theoretically it is not satisfactory.
More formal definition of the Wiedemann–Franz matrix
W should make use of tensorial character of both charge
and thermal conductivities. Thus we propose to define
the Wiedemann–Franz tensor as a tensor product

W ij = κil(σ
−1)lj/T. (16)

Importantly this definition of W preserves the symmetry
observed for other transport coefficients with the diag-
onal element of the W tensor being symmetric and off-
diagonal one anti-symmetric function of both, the mag-
netic field and charge density. For vanishing n or B the
off-diagonal component of W vanishes, as κxy vanishes
in this limit.
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Fig. 3. Magnetic field dependence of the Nernst coef-
ficient Sxy for three values of the rh parameter related
to the temperature T by T = rh/(2π). The inset shows
similar dependence of the Seebeck transport coefficient
Sxx.

We define thermoelectric tensor Sij in analogy to
the definition accepted for narrow band semiconductors.
First we set EB = EF , define total conductivity tensor
σij =

∑F,B
a,b σijab and find Sij = (σ−1)ilα

lj . Both, the See-
beck Sxx and the Nernst Sxy coefficients are plotted as
functions of magnetic field in Fig. 3.

4. Conclusion

Assuming that close to the particle-hole symmetry
point the electrons in three-dimensional materials with
the Dirac spectrum are strongly interacting particles,
we have used holographic analogy to calculate magnetic
field dependent transport coefficients under the electric
field and temperature bias. The obtained results show
marked similarities to those measured for Cd3As2 com-
pounds [17–19] and other materials [13, 14]. The quanti-
tative agreement between our results and the experimen-
tal data could probably be achieved if one considered the
Landau quantization of the spectrum in strong fields, an
effect not taken into account in the present approach. On
the experimental side, the Landau quantization leads to
the quantum oscillations clearly visible in experimental
data [13, 14, 17–19] at high fields. As possible exper-
imental test of the holographic approach to condensed
matter systems we propose to measure two components
of the magnetic field dependent Wiedemann–Franz ratios
defined in Eq. (16) and compare their symmetries with
those visible in Fig. 2b.
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