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In the framework of locally non-equilibrium thermodynamics, the equation of motion of the vector of the
magnetic moment in a continuum with spatial dispersion is written. The spectrum of locally non-equilibrium
fluctuations of the electromagnetic field and magnetization in a magnetically disordered continuum is determined.
It is shown that the dispersion dependences of the fluctuations have energy and impulse gaps. Unstable modes in
the diamagnetic state are observed for long relaxation times and weak spatial dispersion. Stationary amplitudes
of the modes in the instability region are determined. It is shown that the transition to a locally non-equilibrium
state can be regarded as a phase transition. In a new phase, there are damped (normal) and undamped excitations.
It is shown that stationary standing modes exist in a limited non-equilibrium medium. The propagation of waves
in a locally non-equilibrium continuum with spatial dispersion is considered. It is shown that there are regions of

transmission and non-transmission in which there may be frequencies of transparency and opacity.
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1. Introduction

The equations of motion for magnetization were writ-
ten analogously to the equation of motion of a gyro-
scope [1, 2]. According to these equations, the mag-
netic moment vector (with a constant [2| or with a non-
constant value [3]) precesses around an effective mag-
netic field approaching the equilibrium state. In the
spin wave, the precession of the magnetic moment oc-
curs with a phase that varies periodically in space [1-
4]. In Refs. [5, 6] the equation of magnetization motion
was obtained on the basis of locally non-equilibrium ther-
modynamics [7, 8] by analogy with hydrodynamics [9].
In the last equation, the surface and bulk moments of
forces that are not local in time and space are taken
into account. On the basis of this equation, locally non-
equilibrium waves of magnetization in a disordered di-
electric continuum were considered [5, 6]. In the diamag-
netic state, unstable modes were observed in the region
of large wavenumbers.

In the present paper, locally non-equilibrium excita-
tions of magnetization are considered with allowance for
spatial dispersion [6] and nonlinearity, which limit the
region of instability and excitation amplitude.

2. Equation of movement of the magnetic
moment vector in a locally non-equilibrium
continuum with spatial dispersion

The equation of motion of magnetization can be ob-
tained within the framework of non-equilibrium thermo-
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dynamics [7, 8]. The equation of continuity of the mag-
netization density has the form

M7t+Rj,j:N, (1)
where (.),,= 9(.)/0t and (.),; = O(.)/0x; are the time
and space derivatives, R; = I;;e;, e; is the basis vector,
Rj; is the density of the surface moments of forces, IV is
the density of the volume moments of forces.

The density of the internal energy of the dielectric
satisfies the continuity equation u,; +divg = ¢%, where
u(s, P;, M;) is the internal energy density, s is the en-
tropy density, q is the internal energy flux density, % =
P, E + M B is the source density, P is the electric
polarization, E is the electric field, B is the magnetic
induction.

On the basis of the continuity equations for the densi-
ties of internal energy and magnetization in a dielectric
with constant polarization, we can represent the continu-
ity equation for entropy

sy +J5,5=0, (2)
where J* is the entropy flux. The production of entropy
is a positive definite bilinear form

oc=J"K" >0, (3)
in which the generalized thermodynamic flows and the

thermodynamic forces conjugate to them are expressed
in the form

Jt=J, K'=01/1),.,
J’=N, K? =BT,
J*=R;,  K*=BJT,
J'=R, K'=-2V/T, (4)

where T = Qu/0s is the temperature, B/ = B — B™
is the effective magnetic induction, B™ = du/0M is the
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local internal effective magnetic induction, R;; = Ry
is the symmetric part of the magnetization flux tensor,
ijff is the symmetric part of the tensor Bfff,j, R =
—(3)eieije Ry is the vector of the dual antisymmetric
part of the magnetization flux tensor Rijpy = —eiji R,
V = (L)rotB¢// is the vortex of effective magnetic in-
duction.

According to the principles of non-equilibrium thermo-
dynamics, the generalized flows and forces are connected
by constitutive equations. In the linear approximation,
these equations can be represented in the form of an in-
tegral relation

K"(t,x) =

t e}
/ dt’/ A3z’ (t, e, t )T, 2, (5)

where 1" (QW) are the kinetic coefficients, Q) are the
parameters, including thermodynamic variables. The
constitutive equation takes into account the medium’s
memory, the causality principle and spatial dispersion.
The kinetic coefficients satisfy the symmetric equa-
tions [5]. In addition, positivity of the form (3) requires
the positivity of the principal minors of the matrix I™™
(I > 0, [prtintl  untlmtln 5 0 and fur-
ther) [10].

Consider highly symmetric continuum (isotropic, from
a cubic lattice) at a constant temperature. Then the
flows will be unbound. Taking into account the symme-
try relations for the kinetic coefficients and expanding the
flows in the constitutive equations (5) in a series at the
point (¢, ) and restricting ourselves to the first two terms
of the series, we can write the constitutive equations in
the form of parabolic (heat conduction) equations

7'1;N,t _AQZJNWHL +N = VBe'ffa

2
Te Rkt =N Rjksnn +Rjx = Pjr,

Pji. = Pojk — 8k (L Ty Ranst —IA2 Ry )

Poji = 20(BS] — 6,6 Bet! /3) + 6,16 BelS

nn

*A?)Rnnvmm +Rnn = 3£B€ff

ToRnn st nn

Rat _/\ERvnn +R = _2XVa (6)
where 7, is the relaxation time of the volume moments
of forces, 74, 71, 7, and 7. are the relaxation times of
the symmetric and antisymmetric parts of the surface
moments of forces, with 7,., 7+ and 7, characterizing the
relaxation of torsional, shear and longitudinal moments
of forces, Ay, A¢, A\, A1 are the characteristic lengths, v
and 7, £, x are the coefficients of the volume and shear,
linear, rotational “magnetic viscosity”, and from the posi-
tive definiteness of the entropy production it follows that
all the coefficients are positive, 7, = (3¢/2n)(7 + 3im)
and A2 = (3£/2n)(\? + 31)\?) are the relaxation time and
spatlal dispersion coefficient of the trace of the tensor of
the moments of forces, I, = l[(71/7,) — 1], | = I}3 /2133,
= 1U(A/A]) = 1).

Equations (1) and (6) describe the magnetization dy-
namics in the linear approximation. Dependence of co-
efficients on thermodynamic variables and flows (forces)
leads to nonlinear terms in the determining equations.
In particular, taking into account the dependence of the
coefficient of “linear viscosity” on magnetization in the
first Eq. (6) leads to the replacement of the body torque

vBf g[MBeff] + (v11 + (12 + 2V44)M2)B6ff

—2uy[M[M B¢7]].

Consequently, in the highly symmetric locally equilib-
rium (7,, 7., 7 — 0) without spatial dispersion (A2, A2,
A2 — 0), in the absence of surface moments of forces
(&,x — 0), the equation (1) reduces to the usual equa-
tion of motion of the vector of the magnetic moment [4].

The system (1), (6) for constant coeflicients can be
reduced to the equation of motion of the magnetization
in the form

M ypp + M —NEM i, +ABSTT

= —grad¢® + N¢ — 1ot R®, (7)
where ¢f = neB;]ff +1:(Rjj — N2Rjjnn ) is the effective
scalar potential of the moment of forces, n° = [(3)n +
&1 73ZT)] is the coefficient of effective magnetic viscosity,

Rj;

(3¢/7) / dt’ / d*a' B (¢

is the nonlocal component of the scalar potential, N¢ =
N + 7N, —)\EN ,nn 18 the effective volumetric moment
of forces,

N(t,x) =

o VF,(t =t z, — )

t o]
(V/Tv>/ dt'/ ' Bt 2 \Fy(t —t',z, — 2))

is the nonlocal volume moment, R = R+7:R,; —)\fR,,m
is the effective vector potential, the rotor of which gives
the moment of forces,

R(t,x) =

(—2x/7) / dt/ BV {H 2 (t -t x, — )

is a nonlocal vector potential,
= (4Nt — ') /7y) %2

x exp(—((t = ')/7s) = (a7, — 2a)* /AN (t = ') /73]

are the kernels of integrals, s = v,v,r. The non-local
components at a given moment of time and at a given
point in space are determined by the field values at all
previous instants of time at all other points of space.

In the linear approximation, we can write B™ = aM,
where a is the spin—spin interaction constant. In the lo-
cally equilibrium state (¢, 7,, 7 — 0) for weak spatial
dispersion (A, Ay, A — 0), for small inhomogeneity of
magnetic induction, Eq. (7) describes diffusion of mag-
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netization. If the inhomogeneity of the magnetization is
also small, then it can be seen from (7) that the vec-
tor M — B/a with the characteristic relaxation time
Tm = (av)~!, which is inversely proportional to the co-
efficient of the body moment of forces and the spin—
spin interaction constant. In a locally non-equilibrium
medium, the parabolic diffusion equation of magnetiza-
tion is transformed into a hyperbolic equation that ad-
mits solutions in the form of transverse and longitudinal
waves.

An analogous form (7) has the equations of motion of
electric polarization vectors and a vortex electric current.

With a Lorentz gauge and a constant polarization in
the dielectric, the magnetic vector potential (B = rotA)
satisfies the equation

¢ ?A,; —AA = drrot M. (8)
The left-hand side of (8) determines transverse electro-
magnetic waves in a vacuum. The system of Egs. (7)
and (8) describes the coupled waves of magnetization
and magnetic vector potential. The fields A(¢,r) and
M (t,r) are interrelated by means of the vortices of the
fields rot M and rotA, respectively.

3. Coupled waves of the magnetic
vector potential and magnetization
in a locally non-equilibrium continuum
with spatial dispersion

Consider excitations of the continuum in the form of
traveling plane waves A, M  exp(ikx — iwt), where k
is the wave vector, w is the frequency. Then from (7), (8)
follow the relations between the components of the wave

(k* —k3)A = 4ni[kM],

(k* — k2)M — k(M) = ik2[kA], (9)
where kg = w/c, k2, = c1/co, k> = ca/cy are the
characteristic wave numbers, ¢; = iw — a(v/{,), ca =
(v/Co) + - eok?, co = a((n/G) + (x/Cy)) are the com-
ponents of the wave numbers, ¢, = 1 + \2k% — iwT,,
G =14+ M2k2 — iwry, ¢ = 1+ \2k? — iwrT, are the dis-
persion components, ¢ = 1 — (a/Cyco) (4/3)7 + (G/C,)E)
is the dispersion function, ¢, = 1 + A\2k? — iwT,, ¢ =
1+ A2k%(1 — 3l)) — iwT, (1 — 3l,) are the components of
the function.

From Egs. (9) it is clear that unbound longitudi-
nal waves M are described by the dispersion relation
k? = k2, /(1 —¢;). Transverse waves are coupled waves of
vector potential and magnetization with dispersion

(@® = 2)(¢* — q;,) — 4m¢7q* =0, (10)
where ¢2 = q* = k?)\2,, ¢2,,c = k2,,c \2, are the normal-
ized wave numbers, \,, =cT,, is the characteristic length,
and {2 = wT,, is the normalized frequency. Because of the
isotropy of the medium, the dispersion relation depends
only on the square of the wave number. At 47g? — 0 the
dispersion relation of the coupled waves decays into the
dispersion relations of unbound electromagnetic waves

q® = 2% and magnetization waves ¢* = ¢2,.

By definition, M = (xo/(1 4+ 47x0))B, where xq is
the magnetic susceptibility [4]. From (10) it follows that
Xo = Xoo/(1 — 4mx00), where xo0 = ¢2/(¢*> — q2,). For
q,§2 — 0 the quasi-static homogeneous susceptibility
Xo = 1/(a — 4m). In paramagnets yo > 0 and, conse-
quently, a > 47, in diamagnets yo < 0 and, consequently,
a < 4m.

4. Spectrum of locally
non-equilibrium fluctuations

We consider the fluctuations of the magnetization in
the form of wave packets consisting of plane waves with
a complex frequency and a real wave number.

Equation (10) can be represented in the form

ao642° + apa 2* + ap22* + ago

+i()(a05()4+a03!22+a01) :07 (11)
where ags = 0,601, aos = aoso + ao0s14*, aoso = 0,00 + 01,
ags1 = Oulox + 0102, aos = aoso + aoaq® + aosq?,
agso = —0, — 0 — 01, apsr = —ags(1 + avp) — ox —
90)‘5771 — 9,,)\8, apq2 = —90)\)\57,1 — GUAfmAEm, apgy =
ao30 + a031¢° + a032q” + ao33q®, aozo = —1 — by, aps1 =
—a50 — 01 —Box — AT, @32 = —ao51 — Y01A — A3, G033 =
— N AR AL, o2 = ao20 + a21¢” + ao22q” + ao23q®,
agz0 =1, a1 = 0y + 00 + aby + ay1 + A§, ap2 =
a(aOGOfYO + 71 )‘im + ’Yl)\) + 90/\12/1% + HU)‘(Q) + 90)\ + )‘%m)‘gwm
023 = —@042+AVIAND, s Q01 = G0114° +a012¢* +a013¢° +
a014¢%, ao1n = 1 + aby, a1z = alayor + box) + A,
ao13 = aayo1a+A3, 014 = —a0s3, Ao = a0014°> +a002q* +
a003q6 +a004q87 @001 = —Q&, Qo2 = —a(avl +)\%), apo3 =
—a la(yia+m AL )AL acos = —aayia )y, are the
coefficients, 0, = 7,/Tm, 0t = 7t/Tm, 0, = 7-/Tm are the
normalized relaxation times, 6; = 0,0,., 09 = 6; +0,. — are
the characteristic relaxation times, gy = 0:A2,, + 0,22,
A2 = A2/, AL, = AP /AZ,, A2, = A2/AZ are the nor-
malized coefficients of spatial dispersion, A2 = A2, + )2, .
AT = A3+ A A3 = AL AS + AL A, T = va /2,y =
1))2( /c? are the ratios of characteristic magnetization waves
1)727 = n/t, vi = x/7r and speed of light, 70 = v, + 7y,
M = Ml + b, Yor = Yob1 + 716, are the charac-
teristic ratios of velocities, y1x = V,0:A2,, + Yy 0r A7,
Yoix = Yob1 )\zm + Y120, are the renormalized by the spa-
tial dispersion the ratio of velocities, & = 1 — (47 /a) is
the ratio of the reciprocal susceptibility and the spin—spin
interaction constant.

Separating the real and imaginary parts from (11), we
obtain a system of equations

a5 2% + ab Q" 4+ af 2% + af, = 0,

a2 +a"02? +a =0 12
2 1 0 )
where a} = agg, ab = aogs — Hags 2" — 15a0642"%, af =
a2 — 3a03 82" —6ags "+ 10aos Q//3+15(106 QH4, (IS = ago-
a1 0" —ag2 0/12 +a039//3 +ao4 0114 —ags 9115 —aog 0116 are
the coefficients in the first equation, a}* = ags + 6ags$2”,
al® = ao3+4ags 2" — 10&059//2 — 20@069//37 ayt = ap1 +
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2a02 82" — 3a03(2”2 - 4a04(2”3 + Saos 0"+ 6a06()"5 are
the coefficients in the second equation.

The second Eq. (12) with the condition a3* # 0 gives
the dispersion relations of the spin-electromagnetic (SE)
and electromagnetic-spin (ES) modes in an implicit form

1

0, 2= — (a"/2a3") £ [(aT"/205")* — (ag'/a3")]2,  (13)
in which the imaginary part of the frequency is deter-
mined from equation

iolo +ir1y + (a5)’I =0, (14)
where ig = aja* — alay’, Iy = af'(2a5af* + abal* —
afas)—aj(af)?, i = apay —ajagt, I = af'iy +ajayal,
I, = (af*)?® are the functions of the coefficients. Substi-
tuting the expressions for the coefficients from (12) into
(14), we obtain the equation of the fifteenth degree for
the imaginary part of the frequency

Zr=tPe, 2" =0, (15)
E;zn,;rl:ni()mIOl + Eﬁtrznilp[lr + a(2)6[2n
are coefficients dependent on q2, 0<m<9 0L
I <6, 0 < p <7 0 < r < 8 are integers,
i00 = @03a00 — G02001, fo1 = 4a0aao0 + 2a03a01 — 205y,

where e, =

102 = —10agsa00 + 2ap4a01 + 8agsagz, ioz = —20agsapo +
12agsa02 — 8ads, ioa = Dagsaor — 15agsaoe — 25a04a03,
io5 = —16&06@02 + 34&050,03 — 20@%4, ioﬁ = 42&060,03 +
56a05a04, lo7 = T2apsa0sa — 40als, ios = —105apsaos,
ing = —T70a3s are the coefficients of £2” in the function

io, Loo = aos(2a05a01 — ads) + aos(aoaaos — apsaoz2), o1 =
ao6(12a06a01 — 8apsaoz — 2agaaos) + aos(4ad, — 2apsao3),
Io2 = aos(—12ag6a02 + Sagsaos + 8ad,) — 24adsa04, Ios =
a06(22a06a03 — 116@050,04) + 40@85, Ipy = a06(325a(2)5 —
152a06a04), Tos = 932a5a05, los = 932a34 are the coeffi-
cients of 2" in the function Iy, t19 = agsa00 — @04do1,

111 = 6ageago + 4apsapr — 2apsao2, t12 = 9apsaor +
9agsa02 +3a0aa03, i13 = 24apsao2 — 14aosaos +4ady, ing =

S 2
—39ag6a03 — 24ags5a04, 115 = —60agsaos + 24ags, 116 =

98ageaps, i17 = 84a3g are the coefficients of 2” in the
function i1, I1g = aosaozaor +aos(aosaoo — aosao1), I11 =
ao6 (12a05a00 —2a04a01 +2a03002) +ao5 (4aosa01 —2a04a02),
Lz = aps(36agsany + 23apsagr — 4apsaps — 3a3s) +
aos(9ao05a02 + 3a04a03), 113 = aps(34aosaot + 58apsaoz +
2a04a03) + aos(4ad, — 14apsao3), T1a = aos(104agsaoe —

88apsaps + 8a34) — 24(1(2)5@04, 15 = —aog(—168a06a03 —
144@05@04) + 240,85, Iig = a06(—256a06ao4 + 192&%5),
Iz = 512adga05, L1s = 384a3; are the coefficients
of 2" in the function I, Isg = ady, Io1 = 6a? ape,
Ly = api(—9apgaos + 12a3,), I3 = —12ag1(aniaos +
3agaa03) + 8ady, Ioa = aoi(1bagiags — 48apzaps +
27a3s) — 36ad,a03, Ios = ao1(18agiaos + 60ageaos +

72a03004) +a02(—48ag2a04 +54ad3), Tog = ao1(72a02a06 —
90ap3aps + 48@34) + agpo (60&02@05 + 144ap3ao4) — 27a83,
Iy = ao1(—108ap3aps — 120agsaos) + ao2(72a02a06 —
180agp3aps + 96(184) — 1O8a(2)3a04, Is = a01(7144a04a06 +
750%5) + aog(—216a03a06 — 240(1()4&05) + a03144(a03a05 —
a34), Is9 = ag1180agps5ap6 + aog(—288a04a06 + 150&%5) +
a03(162a03a06 + 360a04a05) - 64&84, 1210 = ap1 108(1(2)6 +
360&02&05&06 + (1,03(4320,04(106 - 2250%5) + 2400%40,05,
Iy = 216@02@%6 — 540ap3a0s5a06 + @04(288apsa0s —

300&%5), Iy = —324(103(1(2)6 — 720ap4a05006 + 125@85,
I3 = —432ag4as + 450a35a06, I214 = 540agsads, Io1s =
216a3g are the coefficients of 2” in the function Io.

In the general case, Eq. (15) can have up to fifteen so-
lutions £2/(¢?). Each solution yields up to two branches
of the spectrum (13) §22,5(£2”,¢%). Dissipation splits
the spectrum. The substitution of (13) in (11) gives the
relation between the amplitudes in the mode. A large
number of dispersion branches leads to complex non-
equilibrium motion of the magnetization.

U <
05k J
Q"
RS N
15 .
2T 2 3 4 5 _8 7 8 09
q
Fig. 1. Dependence of the imaginary part of the fre-

quency on the wave number for paramagnets.

04t .
02f .
Qll

.02@» 4

D6 1

08+ B

Fig. 2. Dependence of the imaginary part of the fre-
quency on the wave number for diamagnetics.

At the point ¢ = 0, along with the zero solution, there
exist nonzero solutions (15) 2//(¢ = 0) = 2/, satisfying
the equation of the fourteenth degree X"=!%¢, !26’"71 =
0, where e,o = e, (¢ = 0) (Figs. 1, 2). The frequencies of
homogeneous states are determined by (13) for ¢ = 0 and
" = 2/,. In particular, the frequencies of undamped

homogeneous oscillations are 25, = [(1+6) /(0,60 —1-91)]%
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Fig. 3. Dependence of the real part of the frequency

on the wave number for paramagnets.

and 2], = 0. ES branches have energy gaps (Fig. 3).
The gap (2, is determined by the relaxation times. SE
branches have impulse clearances (threshold) ¢;, which
are satisfied by the condition 2'(¢;) = 0. The system (12)
gives the equations afy(¢:) = 0, af*(g:) = 0, from which
it is seen that the branch with 2”(¢:) = 0 does not have
the threshold ¢;o = 0 and branches with nonzero £2”(¢;)
have a threshold (Fig. 3). In particular, in the linear
approximation with respect to £2” and ¢2, the threshold
a3 = 2a/(1+a?(07 +02) —2a(0, + ay1 + A2)) > 0 in the
paramagnet and the threshold is absent in the diamag-
net. The gaps are due to the dynamic interaction of the
electromagnetic and spin non-equilibrium subsystems.

There are points of stability loss g. for which 2" (¢.) =
0. At the point g., the imaginary part of (2 changes
sign. The amplitudes of the excitations with 2”7 < 0
and 2” > 0 decrease and increase with time, respec-
tively. The critical wave numbers ¢, satisfy the equa-
tion X"=13eq,,¢*" = 0. The equation has a zero solution
g. = 0. In paramagnets, the equation has no non-zero so-
lutions since all the coefficients of the same sign. In dia-
magnetics, solutions exist for weak spatial dispersion and
long relaxation times. At the points ¢., along with the
zero solution, there exist solutions satisfying the equation
yr=l5e, . 2/m=1 =0, where e,. = e,(qc)-

In the particular case, when 6, = 6, = 0, )\2 =\, =
0 and therefore a; = a3 = 0 and 6; # 0, )\ ' 7 0, the
system (12) gives the dispersion relation
27 = [(ag + ab)q® + 2a4) 2" + 3a, 2"
+40,2"%] / (aq + 46,2, (13)

where a;, = 1+ M,¢% ag, = aq + 0:(1 + ayyy)d?,
aqt = aq + 6 and equation

En_:6€(t) n'm — 0,
where eét) = 6463,
?)aqt)7 eé) =

(15")
e = 9602a,, ) = 166,(20,a4, +

8aqt(46‘taq77 + aqt), eét) = Saqta(m +

(20, /a2)el”), el = 2age[agi(aq + ab)g? + (aq + Ou(ay, -

1)g%)? + 40,(1 = a)(aq + 0avya?)]; ef’ = lagag(aq +
0:av,)q?) + 07 (ag + ab;)q?)(1 — a)g®. If a > 0, then
all the coefficients e/’ > 0, therefore the solution (157
2 < 0 and, consequently, the paramagnetic state will
be stable. The diamagnetic state (o < 0) can be unsta-
ble due to the coefficient (a, + ab;). It can be seen that
the spatial dispersion suppresses the instability in the
region of large ¢?. At weak attenuation (in particular,
near ¢.), the wave velocity will be larger in a paramag-
net than in a diamagnet. In the particular case, when
0, =6, =0, )\zm:)\fm:()and&#(), A2, # 0, the
results are obtained from the previous ones by replac-
ing the indices “¢” by “r” and “n” by “x”. In the special
case, when 0, = 6, = 0, \2,, = A2, = 0 and 6, # 0,
A2, # 0, the paramagnetic and diamagnetic states will
be stable. Consequently, instability is caused by non-
equilibrium surface moments of forces.

The instability can be explained on the basis of the
negative energy of the waves [11-14]. SE waves excite
slow and fast ES waves. If the phase velocities of the SE
waves are greater than the velocity of the ES waves in the
continuum, then slow ES waves will be unstable [11, 12].
As a result, the amplitudes of the ES and SE of the
wave increase (an analog of the anomalous Doppler ef-
fect) [13, 14]. This means that the energy of the contin-
uum with waves is less than the energy of the continuum
without waves.

Let us consider numerical solutions. Figure 1 shows the
dependence of 2”(g) obtained in (15) in the paramagnet
for the parameters 6, = 4, 0, = 2, 6, = 4, v, = 0.05,

=007, X2 = A2, = A2, =04, a = 107. It can
be seen that there exists a set of homogeneous oscilla-
tions with increasing damping, in addition to the zero
undamped mode. In the region of large ¢, the branch
27 tends to a constant and the branches (2] and 24 are
determined to be close to quadratic functions. Figure 3
shows the dependence of 2'(q) in a paramagnet for the
same parameters as for Fig. 1. It is seen that there is
an energy gap and an impulse gap. Figure 2 shows the
dependences of 2”(q) in diamagnet for the previous pa-
rameters, except for a = w. In the region of small ¢, there
are fifteen solutions. It can be seen that the two branches
have regions of instability. Figures 4-7 show the depen-
dences of the wave numbers ¢. for which £2”(¢.) = 0,
on the spin—spin interaction constant ¢.(a), on the relax-
ation times ¢.(0 = 0, = 6; = 6,.), the spatial dispersion
constants g.(A = A2, = A}, = A2,), the ratio of the
velocities g.(y = v, = 7,) with the same constant pa-
rameters. The curves limit the region of wave instability.

Thus, in a locally non-equilibrium continuum with spa-
tial dispersion with an increase in the constants Ay, At
Arm and a by decreasing 0., 0;, 6, and 7, v, the insta-
bility region first shrinks and eventually disappears.

The point of occurrence of instability when the param-
eters determined from the equation eg(ge0) = 0, where
qco is the wave number corresponding to the maximum
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Fig. 4. Dependence of the critical wave number on the
spin—spin interaction constant.

Fig. 5. Dependence of the critical wave number on the
relaxation times.

of the imaginary part of the frequency, which is deter-
mined from the equation (042" /9q)|4c0 = 0. In Figs. 4-7
the wave number with vertical tangent correspondsto g.q.

Locally equilibrium fluctuations (7, 7¢, 7 — 0) in the
absence of spatial dispersion (A2, A\?, A2 — 0) on the ba-
sis of (11) are determined by the relation

Q/Z — q2 4 29// 4 39//2
in which the imaginary part is determined from equation
QB4 Q"+ (1/4)(1 + ¢*) 2" + (1/2a)¢* = 0.

Since all the coefficients in the second equation are pos-
itive, the solutions exist only for 2" < 0. Consequently,
the locally equilibrium state will be stable. The depen-
dence of 2'(q) does not have a gap.

Fig. 6. Dependence of the critical wave number on the
spatial dispersion constants.

20 T T T T T T T T T

0.1 02 03 04 05 06 07 08 09 1

Fig. 7. Dependence of the critical wave number on the
ratio of the velocities of the magnetization waves and
the speed of light.

5. Stationary locally non-equilibrium excitations

Instability is limited to nonlinear effects. Because
of the nonlinearity, the effective coupling constants and
spatial dispersion increase, and the relaxation times de-
crease. As a result, as the amplitude increases, the pa-
rameters shift to the stability boundary, where the am-
plitude of the wave is constant. To take into account
the nonlinearity, we can assume that the kinetic coeffi-
cients in (5) depend on thermodynamic variables, flows,
forces and their temporal and spatial derivatives. Next,
we restrict ourselves to the dependence of the coefficients
on the right-hand sides of Eq. (6) on magnetization and
thermodynamic forces.

Consider waves of the form B, M = By, My exp(ikx—
iwt) + c.c., where By, My are complex amplitudes. The
linear field Egs. (8), taking into account the nonlinear in-
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ternal induction B™ = (a+a’ M?)M, give the amplitude
ratio at the fundamental frequency c;1k(kM)+rx~1M =
B, where = (¢*> — 2%)/(a™ 2% —a™q?), a™ = a(1+m3)
is the interaction constant renormalized by the square
of the amplitude, m3 = |Mjy|?/M?2 is the normalized
amplitude, M2 = (a/2d’), ' > 0, a™ = a™ — 4,
cn = —4m/(k* — k). For a < 0, the region of instability
begins with ¢ = 0 [5] and, consequently, the ground state
is ferromagnetic with the magnetization M2 = —a/2a’.
We confine ourselves to the cubic nonlinearity in the
defining relations. Taking into account the amplitude re-
lation from (1) and (6), the dispersion relation for trans-
verse waves

(@® = 2*)(a® = dp.s) — 47m¢20% = 0, (16)
where ¢2,, = c15/cos and q2, = cos/cos is the nor-
malized wave number, the change in the amplitude
of stationary waves, ci1s = i — TpUma™(t, cos =

Tmequl + (q2/am)60m Cos = am(ot'YnnCt_l + or'YxnC;l)a
G=1+X,¢%—i020;, i =v,t,r, vy = v(1 + vymd),
Vp = m2, (1 + vkt + v31672), m2, = M2/M2,
M? = v/2u is the effective magnetization, vy,va1, va;
are the nonlinear viscosity coefficients in the first Eq. (6),
Yon = V(1 + n,m3) is the renormalized ratio of shear
rates, 7, = my, (1 +nak™" +na1672), ma, = M2 /M2,
M,? = n/m is the effective magnetization, 7, 121, 731 are
nonlinear shear viscosity coefficients in the second equa-
tion (6), Yyn = Yy (1 + xnmd) is the renormalized ratio
of rotational velocities, x, = mzx(l + X216 L+ x31672),
mg, = MZ2/M?, M7 = x/x1 is the effective magnetiza-
tion, x1, X21, X31 are nonlinear rotational viscosity coef-
ficients in the last Eq. (6).

Equation (16) can be reduced to an equation for the
frequency in the implicit form

6 4 2
a6 d2” + aoan 2° + ao2n 27 4 agon

+i()(a05(24 + aognQQ + amn) =0, (17)
where ags = fc3, aos = fea, aoan = —(far + fe3q® +
a™ fy2), aosn = —(feo + fea@® + a™ fy1), aozn = fa1q® +
a™fro + aTfr2q?, aoin = feod® + aPf1q%, aoon =
—a;”fw(f are the coefficients, fe3 = 0,01, feo =
ovatCT)\ + 91)07'<t/\ + 07'9t<11)\7 f{l = ethACT/\ + 9t<7v\€vk +
0rCorexs feo = Cualenlra are the functions determined
by the relaxation times and spatial dispersion, f,2 =
91 (Tml/m +9v'70nq2)7 f'yl = Tme(etCTA+9T<tA)+(9U’71n+
01CorY0n)4?, f40 = TmVmCialra + Coaving® are the func-
tions additionally determined by linear and nonlinear vis-
cosities, Yon, = Ynn +Vxn, Vin = etCr/\'Vnn +9r<t/\’yxn' For
m3 — 0, Eq. (17) is transformed into (11).

Since the “viscosities” depend on the frequency, in an
explicit form, Eq. (17) is an equation of the tenth power
with respect to frequency. In the weak dispersion approx-
imation of nonlinear viscosities |do15 71 + d315 72| << 1,
0 = v, n, x the coefficients will be determined by the
relations vy, = v(1 + mZ,mg), yn = v,(1 + m2,mg),
Yyn = Yx(1 4+ m?2 mf). Since in this approximation the
coefficients do not depend on the frequency, Eq. (17) re-
duces to (11) by replacing v, vy, 7% — Vm, Yon, Yyn-

Consequently, formulae (11)—(15) will describe nonlinear
excitations with a constant amplitude for the indicated
substitution. From the equation eg(g,m3) = 0 one can
find the amplitude m3(g) and substituting it in (13) for
)" = 0, we obtain the dispersion relation of waves of
constant amplitude.

The equation eg(g?,m3) = 0 can be written relative to
the square of the amplitude

2r=8eq,mi" =0, (18)
where eon = E;n'j:lzn(ioomlo(]l + i10m110l) + 0%6[20" are
coefficients depending on ¢, 0 < I, m < 4, iggm =
Elf,iigm(amkaogr — ao2ko1r), loor = aos5(2a06a01k —
aosa02k) 0kt + S 15" (005004k003r-006 003K Q031 ) T10m =
a05a00k0km Ef;rlgmao%aon, Loy = aosiu +

k+r=l _ k+r+p=n
ao6 Xy ,—g @o3kotr, loon = 2y T4 aoikGoiraolp are

the terms of the coefficients, 0 < k,r,p < 2, dp is

the delta symbol, ageo = —ax fy00¢*, aoo1 = —(afy00 +
a‘n’f"/Ol)QQa apo2 = *afwlqz, api0 = (f'yOO + aTrf’le)q2v
aoir = (fyo1 + afyio + awf711)q27 aplz = af'yllq27

a020 = afyoo + (fe1 + ar f120)6°%, ao21 = a(fr00 + fyo1) +
(afy20+ar fr21)q?, aoaz = a(fyo1+f214%), aoso = —feo—

fe2@® — afyi0, aos1 = —a(fyi0 + fy11)s aos2 = —afq1,
agro = —fe1 — fesq? — afy20, aoar = —a(fy20 + fr21),
aps2 = —afy21 are the coefficients for different degrees of

the square of the amplitude, fy00 = @~ CaCrr +Y11n0Con,
Fr10 = a1 (0:Con 4 0:Gix) + (Ouyino + 01Con10)0?, fr20 =
el(a_l + 91;’70(]2) and f'yOl = a_lcw\(r)\mgy + ’ylnmgv)\a
1 = a0 Gn + 0:.Cn)m2, + (Buyinm + 01Coryom)d?,
Jyo1 = 01(a™'m2, + 0,70mq?) are functions determined
by linear and nonlinear viscosities, Yino = 0:(rayy +
QTCt)\’Yxa Yom = A/nmgn + mez)@ Tinm = etCr)\/yann +
GTCt,\’megx are linear and non-linear ratio of velocities.
The numerical solution of (18) is shown in Fig. 8 with
the previous parameters and mz s = 0.01. The amplitude
interval coincides with the instability interval (positive
imaginary frequencies). With increasing m2;, the de-
pendence of m32(q) becomes ambiguous near the upper
boundary of the instability.

25
2 . <
151 B
m02
1 - -
05F B
D 1 1 1 1 1 1 1 1 1 1
05 1 15 2 25 3 35 4 45 5
q
Fig. 8. Dependence of the square of the amplitude of

stationary waves on the wave number.
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The wave number g,y corresponding to the max-
imum amplitude is determined from the equation
(Om3/0¢*)qe0 = 0. The critical parameters are related by
the equation egg(ge0) = 0. Below the critical point, the
stationary amplitude is zero and above the critical point
the stationary amplitude is finite. Hence the maximum
stationary amplitude can be taken as the order param-
eter and consider the transition through the instability
point as a phase transition. In a new phase there exist
both damped (normal) excitations and undamped excita-
tions. Wave packets from the instability region propagate
without damping, as a result of scattering, a decrease in
the amplitude of the packet waves causes an instability
that restores the stationary wave amplitudes (analogous
to superfluidity, superconductivity).

6. Locally non-equilibrium standing waves

Consider harmonic oscillations in a bounded volume in
the form of a rectangular parallelepiped with sides [y, ls,
l3. Suppose that there are no singularities of the fields
and vanish on the boundary of the field. Then the solu-
tion of Egs. (7), (8) can be sought in the form

F, = Fy[cos ki@ sin koy sin k3z] exp(—iwt) + c.c.,
F, = Fy[sin kyx cos kay sin ks z] exp(—iwt) + c.c.,

F, = F3[sin kyx sin kay cos ksz] exp(—iwt) + c.c., (19)
where F' = B,M, kl = (w/ll)n, kQ = (7r/l2)m, ]fg =
(w/l3)p, n,m,p = 0,1,... are integers. The components
of induction and magnetization are related by the rela-
tions F,k, = 0. Using the amplitude relation from (1)
and (6), the dispersion relation for standing waves

(ay — 2°)(a; — dims) — 47a2,q; = 0, (20)
where 2 = X2 k7 00 Ko, = ki + k3 + k3 is the discrete
wave number. Equation (20) is transformed into (16)
by replacing the discrete wave number by the continuous
wave number ¢2 — ¢2. Consequently, the dispersion and
attenuation of standing waves of small amplitude will be
determined by the system of Egs. (13), (15) with ¢* — ¢2
replaced. In the region of instability, standing stationary
waves with a wave number ¢2 and amplitude of (18) will
exist.

7. Propagation of waves
in locally non-equilibrium continuum
with spatial dispersion

We consider the excitation of waves by an external
source on the boundary of the medium. In this case, the
frequency will be real (2 = 2, 2” = 0) and the wave
vector ¢ = ¢’ + iq” complex. Equation (11) is written
with respect to the square of the wave number

bosq® + bosq® + boaq” + bo2q” + boo = 0, (21)
where bog = bOS + ibog, bOS = Qpo4, b08 = fagi4,
bos = bhs + 1b(s, bos = aoos + 22agss, boe = 9(61013 +
2%ags3), boa = by, + 1b{ly, by = aoo2 + 22%ag22 + 2*agpas,

0y = Q(a()lg + 22 aogg) boa = bjy + iboz, byy = ago1 +
Q%agor + Qaoa, by = Q(aon + %ap3 + 24 a051)
boo = bho + 1bbGy, byy = 2%aoz0 + 2%ags0 + 2%ags,
0o = 2(2%ag30 + 2%agso) are the coefficients. In the
general case, the solutions ¢2 (21) are expressed in terms
of the square roots of the cubic equation (the resolvent of
the original equation). The polarization of the waves is
determined by (9), in which the wave numbers ¢2 . The
real and imaginary parts of the wave number

1 1 1
" = (3)2[((a)? + (@"))? £ 432, (22)
where ¢% = ¢’ — ¢ and ