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Within the framework of the fractional-dimensional approach, exciton binding energies in GaAs films on
AlxGa1−xAs substrates are investigated theoretically. In this scheme, the real anisotropic “exciton + film” semi-
conductor system is mapped into an effective fractional-dimensional isotropic space. For different aluminum
contents and film thicknesses, the exciton binding energies are obtained as functions of the substrate thickness.
The numerical results shown that, for different aluminum contents and film thicknesses, the exciton binding ener-
gies in GaAs films on AlxGa1−xAs substrates all exhibit their maxima as the substrate thickness increases. It is
also shown that the binding energies of heavy-hole and light-hole excitons both have their maxima as the substrate
thickness increases.
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1. Introduction

In recent years there has been considerable interest in
the physics nature of exciton, polaron and impurity prop-
erties of semiconductor heterostructures, such as quan-
tum wells, quantum wires, quantum dots, superlattices,
films on substrates, etc. Such interest has arisen due to
the physics nature underlying various properties of these
systems and potential applications in the wide range of
electronic and optoelectronic devices. In fact, excitons
have great effects on a variety of physical phenomena ob-
served in these structures. Therefore an understanding
of these properties such as the increase in exciton binding
energy due to confinement of the carriers has become an
important topic in the physics of low-dimensional struc-
tures during the past decades. Plenty of work was de-
voted to study the excitonic properties in films theoret-
ically and experimentally. Several authors have calcu-
lated binding energies of excitons in free-standing GaAs
films by using variational schemes [1]. Optical spec-
troscopy of large-momentum excitons in GaAs films was
experimentally and theoretically investigated by some
authors [2, 3]. Photoluminescence (PL) spectrum mea-
surements was used to treat exciton [4, 5] and exciton-
polaritons [6] problems and to determine the exciton
binding energy [7, 8] in various semiconductor films such
as CdS, ZnSe, GaN and CsSnI3 films. In particular,
the GaAs film on AlxGa1−xAs substrate is an important
semiconductor low-dimensional structure.

We perform our study based on the fractional-
dimensional approach (FDA) first proposed by He [9, 10]
to study excitons and optical properties of anisotropic

∗corresponding author; e-mail: zhwu@xidian.edu.cn

solids. In this scheme, the Schrödinger equation is
solved in a noninteger-dimensional space where the in-
teractions are assumed to occur in an isotropic effective
environment, and the fundamental quantity is the frac-
tional dimension D associated with the effective medium,
and with the degree of anisotropy of the actual sys-
tem. In the last few years, the FDA has been success-
fully used in the study of the excitons [11–15], biex-
citons [16–18], magnetoexciton [19–21], excitonic and
impurity states [20, 22–27], polarons [28–31], exciton–
phonon interaction [32–35] in anisotropic semiconductor
heterostructures. However, as far as we know, the FDA
has not been extended to study excitons in a GaAs film
on AlxGa1−xAs substrate.

We have studied the polaron effect in a GaAs
film deposited on AlxGa1−xAs substrate within the
FDA [36, 37]. In this paper, we extend the FDA to
the case of an exciton confined to a GaAs film on
AlxGa1−xAs substrate. Within the FDA, the system
“exciton + GaAs film” is practically described by an
equivalent isotropic hydrogenic system in a fractional
D-dimensional space, a problem which can be solved an-
alytically. As functions of the substrate thickness, the
exciton binding energies are calculated. This paper is or-
ganized as follows. In Sect. 2 the theoretical framework
of the FDA is extended to the case of excitons confined
in GaAs films on AlxGa1−xAs substrates. Numerical re-
sults and discussion are in Sect. 3, and conclusions are
in Sect. 4.

2. Theoretical framework

We consider the problem of an exciton confined in a
GaAs film on AlxGa1−xAs substrate (growth axis along
the z direction). For the case of no electron and hole
escaping from the system, the potentials of the GaAs
film–AlxGa1−xAs substrate are characterized by
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Vj(zj) =


Vf (= 0) if 0 ≤ zj ≤ Lf ,

Vsj if Lf < zj < Lf + Ls,

∞ otherwise,
(1)

where j = e, h represent the electron and hole, respec-
tively. Lf and Ls represent the film thickness and sub-
strate thickness, respectively, and the subscripts f and
s label the film (GaAs) and substrate (AlxGa1−xAs) re-
gions, respectively.

