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An antiplane shear deformation in one-dimensional piezoelectric quasicrystals created by a row of collinear
cracks subject to non-uniform phonon, phason and electric displacement loads is analyzed using a generalized
technique of dislocation layers. Closed-form expressions are derived for the components of the phonon and phason
stress and electric displacement fields. Their variations with angle near a crack tip are demonstrated and the corre-
sponding phonon and phason stress and electric displacement intensity factors are deduced. Previously constantly
loaded rows of cracks in various media have been studied. But no explicit expressions for the field components at
a general point nor their angular variations were presented for them; even in classical isotropic elastic solids. The
material considered here is the currently most general that is amenable to such an investigation and some of the
analogous results for non-quasicrystals or non-piezoelectric or purely elastic solids or stationary cracks that can be
deduced as particular cases are outlined. Some illustrative numerical results are graphically presented.
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1. Introduction

There has been continuing interest during the last cen-
tury in the fundamental analysis of cracks of various con-
figurations within solid media since the pioneering work
of Griffith [1]. Sneddon and Lowengrub [2] derived the
stress-intensity factor near a crack tip in a row of sta-
tionary strip cracks subject to constant loads in a clas-
sical isotropic solid and corresponding analyses for more
general materials have followed. However they do not
present explicit closed-form expressions for the general
components of the fields created; but only on the axis
line of the constantly-loaded cracks. The components
of the elastic, electric and magnetic fields and the corre-
sponding intensity factors of a row of moving, constantly-
loaded, collinear Griffith cracks in magnetoelectroelas-
tic solids were investigated by Tupholme [3]. Analo-
gously, Tupholme [4] derived closed-form expressions for
the phonon and phason stress components of a similar
row of cracks moving in one-dimensional hexagonal qua-
sicrystals.

Here for a non-uniformly loaded row of moving cracks,
an extended dislocation layer technique is used to deduce
closed-form representations for the phonon, phason and
electric displacement field components and intensity fac-
tors in one-dimensional piezoelectric quasicrystals. These
appear to be the most modern advanced materials for
which at present such comprehensive analyses can be de-
rived. As particular cases, the previously-unavailable
analogous results within some purely piezoelectric, or
quasicrystalline or anisotropic or isotropic elastic media,
and of course for stationary cracks, can be deduced.

∗e-mail: g.e.tupholme@bradford.ac.uk

Much attention has been devoted to studying both
theoretically and experimentally the behaviour of qua-
sicrystals, since their discovery was initially reported by
Shechtman et al. [5] in 1984. The technologies of their
preparation and industrial usage and exploitation of the
desirable, inherent effects of piezoelectric coupling are
continually expanding.

It is crucially important that a portfolio of benchmark
fundamental exact solutions is produced of a variety of
boundary value problems and especially those related to
defects in such materials, since it has been observed ex-
perimentally that quasicrystals are intrinsically brittle
and thus prone to cracking. This greatly assists in provid-
ing the necessary checks upon numerical/experimental
investigations of more complex practically-realistic situ-
ations that cannot be studied analytically.

Within a continuum mechanics framework, the equa-
tions governing the components of the phonon and pha-
son fields in a linear theory of quasicrystals are now well-
established and related research continues to attract con-
siderable attention. Convenient accounts of this are pro-
vided by, for example, Fan et al. [6], Fan [7, 8] and Ding
et al. [9] and their included references. The 56 presen-
tations at the most recent 13th International Conference
on Quasicrystals (ICQ13) in 2016 were interestingly sum-
marized by Yadav [10].

The analogous three-dimensional equations governing
the physical response of quasicrystals with piezoelectric
effects were generated by Altay and Dökmeci [11] using a
unified variational principle. Henceforth techniques have
been developed for addressing boundary value problems
in piezoelectric quasicrystals.

Wang and Pan [12] employed the underlying investiga-
tion of the physical property tensors of Li and Liu [13] to
determine elementary representations for the electroelas-
tic field components of a screw dislocation moving uni-
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formly in one-dimensional hexagonal piezoelectric qua-
sicrystals. Stroh’s generalized formalism was applied by
Yang et al. [14] to obtain and numerically investigate the
electric-elastic field of a stationary straight dislocation.

Three-dimensional general solutions to assist in static
problems in hexagonal piezoelectric quasicrystals were
derived by Li et al. [15] using operator theory. Fur-
ther, Yu et al. [16] adopted operator and complex vari-
able techniques to give general solutions which were ap-
plied using a semi-inverse method to consider a station-
ary constantly-loaded crack in a one-dimensional hexag-
onal piezoelectric quasicrystal. Solutions for an an-
tiplane uniformly-loaded elliptical cavity were obtained
by Yu et al. [17].

During 2016–18, the flourishing interest in piezoelectric
effects of one-dimensional quasicrystals is demonstrated
by ongoing publications. Zhang et al. [18] presented
Green’s functions for bi-materials of piezoelectric qua-
sicrystals. A three-phase cylinder model was proposed
by Guo and Pan [19] for quasicrystal composites of one-
dimensional hexagonal piezoelectric quasicrystals. Fan
et al. [20] investigated fundamental solutions in terms of
discontinuities in the phonon and phason displacements
and electric potential for three-dimensional cracks. By
methods of functions of complex variables and conformal
mappings, Guo et al. [21] studied an elliptical inclusion
in a composite matrix and Yang and Li [22] considered
a circular hole with a straight crack. As limiting cases,
their results yield those for a stationary Griffith crack
subjected to uniform loads. Tupholme [23, 24] deter-
mined closed-form representations of the components of
the fields around a moving non-uniformly loaded shear
crack in an infinite extent and also in a half-space of one-
dimensional hexagonal piezoelectric quasicrystals. The
antiplane problem of an elliptic hole with two asymmet-
ric cracks was analyzed by Yang et al. [25] with the
aid of conformal mappings and a Stroh-like formalism.
Most recently, Zhou and Li [26] used Fourier transforms
and triple and singular integral equations to consider
a one-dimensional hexagonal piezoelectric quasicrystal
strip with two collinear, stationary, constantly-loaded,
antiplane cracks at its mid-plane. Expressions were given
for the field components on the axis of the cracks.

In Sect. 2, the basic physical situation under considera-
tion is outlined and the general three-dimensional govern-
ing equations of deformations of piezoelectric quasicrys-
tals are presented. A summary is given of the appropri-
ate constitutive equations for one-dimensional hexagonal
piezoelectric quasicrystals with point group 6mm. The
concept of a moving “piezoelectric quasicrystal screw dis-
location” which inspired the current analysis is described
in Sect. 3, alongside the phonon, phason and electric field
components which it creates. The extension of the dis-
location layer method is then used in Sect. 4 to deter-
mine the solution of the non-uniformly loaded, moving
row of cracks problem in detail. In Sects. 5, 6, and
7, respectively, the results for a non-uniformly loaded,
stationary row of cracks in piezoelectric quasicrystals, a

non-uniformly loaded, moving row of cracks in hexagonal
piezoelectric crystals and a non-uniformly loaded, mov-
ing row of cracks in isotropic elastic solids are deduced
as special cases. Finally, in Sect. 8, the main details of
this study are summarized.

2. Underlying equations governing
piezoelectric quasicrystals and stipulation

of the cracks’ problem

Altay and Dökmeci [11] summarized in variationally
invariant and differential forms the fundamental three-
dimensional equations that govern the phonon, phason
and quasi-static electric field components of a deforma-
tion in a linearized theory of piezoelectric quasicrystal
continua. By exploiting the Einstein summation conven-
tion for repeated suffices i, j, k, l = 1, 2, 3 relative to
fixed rectangular Cartesian coordinates (x1, x2, x3) and
partial differentiation with respect to xp being indicated
by a p following a comma for p = i, j, k, l, the overriding
quasi-static equilibrium equations and constitutive equa-
tions of such materials when not subject to any body
forces or electric charge densities can be expressed ele-
gantly as

σij,i = 0, Hij,i = 0, Di,i = 0, (1)

σij = cijkl(uk,l + ul,k)/2 +Rijklwk,l − ekijEk, (2)

Hij = Rklij(uk,l + ul,k)/2 +Kijklwk,l − e′kijEk, (3)

Di = ekij(uj,k + uk,j)/2 + e′kijwj,k − εijEj . (4)
σij , ui, Hij , wi, Di and Ei, respectively, represent the
components of the phonon stress and displacement, the
phason stress and displacement and the electric displace-
ment and field, with cijkl, Rijkl, Kijkl, eijk, e′ijk and
εij , respectively, being the phonon elastic, the phonon–
phason coupling, the phason elastic, the phonon and pha-
son piezoelectric and the dielectric constants.

Under consideration here is a one-dimensional hexag-
onal piezoelectric quasicrystal medium of point group
6mm of uniform density, ρ, that is in a stress-free undis-
turbed state of reference initially. The x–y plane is cho-
sen to coincide with its periodic plane and the positive
z-axis identifies its quasiperiodic poling direction, rela-
tive to a fixed Cartesian coordinate system, (x, y, z).

The mode III fracture problem considered involves an
embedded periodic, infinite, collinear sequence of mov-
ing, antiplane Griffith-strip shear cracks of constant equal
width 2a with non-uniform phonon, phason and electrical
loads applied at infinity.

The constitutive equations relating the components
uX , σXY and εXY of the phonon displacement vector and
stress and strain tensors, and wX , HzX and wzX of the
phason displacement vector and stress and strain tensors,
and DX and EX of the electric displacement and field
vectors, for X and Y = x, y or z, which are generated
within the piezoelectric quasicrystal can be expressed in
matrix notation as



1146 G.E. Tupholme



σxx
σyy
σzz
σyz
σxz
σxy
Hzz

Hzx

Hzy


=



c11 c12 c13 0 0 0 R1 0 0

c12 c11 c13 0 0 0 R1 0 0

c13 c13 c33 0 0 0 R2 0 0

0 0 0 2c44 0 0 0 0 R3

0 0 0 0 2c44 0 0 R3 0

0 0 0 0 0 c11-c12 0 0 0

R1 R1 R2 0 0 0 K1 0 0

0 0 0 0 2R3 0 0 K2 0

0 0 0 2R3 0 0 0 0 K2





εxx
εyy
εzz
εyz
εxz
εxy
wzz
wzx
wzy


−



0 0 e31
0 0 e31
0 0 e33
0 e15 0

e15 0 0

0 0 0

0 0 e′33
e′15 0 0

0 e′15 0



 ExEy
Ez

 , (5)

 Dx

Dy

Dz

 =

 0 0 0 0 2e15 0 0 e′15 0

0 0 0 2e15 0 0 0 0 e′15
e31 e31 e33 0 0 0 e′33 0 0





εxx
εyy
εzz
εyz
εxz
εxy
wzz
wzx
wzy


+

 ε11 0 0

0 ε11 0

0 0 ε33


 ExEy
Ez

 (6)

where

εXY =
1

2

(
∂uX
∂Y

+
∂uY
∂X

)
, wzX =

∂wz
∂X

. (7)

With i and j taking integer values and utilizing the classi-
cal Voigt contracted notation, the constants involved are
the phonon elastic moduli, cij , the phason elastic mod-
uli, Ki, the phonon–phason coupling elastic moduli, Ri,
the piezoelectric moduli, eij and e′ij , and the dielectric
moduli, εij .

The cracks are assumed to be uniformly moving in
their own planes parallel to their axes with a constant
speed of propagation v, so that at time t they are cen-
tred at x = vt, vt± 2h, vt± 4h, . . . , on the y = 0 plane.
They thus occupy the regions

Rt = {(x, y, z) : vt− a+ 2nh < x < vt+ a+ 2nh,

y = 0, −∞ < z <∞}, (8)
within the intervals

St = {(x, y, z) : vt+ (2n− 1)h < x < vt+ (2n+ 1)h,

−∞ < z <∞}, (9)
for n = 0, ±1, ±2. . . , as illustrated in Fig. 1.

Fig. 1. Row of strip cracks moving in the x-direction
with constant speed v.

It is expedient to introduce a moving coordinate, ξ,
defined as:

ξ = x− vt (10)

and express the electric field vector, E, in terms of an
electric potential, ϕ, which are related by

E = −∇ϕ =

(
∂ϕ

∂x
,
∂ϕ

∂y
,
∂ϕ

∂z

)
. (11)

In the resultant antiplane deformation all the field vari-
ables are independent of z. The components of the
phonon and phason stresses and electric displacement are
therefore given by Eqs. (5) and (6) as

σyz = 2c44εyz +Rwzy − e15Ey,

σxz = 2c44εxz +Rwzx − e15Ex, (12)

Hzy = 2Rεyz +Kwzy − e′15Ey,

Hzx = 2Rεxz +Kwzx − e′15Ex, (13)

Dy = 2e15εyz + e′15wzy + ε11Ey,

Dx = 2e15εxz + e′15wzx + ε11Ex, (14)

and the corresponding relations between the components
uz and wz of the phonon and phason displacements and
the non-zero phonon and phason strain components are

εxz =
1

2

∂uz
∂x

, εyz =
1

2

∂uz
∂y

, (15)

wzx =
∂wz
∂x

, wzy =
∂wz
∂y

, (16)

where here, and subsequently, to induce brevity of the
presentation, the abbreviations R and K are used for the
constants R3 and K2.
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The mode III antiplane deformation is created by
the application to the piezoelectric quasicrystal of non-
uniform phonon, phason and electrical loads, T (ξ), H(ξ)
and D(ξ), which are periodic and symmetrical within the
intervals St such that at infinity

σyz(ξ, y)→ T (ξ), Hzy(ξ, y)→ H(ξ),

Dy(ξ, y) → D(ξ), (17)
where T (−ξ) = T (ξ) = T (ξ + 2nh) = T (−ξ + 2nh),
H(−ξ) = H(ξ) = H(ξ + 2nh) = H(−ξ + 2nh) and
D(−ξ) = D(ξ) = D(ξ + 2nh) = D(−ξ + 2nh) for n = 0,
±1, ±2 . . . .

Analyses that are analogous to those presented here
could be developed as desired by a reader, if instead any
other preferred specifications of three of the phonon, pha-
son and electrical components σyz, εyz, Hzy, wzy, Dy, or
Ey are preferable.

There is a continuing upsurge in the development of
important, innovative, technological applications of qua-
sicrystals, but it is of interest to note that there is not
yet a consensus upon the ways in which physically the
phason loads should be imposed. Typically, for example,
it was observed by Sladek et al. [27] that “. . . a physical
interpretation on these phason forces is still missing. . . ”
and by Li [28] that “Although no experiments have re-

ported yet on how to impose the phason loads, within
the theory of elasticity of QC. . . , however, traction in
the phason field must exist on the boundary of a QC,
from a theoretical point of view.”