Within the FDA proposed by He [9, 10], the exciton
problem in an anisotropic solid can be treated as one in
an isotropic fractional-dimensional space whose dimen-
sion D depends on the degree of anisotropy of the ac-
tual system, the discrete bound-state energies and orbital
radii are given by

En = Eg −
E0[

n+ D−3
2

]2 ,
an = a0

[
n+

D − 3

2

]2
, (2)

where D is the dimension of a solid, n = 1, 2, ... is the
principal quantum number, E0 and a0 are the effective
Rydberg constant and effective Bohr radius, respectively,
E0 = (ε0/ε)

2(µ/m0)RH and a0 = (ε/ε0)(m0/µ)aH ,
where RH and aH are the Rydberg constant and Bohr
radius, respectively, m0 is the free-electron mass and µ
is the exciton reduced mass 1/µ = 1/me + 1/mh.

According to Eq. (2) and in the case of our GaAs film–
AlxGa1−xAs substrate system, the binding energy of the
1s exciton can be written as

Eb =

(
2

D − 1

)2

E∗
0 , (3)

where E∗
0 is the mean value of the effective Rydberg en-

ergy for the three-dimensional (3D) exciton which can be
written as

E∗
0 =

(ε0
ε∗

)2( µ∗

m0

)
RH , (4)

where ε∗ is the mean value of dielectric constant of GaAs
film–AlxGa1−xAs substrate material, µ∗ is the mean
value of exciton reduced mass. In Eq. (3), D = 3, 2, or 1
give, respectively, Eb = E∗

0 , 4E
∗
0 , or ∞, corresponding to

the well-known results of the integer-dimension models.
In our GaAs film–AlxGa1−xAs substrate system,

within the effective mass and parabolic band approxi-
mations the Hamiltonian for the single electron (j = e)
or hole (j = h) may be given by

Hj = −
~2

2

d

dzj

(
1

mj(zj)

d

dzj

)
+ Vj(zj), (5)

where mj(zj) represent the z-dependent (film or sub-
strate) effective masses of the electron (j = e) and hole
(j = h), respectively,

mj(zj) =


mfj if 0 ≤ zj ≤ Lf ,

msj if Ls < zj < Lf + Ls,

0 otherwise.
(6)

The dimensional parameter D that guarantees the
mapping of the real system into the fractional-
dimensional space can be calculated through the
relation [28]:

D = 3− exp (−ξ) , (7)
where ξ represents the ratio of the length of confinement
to the effective characteristic length of interaction.

In the case of an exciton confined in a GaAs film on
AlxGa1−xAs substrate, the exciton is no longer restricted
to the region inside the film only. Therefore, the spread-
ing of the exciton wave function into the substrate has
to be considered in defining the corresponding length of
confinement. Taking into account the spatial extension
of the exciton motion in the substrate region, the length
of confinement is characterized by an effective film thick-
ness L∗

f which may be written as

L∗
f = Lf +

1

kse
+

1

ksh
, (8)

where kse and ksh represent the electron and hole wave
vectors in the substrate region, respectively. kse and ksh
are given by

ksj =

√
2msj(Vsj − Ej)

~
, (9)

where Ej being the electron (j = e) or hole (j = h)
eigenenergies determined by Hj [see Eq. (5)].

On the other hand, the effective length that character-
izes the electron–hole interaction is the mean value of the
effective Bohr diameter of the 3D exciton

d∗0 = 2a∗0 = 2
ε∗

ε0

m0

µ∗ aH , (10)

where a∗0 is the mean value of the effective Bohr radius.
Therefore, the dimensional parameter D can be

calculated through the relation

D = 3− exp

(
−
L∗
f

2a∗0

)
. (11)

In a GaAs film–AlxGa1−xAs substrate system, the
material parameters which characterize the exciton
properties differ when passing from the film to the
substrate region. In other words, the effective-mass
mismatch between the film and substrate materials
should be considered. In order to take account of this
fact, we may assign the effective fractional-dimensional
space an average of the material parameters over the
exciton positions. The mean values of the material
parameters can be calculated in the same manner
as in Ref. [38]. Our effective fractional-dimensional
electron–hole interaction is then characterized by the
following mean values of the material parameters:(

m∗
j

)−1
=
∑
i=f,s

Pij

mij
, (12)

and
ε∗ =

∑
i=f,s

Piεi. (13)
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In Eq. (13) εi represent the material dielectric func-
tions in the different regions, and

Pfj =

Lf∫
0

|Ψj(zj)|2 dzj ,

Psj = 1− Pfj (14)
denote the probabilities of finding the single electron (j
= e) or hole (j = h) in the film and substrate regions,
respectively. Finally, the binding energy of an exciton
confined in a GaAs film on AlxGa1−xAs substrate can be
obtained in an analytical way from Eqs. (3), (4) and (11)
and assuming the mean values of the material parame-
ters defined in Eqs. (12)–(14). We use in our calcula-
tions the same set of material parameters as discussed
by Smondyrev et al. [38]. The numerical results and dis-
cussion are in Sect. 3.

3. Numerical results and discussion

The binding energy of the heavy-hole exciton in the
GaAs film on AlxGa1−xAs substrate, as a function of
the substrate thickness, is shown in Fig. 1, for different
Al contents at the film thickness Lf = 10 Å. As can be
seen, exciton binding energy starts from the same value
Eb = 15.4 meV corresponding to the value of a infinite
quantum well with a well width Lw = 10 Å. The binding
energies first increase as the substrate thickness increases
for different Al contents and reach maxima at the sub-
strate thicknesses Ls ≈ 13 Å for x = 0.1, Ls ≈ 21 Å for
x = 0.3, and Ls ≈ 23 Å for x = 0.5, respectively. By con-
tinuing to increase the substrate thickness, the binding
energies then decrease gradually. We note that increas-
ing the Al content will make the maximum value of the
binding energy move to the thicker substrate thickness.

Fig. 1. The heavy-hole exciton binding energy in the
GaAs film on AlxGa1−xAs substrate as a function of the
substrate thickness for different Al contents at the film
thickness Lf = 10 Å.

The fractional dimension D corresponding to the
fractional-dimensional result in Fig. 1 is displayed in
Fig. 2, as a function of the substrate thickness. It can
be seen that, the fractional dimension starts from the
same value D ≈ 2.06 corresponding to the value of a in-
finite quantum well with a well width Lw = 10 Å. Note
that the fractional dimension increases monotonously as
the substrate thickness increases. As the substrate thick-
ness increases, the confinement becomes more and more
weak, leading to an increase in the fractional dimension
that has the limit value D= 3.

Fig. 2. The corresponding fractional dimension D as a
function of the substrate thickness for different Al con-
tents at the film thickness Lf = 10 Å.

The binding energy of the heavy-hole exciton in the
GaAs film on Al0.3Ga0.7As substrate, as a function of
the substrate thickness, is shown in Fig. 3, at different
values of the film thickness Lf = 7, 10, 13 Å, respectively.
It can be seen that, for different values of the film thick-
ness, the exciton binding energy have a maximum as the
substrate thickness increases. The maxima appear at the
substrate thickness Ls ≈ 17, 21, 23 Å, respectively. We
note that the exciton binding energy decreases with in-
crease of the film thickness. It is also worth remarking
that different film thicknesses have significant influence
on the exciton binding energy for thin and medium sub-
strate thicknesses but have no significant influence for
extremely thick substrate thicknesses.

The fractional dimension D corresponding to the
fractional-dimensional result in Fig. 3 is displayed in
Fig. 4, as a function of the substrate thickness. For the
case of different values of the film thickness, the frac-
tional dimensions all increase monotonously as the sub-
strate thickness increases. The values of the fractional
dimension start from D ≈ 2.04 for Ls = 7 Å, D ≈ 2.06
for Ls = 10 Å and D ≈ 2.08 for Ls = 13 Å, respectively.
As the substrate thickness increases, the confinement be-
comes more and more weak, leading to an increase in
the fractional dimension that has the same limit value
D= 3. We note that the fractional dimension decreases
with decrease of the film thickness.
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Fig. 3. The heavy-hole exciton binding energy in the
GaAs film on Al0.3Ga0.7As substrate as a function of
the substrate thickness at different values of the film
thickness Lf = 7, 10, 13 Å, respectively.

Fig. 4. The corresponding fractional dimension D as a
function of the substrate thickness at different values of
the film thickness Lf = 7, 10, 13 Å, respectively.

The binding energy for the heavy-hole and light-hole
excitons in the GaAs film on Al0.3Ga0.7As substrate as
a function of the substrate thickness is shown in Fig. 5,
at the film thickness Lf = 10 Å. It is seen that the bind-
ing energies for the heavy-hole and light-hole excitons
both exhibit their maxima with increase of the substrate
thickness. The maxima appear at the film thicknesses
Ls ≈ 21 Å for heavy-hole exciton and Ls ≈ 24 Å for
light-hole exciton, respectively. We note that the heavy-
hole exciton binding energy begins to decrease later than
the light-hole one as the substrate thickness decreases.
This is due to the z-direction effective masses. It also can
be seen that, at a certain substrate thickness, the heavy-
hole exciton binding energy is bigger than the light-hole
one because of the ratio of the in-plane effective masses.

The fractional dimension D corresponding to the
fractional-dimensional result in Fig. 5 is displayed in

Fig. 5. The binding energy for the heavy-hole and
light-hole excitons in the GaAs film on Al0.3Ga0.7As
substrate as a function of the substrate thickness at the
film thickness Lf = 10 Å.

Fig. 6. The corresponding fractional dimension D for
the heavy-hole and light-hole excitons as a function of
the substrate thickness at the film thickness Lf = 10 Å.

Fig. 6, as a function of the substrate thickness. For
the case of heavy-hole and light-hole excitons, the frac-
tional dimensions all increase monotonously as the sub-
strate thickness increases. The values of the fractional
dimension start from D ≈ 2.06 for heavy-hole exciton
and D ≈ 2.04 for light-hole exciton, respectively. We
note that the light-hole exciton fractional dimension is
smaller than the heavy-hole one at a certain substrate
thickness because of the ratio of the in-plane effective
masses. We believe that the result is due to the fact that
the light-hole exciton is more compressed by the system.

In order to understand the maxima of the exciton
binding energies, we note that the exciton binding en-
ergy (see Eq. (3)) depends on two factors (2/(D− 1))

2

and E∗
0 . The former depends on the fractional dimen-

sion D of the GaAs film on AlxGa1−xAs substrate, and
the latter is determined by the material parameters (see
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Eqs. (4), (12), (13)). Although the fractional dimension
increases monotonously, the exciton binding energy does
not decrease monotonously. The exciton binding energy
first increases and then decreases, exhibiting a maximum.
The maximum in the exciton binding energy appear as a
consequence of the combined influence between the frac-
tional dimension and the material parameters.

4. Conclusions

The FDA have been used, in which the real anisotropic
semiconductor system is mapped into an effective
isotropic space with a fractional dimension, in the study
of exciton binding energies in GaAs films on AlxGa1−xAs
substrates. For different aluminum contents and film
thicknesses, the exciton binding energies are obtained as
functions of the substrate thickness. The numerical re-
sults shown that, for different aluminum contents and
film thicknesses, the exciton binding energies in GaAs
films on AlxGa1−xAs substrates all exhibit their max-
ima as the substrate thickness increases. It is also shown
that the binding energies of heavy-hole and light-hole ex-
citons both have their maxima as the substrate thickness
increases. Moreover, the heavy-hole exciton binding en-
ergy is bigger than the light-hole one at a certain sub-
strate thickness which is due to the ratio of the in-plane
effective masses.
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