3. Screw dislocation moving
in a piezoelectric quasicrystal

As an antecedent, it is appropriate to briefly outline
the fundamental concept of a moving “piezoelectric qua-
sicrystal screw dislocation” upon which the foundations
of the present analysis depend. This is an extension of
the original concept of a dislocation in a classical elastic
solid in which a more comprehensive Burgers vector is
introduced with slip-plane discontinuities of magnitudes
b, d and b4, respectively, in the components uz, wz and
φ of the phonon displacement, the phason displacement
and the electric potential.

For such a straight dislocation at the origin that is
parallel to the z-axis and moving at a speed v along the
x-axis in a one-dimensional hexagonal piezoelectric qua-
sicrystal with point group 6mm, Wang and Pan [12] de-
rived explicit results for its field components. After con-
veniently renaming and algebraically regrouping some of
the moduli of the material, these become

uIII
z (ξ, y) =

1

2π(α2 +R
2
)

{
b

[
α2 tan−1

(
β1y

ξ

)
+R

2
tan−1

(
β2y

ξ

)]
+ dαR

[
tan−1

(
β1y

ξ

)
− tan−1

(
β2y

ξ

)]}
, (18)

wIII
z (ξ, y) =

1

2π(α2 +R
2
)

{
bαR

[
tan−1

(
β1y

ξ

)
− tan−1

(
β2y

ξ

)]
+ d

[
R

2
tan−1

(
β1y

ξ

)
+ α2 tan−1

(
β2y

ξ

)]}
, (19)

ϕIII(ξ, y) =
1

2π

{
b

[
1

ε11(α2+R
2
)

(
α(e15α+e

′
15R) tan

−1
(
β1y

ξ

)
−R(e′15α−e15R) tan−1

(
β2y

ξ

))
− e15
ε11

tan−1
(
y

ξ

)]

+d

[
1

ε11(α2 +R
2
)

(
R(e15α+ e′15R) tan

−1
(
β1y

ξ

)
+ α(e′15α− e15R) tan−1

(
β2y

ξ

))
− e′15
ε11

tan−1
(
y

ξ

)]

+b4 tan
−1
(
y

ξ

)}
, (20)

with the III superscript indicating throughout their as-
sociation to the mode III antiplane deformation.

For brevity it is convenient to define

α =

(
c44 −K +

√
(c44 −K)2 + 4R

2
)
/2 (21)

in terms of the piezoelectrically stiffened phonon and
phason elastic moduli, c44 and K, and the phonon–
phason coupling elastic constant, R, given by

c44 = c44 +
e215
ε11

,

K = K +
e′15

2

ε11
,

R = R+
e15e

′
15

ε11
, (22)

and

βi =

√
1− v2

s2i
for i = 1 and 2, (23)

where the piezoelectrically stiffened wave speeds, s1 and
s2, are given under antiplane shear conditions by

si =
√
εi/ρ, (24)

with

ε1 =

[
c44 +K +

√
(c44 −K)2 + 4R

2
]
/2,

ε2 =

[
c44 +K −

√
(c44 −K)2 + 4R

2
]
/2. (25)

Substitution of the expressions (18)–(20) into the consti-
tutive equations (12)–(14), using the results (15), (16)
and (11) yields the non-zero phonon and phason stresses
and electric displacement components to be
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σIII
xz (ξ, y) = −

y

2π

{
b

[
1

(α2 +R
2
)

(
β1α(c44α+R

2
)

ξ2 + β2
1y

2
+
β2R

2
(c44 − α)

ξ2 + β2
2y

2

)
− e215
ε11(ξ2 + y2)

]

+d

[
R

(α2 +R
2
)

(
β1(c44α+R

2
)

ξ2 + β2
1y

2
− β2α(c44 − α)

ξ2 + β2
2y

2

)
− e15e

′
15

ε11(ξ2 + y2)

]
+ b4

e15
ξ2 + y2

}
, (26)

σIII
yz (ξ, y) =

ξ

2π

{
b

[
1

(α2 +R
2
)

(
β1α(c44α+R

2
)

ξ2 + β2
1y

2
+
β2R

2
(c44 − α)

ξ2 + β2
2y

2

)
− e215
ε11(ξ2 + y2)

]

+d

[
R

(α2 +R
2
)

(
β1(c44α+R

2
)

ξ2 + β2
1y

2
− β2α(c44 − α)

ξ2 + β2
2y

2

)
− e15e

′
15

ε11(ξ2 + y2)

]
+ b4

e15
ξ2 + y2

}
, (27)

HIII
zx (ξ, y) = −

y

2π

{
b

[
R

(α2 +R
2
)

(
β1α(α+K)

ξ2 + β2
1y

2
− β2(αK −R

2
)

ξ2 + β2
2y

2

)
− e15e

′
15

ε11(ξ2 + y2)

]

+d

[
1

(α2 +R
2
)

(
β1R

2
(α+K)

ξ2 + β2
1y

2
+
β2α(αK −R

2
)

ξ2 + β2
2y

2

)
− e′15

2

ε11(ξ2 + y2)

]
+ b4

e′15
ξ2 + y2

}
, (28)

HIII
zy (ξ, y) =

ξ

2π

{
b

[
R

(α2 +R
2
)

(
β1α(α+K)

ξ2 + β2
1y

2
− β2(αK −R

2
)

ξ2 + β2
2y

2

)
− e15e

′
15

ε11(ξ2 + y2)

]

+d

[
1

(α2 +R
2
)

(
β1R

2
(α+K)

ξ2 + β2
1y

2
+
β2α(αK −R

2
)

ξ2 + β2
2y

2

)
− e′15

2

ε11(ξ2 + y2)

]
+ b4

e′15
ξ2 + y2

}
, (29)

DIII
x (ξ, y) = − y

2π

be15 + de′15 − b4ε11
ξ2 + y2

, (30)

DIII
y (ξ, y) =

ξ

2π

be15 + de′15 − b4ε11
ξ2 + y2

. (31)

Correspondingly Eqs. (18)–(20) together with Eqs. (11),
(15) and (16) enable the analogous expressions for the
phonon and phason strain and electric field components
to be derived if desired.

4. Moving row of cracks analysis using the
extended dislocation layers method

The crucial feature which originally lead to the ex-
ploitation of the “dislocation layer method” for isotropic
elastic solids is that a loaded strip crack can be mod-

elled as an appropriate array of elastic dislocations, as
discussed conveniently by Bilby and Eshelby [29] and
Lardner [30], for example. This powerful technique is
extended to instigate the present study of a row of mov-
ing cracks in piezoelectric quasicrystals by spreading a
suitable distribution of moving piezoelectric quasicrystal
screw dislocations.

The screws are positive to the right of each crack and
negative to the left. The density functions, f(ξ), g(ξ),
and j(ξ), of the discontinuities in the phonon and pha-
son displacements components and the electric potential,
respectively, are thus necessarily all odd functions of ξ.

The relevant corresponding components of the phonon
and phason stresses and electric displacement created at
a point on the ξ-axis by the array are given by Eqs. (27),
(29) and (31) as

σIII
yz (ξ, 0) =

b

2π

[(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

α2 +R
2

)
− e215
ε11

] ∞∫
−∞

f(ξ′)

ξ − ξ′
dξ′

+
d

2π

[
R

(
β1(c44α+R

2
)− β2α(c44 − α)

α2 +R
2

)
− e15e

′
15

ε11

] ∞∫
−∞

g(ξ′)

ξ − ξ′
dξ′ +

b4e15
2π

∞∫
−∞

j(ξ′)

ξ − ξ′
dξ′, (32)

HIII
zy (ξ, 0) =

b

2π

[
R

(
β1α(α+K)− β2(αK −R

2
)

α2 +R
2

)
− e15e

′
15

ε11

] ∞∫
−∞

f(ξ′)

ξ − ξ′
dξ′

+
d

2π

[(
β1R

2
(α+K) + β2α(αK −R

2
)

α2 +R
2

)
− e′15

2

ε11

] ∞∫
−∞

g(ξ′)

ξ − ξ′
dξ′ +

b4e
′
15

2π

∞∫
−∞

j(ξ′)

ξ − ξ′
dξ′, (33)
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DIII
y (ξ, 0) =

be15
2π

∞∫
−∞

f(ξ′)

ξ − ξ′
dξ′ +

de′15
2π

∞∫
−∞

g(ξ′)

ξ − ξ′
dξ′

−b4ε11
2π

∞∫
−∞

j(ξ′)

ξ − ξ′
dξ′. (34)

The improper integrals in Eqs. (32)–(34) need to be in-
terpreted using their Cauchy principal values to accord
with the Plemelj formulae.

The equilibrium equations which must be satisfied by
the dislocation array to fulfil the imposed boundary con-
ditions (17) are that

σIII
yz (ξ, 0) = −T (ξ),

HIII
zy (ξ, 0) = −H(ξ),

DIII
y (ξ, 0) = −D(ξ) in Rt. (35)

Substitution of the representations (32)–(34) into these
yields a system of three simultaneous equations whose
solutions lead to three singular integral equations for the
determination of the densities f(ξ), g(ξ) and j(ξ). After
much detailed algebraic simplification and manipulation,
they can be succinctly expressed as

∞∫
−∞

f(ξ′)

ξ − ξ′
dξ′ = − 2π

bβ1β2ε11(c44K −R
2
)(α2 +R

2
)

×
{
ε11

(
β1R

2
(α+K) + β2α(αK −R

2
)
)
T (ξ)− ε11R

(
β1(c44α+R

2
)− β2α(c44 − α)

)
H(ξ)

−
[
e′15R

(
β1(c44α+R

2
)− β2α(c44 − α)

)
− e15

(
β1R

2
(α+K) + β2α(αK −R

2
)
)]
D(ξ)

}
, (36)

∞∫
−∞

g(ξ′)

ξ − ξ′
dξ′ = − 2π

dβ1β2ε11(c44K −R
2
)(α2 +R

2
)

×
{
−ε11R

(
β1α(α+K)− β2(αK −R

2
)
)
T (ξ) + ε11

(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

)
H(ξ)

+
[
e′15

(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

)
− e15R

(
β1α(α+K)− β2(αK −R

2
)
)]
D(ξ)

}
, (37)

∞∫
−∞

j(ξ′)

ξ − ξ′
dξ′ = − 2π

b4β1β2ε11(c44K −R
2
)(α2 +R

2
)

×
{
−
[
e′15R

(
β1α(α+K)− β2(αK −R

2
)
)
− e15

(
β1R

2
(α+K) + β2α(αK −R

2
)
)]
T (ξ)

+
[
e′15

(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

)
− e15R

(
β1(c44α+R

2
)− β2α(c44 − α)

)]
H(ξ)

−
[
β1β2(c44K −R

2
)(α2 +R

2
)− e215

ε11

(
β1R

2
(α+K) + β2α(αK −R

2
)
)

−e
′
15

2

ε11

(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

)
+
e15e

′
15

ε11
R

(
β1

(
α(α+K) + (c44α+R

2
)
)

−β2
(
α(c44 − α) + (αK −R2

)
))]

D(ξ)
}
. (38)

But it is convenient to now express the infinite integrals
which appear in Eqs. (36)–(38) as sums of the individual
contributions from each of the cracks in the row using
the identity

∞∑
n=1

1

z2 − n2
= − 1

2z2
+

π

2z
cotπz (39)

and recalling that the density functions are odd and pe-
riodic. The left-hand side of Eq. (36), for example, is
then found (see, for example, Leibfried [31]) to have the
alternative representation

π

2h

a∫
−a

cos(πξ′/2h)

sin(πξ/2h)− sin(πξ′/2h)
f(ξ′)dξ′, (40)

which, by introducing new variables as
ξ1 = sin(πξ/2h),

a1 = sin(πa/2h),

ξ′1 = sin(πξ′/2h), (41)
transforms the integral Eq. (36) for f(ξ) into the expedi-
ent form
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a1∫
−a1

f1(ξ
′
1)

ξ1 − ξ′1
dξ′1 = − 2π

bβ1β2ε11(c44K −R
2
)(α2 +R

2
)

×
{
ε11

(
β1R

2
(α+K) + β2α(αK −R

2
)
)
T (ξ)− ε11R

(
β1(c44α+R

2
)− β2α(c44 − α)

)
H(ξ)

−
[
e′15R

(
β1(c44α+R

2
)− β2α(c44 − α)

)
− e15

(
β1R

2
(α+K) + β2α(αK −R

2
)
)]
D(ξ)

}
,

for |ξ1| < a1, (42)
with f1(ξ1) = f1(sin(πξ/2h)) ≡ f(ξ). Its appropriate solution can be shown by adapting traditional methods, as
discussed by Muskhelishvili [32], and Gakhov [33], for example, to be

f1(ξ1) = −
2

πbβ1β2ε11(c44K −R
2
)(α2 +R

2
)

1

(a21 − ξ21)
1
2

a1∫
−a1

(
a21 − ξ′1

2
) 1

2

ξ′1 − ξ1

×
{
ε11

(
β1R

2
(α+K) + β2α(αK −R

2
)
)
T (ξ′1)− ε11R

(
β1(c44α+R

2
)− β2α(c44 − α)

)
H(ξ′1)

−
[
e′15R

(
β1(c44α+R

2
)− β2α(c44 − α)

)
− e15

(
β1R

2
(α+K) + β2α(αK −R

2
)
)]
D(ξ′1)

}
dξ′1. (43)

Analogously it can be deduced that the phason and electric densities which satisfy Eqs. (37) and (38) are

g1(ξ1) = −
2

πdβ1β2ε11(c44K −R
2
)(α2 +R

2
)

1

(a21 − ξ21)
1
2

a1∫
−a1

(
a21 − ξ′1

2
) 1

2

ξ′1 − ξ1

×
{
−ε11R

(
β1α(α+K)− β2(αK −R

2
)
)
T (ξ′1) + ε11

(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

)
H(ξ′1)

+
[
e′15

(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

)
− e15R

(
β1α(α+K)− β2(αK −R

2
)
)]
D(ξ′1)

}
dξ′1, (44)

j1(ξ1) = −
2

πb4β1β2ε11(c44K −R
2
)(α2 +R

2
)

1

(a21 − ξ21)
1
2

a1∫
−a1

(
a21 − ξ′1

2
) 1

2

ξ′1 − ξ1

×
{
−
[
e′15R

(
β1α(α+K)− β2(αK −R

2
)
)
− e15

(
β1R

2
(α+K) + β2α(αK −R

2
)
)]
T (ξ′1)

+

[
e′15

(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

)
− e15R

(
β1(c44α+R

2
)− β2α(c44 − α)

)]
H(ξ′1)

−
[
β1β2(c44K −R

2
)(α2 +R

2
)− e215

ε11

(
β1R

2
(α+K) + β2α(αK −R

2
)
)

−e
′
15

2

ε11

(
β1α(c44α+R

2
) + β2R

2
(c44 − α)

)
+
e15e

′
15

ε11
R

(
β1

(
α(α+K) + (c44α+R

2
)
)

−β2
(
α(c44 − α) + (αK −R2

)
))]

D(ξ′1)
}

dξ′1, (45)

with g1(ξ1) = g1(sin(πξ/2h)) ≡ g(ξ),
j1(ξ1) = j1(sin(πξ/2h)) ≡ j(ξ).

It is observed that, in general, all the densities are de-
pendent upon the applied loads T (ξ), H(ξ) and D(ξ),
the geometric constants a and h, the material con-
stants of the piezoelectric quasicrystal and also the speed
of the cracks.

With these expressions for the appropriate densities
f(ξ), g(ξ) and j(ξ) now available, explicit representations
can be derived from Eqs. (26)–(31) and (43)–(45) for the
phonon and phason stress and electric fields’ components
that are of interest.

For example, as a demonstration of the type of analyses
needed, it follows from Eqs. (17), (27) and (26) that:
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σyz(ξ, y) = T (ξ)

+
b

2π

∞∫
−∞

(ξ − ξ′′)

[
1

(α2 +R
2
)

(
β1α(c44α+R

2
)

(ξ − ξ′′)2 + β2
1y

2
+

β2R
2
(c44 − α)

(ξ − ξ′′)2 + β2
2y

2

)
− e215
ε11((ξ − ξ′′)2 + y2)

]
f(ξ′′)dξ′′

+
d

2π

∞∫
−∞

(ξ − ξ′′)

[
R

(α2 +R
2
)

(
β1(c44α+R

2
)

(ξ − ξ′′)2 + β2
1y

2
− β2α(c44 − α)

(ξ − ξ′′)2 + β2
2y

2

)
− e15e

′
15

ε11((ξ − ξ′′)2 + y2)

]
g(ξ′′)dξ′′

+
b4
2π

∞∫
−∞

(ξ − ξ′′) e15
(ξ − ξ′′)2 + y2

j(ξ′′)dξ′′, (46)

σxz(ξ, y) = −
by

2π

∞∫
−∞

[
1

(α2 +R
2
)

(
β1α(c44α+R

2
)

(ξ − ξ′′)2 + β2
1y

2
+

β2R
2
(c44 − α)

(ξ − ξ′′)2 + β2
2y

2

)
− e215
ε11((ξ − ξ′′)2 + y2)

]
f(ξ′′)dξ′′

−dy
2π

∞∫
−∞

[
R

(α2 +R
2
)

(
β1(c44α+R

2
)

(ξ − ξ′′)2 + β2
1y

2
− β2α(c44 − α)

(ξ − ξ′′)2 + β2
2y

2

)
− e15e

′
15

ε11((ξ − ξ′′)2 + y2)

]
g(ξ′′)dξ′′

−b4y
2π

∞∫
−∞

e15
(ξ − ξ′′)2 + y2

j(ξ′′)dξ′′. (47)

Direct substitution into these of the representations (43)–
(45) for the densities yields apparently extremely un-
wieldy expressions in terms of double integrals for these
stress components. But by first evaluating the integrals
with respect to ξ′′, using the results (A.1)–(A.8) out-
lined in Appendix, ultimately after extensive cumber-
some manipulation and algebraic rearrangement they can
be neatly written as
σyz(ξ, y) = T (ξ) + Λ1GTβ1

(θβ1
) + Λ2GTβ2

(θβ2
)

+Λ3

[
GHβ1

(θβ1
)− GHβ2

(θβ2
)
]
+ Λ5GDβ1

(θβ1
)

+Λ6GDβ2
(θβ2

)− e15
ε11
GD1 (θ1), (48)

σxz(ξ, y) = −
Λ1

β1
GTβ1

(
θβ1
− π

2

)
− Λ2

β2
GTβ2

(
θβ2
− π

2

)
−Λ3

[
1

β1
GHβ1

(
θβ1
− π

2

)
− 1

β2
GHβ2

(
θβ2
− π

2

)]
−Λ5

β1
GDβ1

(
θβ1 −

π

2

)
− Λ6

β2
GDβ2

(
θβ2 −

π

2

)
+
e15
ε11
GD1
(
θ1 −

π

2

)
. (49)

Analogously Eqs. (28)–(31) together with Eqs. (43)–(45)
and (A.1)–(A.8) yield

Hzy(ξ, y) = H(ξ) + Λ4

[
GTβ1

(θβ1
)− GTβ2

(θβ2
)
]

+Λ2GHβ1
(θβ1) + Λ1GHβ2

(θβ2) + Λ7GDβ1
(θβ1)

+Λ8GDβ2
(θβ2)−

e′15
ε11
GD1 (θ1), (50)

Hzx(ξ, y) = −Λ4

[
1

β1
GTβ1

(
θβ1
− π

2

)
− 1

β2
GTβ2

(
θβ2
− π

2

)]
−Λ2

β1
GHβ1

(
θβ1
− π

2

)
− Λ1

β2
GHβ2

(
θβ2
− π

2

)
−Λ7

β1
GDβ1

(
θβ1 −

π

2

)
− Λ8

β2
GDβ2

(
θβ2 −

π

2

)
+
e′15
ε11
GD1
(
θ1 −

π

2

)
, (51)

Dy(ξ, y) = D(ξ) + GD1 (θ1), (52)

Dx(ξ, y) = GD1
(
θ1 −

π

2

)
. (53)

Here the functions GFk (θk), Rk(ξ, y) and θk(ξ, y) have
been introduced for F (ξ) = T (ξ), H(ξ) and D(ξ) and
k = β1, β2 and 1 through the definitions
GFk (θk) =

− 1

πRk

a1∫
−a1

N1(ξ, ξ
′
1, θk)

N2(ξ, ξ′1)

(
a21 − ξ′1

2
) 1

2

F (ξ′1)dξ
′
1, (54)

Rk e iθk =

[
a21 − sin2

(
π(ξ + iky)

2h

)] 1
2

, (55)

where

N1(ξ, ξ
′
1, θk) =

[
sin

(
πξ

2h

)
cosh

(
πky

2h

)
− ξ′1

]
sin(θk)

+ cos

(
πξ

2h

)
sinh

(
πky

2h

)
cos(θk), (56)
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N2(ξ, ξ
′
1) =

[
sin

(
πξ

2h

)
cosh

(
πky

2h

)
− ξ′1

]2
+cos2

(
πξ

2h

)
sinh2

(
πky

2h

)
, (57)

and in Eq. (55) the square root function has branches
which are stipulated to ensure that θk is zero for |ξ| < a,
y = 0+, and by analytic continuation elsewhere. The
dimensionless constants Λi are defined for i = 1, . . . , 8 by

Λ1 =
(c44α+R

2
)(αK −R2

)

(α2 +R
2
)(c44K −R

2
)
,

Λ2 =
R

2
(c44 − α)(α+K)

(α2 +R
2
)(c44K −R

2
)
, (58)

Λ3 =
R(c44α+R

2
)(c44 − α)

(α2 +R
2
)(c44K −R

2
)
,

Λ4 =
R(α+K)(αK −R2

)

(α2 +R
2
)(c44K −R

2
)
, (59)

Λ5 =
(c44α+R

2
)[e′15R(c44 − α) + e15(αK −R

2
)]

ε11(α2 +R
2
)(c44K −R

2
)

, (60)

Λ6 = −R(c44 − α)[e
′
15(c44α+R

2
)− e15R(α+K)]

ε11(α2 +R
2
)(c44K −R

2
)

, (61)

Λ7 =
R(α+K)[e′15R(c44 − α) + e15(αK −R

2
)]

ε11(α2 +R
2
)(c44K −R

2
)

, (62)

Λ8 =
(αK −R2

)[e′15(c44α+R
2
)− e15R(α+K)]

ε11(α2 +R
2
)(c44K −R

2
)

. (63)

It is can be shown that

Λ1 + Λ2 = 1, Λ5 + Λ6 =
e15
ε11

, Λ7 + Λ8 =
e′15
ε11

. (64)

The phonon and phason stress components are observed
from Eqs. (48)–(51) to depend upon all the loads applied,
T (ξ), H(ξ) and D(ξ), and the speed of the crack, as well
as the moduli of the piezoelectric quasicrystal and the
geometric parameters a and h, with the boundary con-
ditions (17) imposed, whereas clearly from Eqs. (52) and
(53) the electric displacement components are decoupled
and not dependent upon T (ξ) and H(ξ).

A demonstration of the distribution with angle close
to a crack tip of these components, which is a feature
of practical importance, is available by introducing polar
coordinates r and ψ, when r � a such that

ξ = a+ r cosψ, y = r sinψ. (65)
It follows from Eq. (55) that approximately, as r → 0,

Rk ∼[
r
π

h
sin
(πa
2h

)
cos
(πa
2h

) (
cos2 ψ + k2 sin2 ψ

) 1
2

] 1
2

, (66)

θk ∼ −(π − Φk)/2, (67)

where
Φk = tan−1(k tanψ), (68)

with the principal value of the inverse tangent, tan−1

(. . . ), chosen for 0 ≤ ψ < π/2 and π plus the principal
value for π/2 ≤ ψ ≤ π. Then, with

∆k =
(
cos2 ψ + k2 sin2 ψ

) 1
4 , (69)

for k = β1, β2 and 1, it follows from Eqs. (48)–(57) that
as r → 0:

σyz(r, ψ) ∼
KR
T√
r

[
Λ1

∆β1

cos

(
Φβ1

2

)
+

Λ2

∆β2

cos

(
Φβ2

2

)]
+
KR
H√
r
Λ3

[
1

∆β1

cos

(
Φβ1

2

)
− 1

∆β2

cos

(
Φβ2

2

)]
+
KR
D√
r

[
Λ5

∆β1

cos

(
Φβ1

2

)
+

Λ6

∆β2

cos

(
Φβ2

2

)
−e15
ε11

cos

(
ψ

2

)]
, (70)

Hzy(r, ψ) ∼
KR
T√
r
Λ4

[
1

∆β1

cos

(
Φβ1

2

)
− 1

∆β2

cos

(
Φβ2

2

)]
+
KR
H√
r

[
Λ2

∆β1

cos

(
Φβ1

2

)
+

Λ1

∆β2

cos

(
Φβ2

2

)]
+
KR
D√
r

[
Λ7

∆β1

cos

(
Φβ1

2

)
+

Λ8

∆β2

cos

(
Φβ2

2

)
−e
′
15

ε11
cos

(
ψ

2

)]
, (71)

Dy(r, ψ) ∼
KR
D√
r
cos

(
ψ

2

)
, (72)

σxz(r, ψ)∼−
KR
T√
r

[
Λ1

β1∆β1

sin

(
Φβ1

2

)
+

Λ2

β2∆β2

sin

(
Φβ2

2

)]
−K

R
H√
r
Λ3

[
1

β1∆β1

sin

(
Φβ1

2

)
− 1

β2∆β2

sin

(
Φβ2

2

)]
−K

R
D√
r

[
Λ5

β1∆β1

sin

(
Φβ1

2

)
+

Λ6

β2∆β2

sin

(
Φβ2

2

)
−e15
ε11

sin

(
ψ

2

)]
, (73)

Hzx(r, ψ) ∼

−K
R
T√
r
Λ4

[
1

β1∆β1

sin

(
Φβ1

2

)
− 1

β2∆β2

sin

(
Φβ2

2

)]
−K

R
H√
r

[
Λ2

β1∆β1

sin

(
Φβ1

2

)
+

Λ1

β2∆β2

sin

(
Φβ2

2

)]
−K

R
D√
r

[
Λ7

β1∆β1

sin

(
Φβ1

2

)
+

Λ8

β2∆β2

sin

(
Φβ2

2

)
−e
′
15

ε11
sin

(
ψ

2

)]
, (74)
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Dx(r, ψ) ∼
KR
D√
r
sin

(
ψ

2

)
. (75)

Here KR
T , K

R
H and KR

D are the appropriate phonon and
phason stress and electric displacement intensity factors
at the tip of a crack within a row of cracks, given for
F (ξ) = T (ξ), H(ξ) or D(ξ) by

KR
F =

1

2

[
1

πh sin
(
πa
2h

)
cos
(
πa
2h

)] 1
2

(76)

×
a∫
−a

 sin (πa2h )+ sin
(
πξ′

2h

)
sin
(
πa
2h

)
− sin

(
πξ′

2h

)


1
2

cos

(
πξ′

2h

)
F (ξ′)dξ′.

It is noteworthy that, as would be expected, in the limit
as h→∞, KR

F → KF , where

KF =
1

π
√
2a

a∫
−a

(
a+ ξ′

a− ξ′

) 1
2

F (ξ′)dξ′, (77)

are the corresponding intensity factors for an isolated
non-uniformly loaded, single Griffith crack; in agreement
with those derived by Tupholme [23].

Further, when the cracks are subject to uniform loads,
so that F (ξ) = F = constant, the integrals in Eqs. (76)
and (77) can be evaluated explicitly and KR

F and KF ,
respectively, then reduce to

KR
F =

[
h

π
tan

(πa
2h

)] 1
2

F, (78)

KF =
(a
2

) 1
2

F. (79)

The expression (78) agrees when F = T = constant with
the classical stress intensity factor of a row of cracks sub-
jected to a uniform load T in purely elastic isotropic me-
dia, as first derived by Sneddon and Lowengrub [2].

Hence when uniform loads T (ξ) = T = constant,
H(ξ) = H = constant and D(ξ) = D = constant are
imposed

KR
F =

[
tan (πa/2h)

πa/2h

] 1
2

KF , (80)

for F = T , H and D, and thus then the intensity fac-
tors at a crack tip in the row are each of larger magni-
tudes than the corresponding values near an analogous
single uniformly-loaded crack and are larger the higher
the value of a/h. The variation of the normalized field in-
tensity factors, KR

F /KF , of a uniformly-loaded row with
the relative spacing a/h is depicted in Fig. 2.

Fig. 2. Variation of the normalized field intensity fac-
tors KR

F /KF with the relative spacing of a row of
uniformly-loaded cracks.

Moreover, by combining Eqs. (70) and (73), (71) and
(74), and (72) and (75), respectively, the polar compo-
nents σψz and Hzψ of the phonon and phason stress and
Dψ of the electric displacement near the crack tip become

σψz(r, ψ) ∼
Λ1K

R
T + Λ3K

R
H + Λ5K

R
D√

r∆β1

[
1

β1
sin

(
Φβ1

2

)
sinψ + cos

(
Φβ1

2

)
cosψ

]
+
Λ2K

R
T − Λ3K

R
H + Λ6K

R
D√

r∆β2

[
1

β2
sin

(
Φβ2

2

)
sinψ + cos

(
Φβ2

2

)
cosψ

]
− e15K

R
D

ε11
√
r
cos

(
ψ

2

)
, (81)

Hzψ(r, ψ) ∼
Λ4K

R
T + Λ2K

R
H + Λ7K

R
D√

r∆β1

[
1

β1
sin

(
Φβ1

2

)
sinψ + cos

(
Φβ1

2

)
cosψ

]
−Λ4K

R
T − Λ1K

R
H − Λ8K

R
D√

r∆β2

[
1

β2
sin

(
Φβ2

2

)
sinψ + cos

(
Φβ2

2

)
cosψ

]
− e′15K

R
D

ε11
√
r
cos

(
ψ

2

)
, (82)

Dψ(r, ψ) ∼
KR
D√
r
cos

(
ψ

2

)
. (83)

These demonstrate that the components are all governed
by a classical 1/

√
r crack-tip behaviour and that their

dependence upon the non-uniform loads is only through
the intensity factors given by Eq. (76).

Further, it was observed above that all the density
functions given by Eqs. (43)–(45) are dependent upon
the loads applied together with the speed and geometrical

and material constants of the situation. But in contrast
the intensity factors, given by Eq. (76), depend only upon
the applied loads T (ξ), H(ξ) and D(ξ), respectively, and
a and h.

It should be mentioned that, from Eqs. (43)–(45), the
above analysis is not valid when c44K−R

2
= 0 or β1 = 0

or β2 = 0. The value of βi is seen from the definition (23)
to be zero when the speed of the crack, v, equals the wave
speed si, for i = 1, 2.
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The reported values of the material constants data of
one-dimensional hexagonal piezoelectric quasicrystals are
still not completely reliable. But typically Li et al. [15]
report c44 = 5.0 × 1010 N m−2, R = 1.2× 109 N m−2,
K = 3.0 × 108 N m−2, e15 = −0.138 C m−2,
e′15 = −0.160 C m−2, ε11 = 82.6 × 10−12 C2 N−1 m−2,
and typically ρ = 5.1 × 103 kg m−3. Then the wave
speeds are s1 ≈ 3139 ms−1 and s2 ≈ 333 ms−1. More-
over, clearly c44K−R

2
is non-zero, since the value of R

2

is much smaller than c44K.
Illustrative curves are shown in Fig. 3 for the vari-

ation with the angle ψ around the crack tip of the
scaled phonon stress component,

√
rσψz/K

R
T , as calcu-

lated from Eq. (81) with the material moduli data given
above for 0 ≤ v/s2 < 1 for a representative electri-
cally impermeable crack with H(ξ) = D(ξ) = 0. The
graphs presented demonstrate that as ψ increases from
zero at a particular speed there is a decrease in the
magnitude of this stress component; with the magni-
tude of this decrease being smaller than that around the
tip of a stationary crack. The variation with the angle
ψ of the corresponding scaled phason stress component,
−
√
rHzψ/K

R
T , as calculated from Eq. (82), is illustrated

in Fig. 4 for a range of values of v/s2. It is seen that this
phason component has a magnitude that is significantly
smaller than that of the phonon component. Clearly,
from Eq. (82), in this situation the electric displacement
component is identically zero because of the previously-
noted decoupling.

Fig. 3. Distribution of the scaled phonon stress com-
ponent

√
rσψz/K

R
T around a crack tip for the scaled

speeds v/s2 = 0 and v/s2 = 0.95 in a piezoelectric qua-
sicrystal.

An indication of the difference in the value of the scaled
phonon stress component

√
rσψz/K

R
T at a speed v from

its value when v = 0 is shown in Fig. 5. The varia-
tion around the crack tip of

√
rτψz/K

R
T is displayed for a

range of values of v/s2, where τψz = 103(σψz −σψz|v=0).

Fig. 4. Distribution of the scaled phason stress com-
ponent −

√
rHzψ/K

R
T around a crack tip for a range of

values of the scaled speed v/s2 in a piezoelectric qua-
sicrystal.

Fig. 5. Distribution of the scaled phonon stress compo-
nent

√
rτψz/K

R
T around a crack tip for a range of values

of the scaled speed v/s2 in a piezoelectric quasicrystal.

5. Stationary row of non-uniformly loaded shear
cracks in piezoelectric quasicrystals

There has been no presentation of the analogous anal-
ysis for a stationary row of cracks in a piezoelectric qua-
sicrystal which can be deduced by putting v = 0 through-
out the above. The resulting components of the fields are
much simplified.

When v = 0, from Eq. (23), β1 = β2 = 1 and recollect-
ing that, from Eqs. (64), Λ1 +Λ2 = 1, Λ5 +Λ6 = e15/ε11
and Λ7 + Λ8 = e′15/ε11, Eqs. (48)–(53) reduce to
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σyz(x, y)=T (x) + GT1 (θ1) , Hzy(x, y)=H(x) + GH1 (θ1) ,

Dy(x, y)=D(x) + GD1 (θ1) , (84)

σxz(x, y) = −GT1
(
θ1 −

π

2

)
, Hzx(x, y) = −GH1

(
θ1 −

π

2

)
,

Dx(x, y) = −GD1
(
θ1 −

π

2

)
. (85)

Moreover, as r → 0, Eqs. (70)–(75) and (81)–(83) yield

σyz(r, ψ) ∼
KR
T√
r
cos

(
ψ

2

)
, Hzy(r, ψ) ∼

KR
H√
r
cos

(
ψ

2

)
,

Dy(r, ψ) ∼
KR
D√
r
cos

(
ψ

2

)
, (86)

σxz(r, ψ) ∼ −
KR
T√
r
sin

(
ψ

2

)
, Hzx(r, ψ) ∼ −

KR
H√
r
sin

(
ψ

2

)
,

Dx(r, ψ) ∼ −
KR
D√
r
sin

(
ψ

2

)
, (87)

and

σψz(r, ψ) ∼
KR
T√
r
cos

(
ψ

2

)
, Hzψ(r, ψ) ∼

KR
H√
r
cos

(
ψ

2

)
,

Dψ(r, ψ) ∼
KR
D√
r
cos

(
ψ

2

)
. (88)

It is worthy of note that in Eqs. (81) and (82) the
components σψz(r, ψ) and Hzψ(r, ψ) around a moving
crack both depend upon T (ξ), H(ξ) and D(ξ), whereas
in contrast for a stationary crack it can be seen from
Eqs. (88) that σψz(r, ψ) is dependent upon only T (x)
and Hzψ(r, ψ) upon only H(x).

6. Non-uniformly loaded row of moving shear
cracks in hexagonal piezoelectric crystals

No expressions have been given before for the compo-
nents of the fields, or their variation with angle, around a
row of non-uniformly loaded moving cracks in hexagonal
piezoelectric crystals; nor even when the load is uniform
and/or the cracks are stationary.

The analyses of Sects. 4 and 5 are simplified in the ab-
sence of a phason field to those for hexagonal piezoelectric
crystals by putting R = K = e′15 = 0 throughout. Then
Λ1 = 1, Λ5 = e15/ε11 and Λi = 0 for i = 2, 3, 4, 6, 7 and
8. In particular, Eq. (81) and (83) yield

σψz(r, ψ) ∼
KR
T√
r∆κ

[
1

κ
sin

(
Φκ
2

)
sinψ + cos

(
Φκ
2

)
cosψ

]
+
KR
D√
r

e15
ε11

{
1

∆κ

[
1

κ
sin

(
Φκ
2

)
sinψ + cos

(
Φκ
2

)
cosψ

]
− cos

(
ψ

2

)}
, (89)

Dψ(r, ψ) ∼
KR
D√
r
cos

(
ψ

2

)
, (90)

where, with µe and ve being the piezoelectrically stiffened
elastic constant and bulk shear wave speed, respectively,

κ =

√
1− v2

v2e
, ve =

√
µe
ρ
, µe = c44 +

e215
ε11

(91)

and Φκ and ∆κ are given by Eqs. (68) and (69) with
k = κ.

The results for a stationary row of cracks are given by
Eqs. (89) and (90) with κ = 1.

7. Non-uniformly loaded row of moving shear
cracks in isotropic elastic solids

Finally, by removing the piezoelectric effects from the
expressions in Sect. 6 by putting e15 = 0, the results
are reduced to those for a row of non-uniformly loaded
moving cracks in a purely isotropic elastic. It is seen that,
with c44 = µ, the second Lamé constant,
σψz(r, ψ) ∼

KR
T√
r∆β

[
1

β
sin

(
Φβ
2

)
sinψ + cos

(
Φβ
2

)
cosψ

]
, (92)

where β and the shear wave speed, vs, are defined by:

β =

√
1− v2

v2s
, vs =

√
µ

ρ
, (93)

and Φβ and ∆β are given by Eqs. (68) and (69) with
k = β.

The corresponding expression for a row of stationary
crack follows, by putting β = 1, as

σψz(r, ψ) ∼
KR
T√
r
cos

(
ψ

2

)
. (94)

The variation with the angle ψ around a crack tip of the
scaled stress component

√
rσψz/K

R
T , given by Eq. (92),

for a range of values of v/vs is depicted in Fig. 6. The
graphs demonstrate that σψz develops an off-axis max-

Fig. 6. Distribution of the scaled stress component√
rσψz/K

R
T around a crack tip for a range of values of

the scaled speed v/vs in an isotropic elastic material.
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imum (i.e. in a non-forward direction) for sufficiently
high values of the speed v; which first occurs when
v/vs ≈ 0.6. This indicates that these cracks have a ten-
dency to branch when moving in a tearing mode.

8. Conclusions

The deformed fields around a non-uniformly loaded
row of collinear mode III shear cracks in one-dimensional
piezoelectric quasicrystals are investigated using an anal-
ysis which is fundamentally based upon an extension of
the continuous dislocation arrays method.

The singular integral equations that must be satisfied
by the appropriate densities of the array of piezoelectric
quasicrystal screw dislocations are solved exactly. Ana-
lytic explicit representations then follow for the phonon,
phason and electric field components. The intensity fac-
tors and the variations of the components with the angle
near a crack tip are determined.

For representative material moduli and various crack
speeds, the angular variations of the phonon stress com-
ponent are illustrated graphically.

The corresponding results, which previously have not
been available, for solid media that are special cases
of these very general modern materials and constantly-
loaded cracks are discussed.

Appendix

The representations (46) and (47) for the phonon stress
components σyz and σxz, for example, respectively in-
volve integrals of the forms

Ik(ξ, y) =

∞∫
−∞

(ξ − ξ′′)
(ξ − ξ′′)2 + k2y2

r(ξ′′)dξ′′ (A.1)

Jk(ξ, y) = −
∞∫
−∞

y

(ξ − ξ′′)2 + k2y2
r(ξ′′)dξ′′ (A.2)

for k = β1, β2 and 1 and r(ξ) = f(ξ), g(ξ) and j(ξ).
It is straightforward and neat to evaluate these simul-

taneously by combining them as the complex function
Kk(ξ, y) = Ik(ξ, y) + ikJk(ξ, y) =

=

∞∫
−∞

1

ξ − ξ′′ + iky
r(ξ′′)dξ′′ (A.3)

=

−a1∫
−a1

1

sin(π(ξ + iky)/2h)− ξ′′1
r1(ξ

′′
1 )dξ

′′
1 (A.4)

where the same type of manipulation and corresponding
notation as that utilized in replacing the infinite range in-
tegral in Eq. (36) by the finite range integral in Eq. (42)
has been adopted to rewrite Eq. (A.3) as Eq. (A.4).

Substituting for r1(ξ′′1 ) from Eqs. (43), (44) or (45)
shows that Kk(ξ, y) consists of a sum of terms involv-
ing appropriate constant multiples of double integrals
of the form

Lk(ξ, y) =

a1∫
−a1

(
a21 − ξ′1

2
) 1

2


a1∫
−a1

1(
a21 − ξ′′1

2
) 1

2

(ξ′1 − ξ′′1 )

× 1

sin
(
π(ξ+iky)

2h

)
− ξ′′1

dξ′′1

F (ξ′1)dξ
′
1

with F (ξ) = T (ξ),H(ξ) or D(ξ). The inner integral in-
volved here can be conveniently evaluated by the meth-
ods of complex variable contour integration to yield
Lk(ξ, y) =

− iπ e− iθk

Rk

a1∫
−a1

(
a21 − ξ′1

2
) 1

2

sin
(
π(ξ+iky)

2h

)
− ξ′1

F (ξ′1)dξ
′
1, (A.5)

where

Rk e iθk =

[
a21 − sin2

(
π(ξ + iky)

2h

)] 1
2

with its branches chosen as in Eq. (55). Finally, the real
and imaginary parts of the representation (A.5) can be
readily derived in terms of the function GFk (θk) that is
defined for F (ξ) = T (ξ), H(ξ) and D(ξ) by
GFk (θk) =

− 1

πRk

a1∫
−a1

N1(ξ, ξ
′
1, θk)

N2(ξ, ξ′1)

(
a21 − ξ′1

2
) 1

2

F (ξ′1)dξ
′
1, (A.6)

where

N1(ξ, ξ
′
1, θk) =

[
sin

(
πξ

2h

)
cosh

(
πky

2h

)
− ξ′1

]
sin(θk)

+ cos

(
πξ

2h

)
sinh

(
πky

2h

)
cos(θk), (A.7)

N2(ξ, ξ
′
1) =

[
sin

(
πξ

2h

)
cosh

(
πky

2h

)
− ξ′1

]2
+cos2

(
πξ

2h

)
sinh2

(
πky

2h

)
. (A.8)

Alternatively, the integrals Ik(ξ, y) and Jk(ξ, y) can be
evaluated individually using the techniques of partial
fractions, contour integration and conjugate complex
functions.
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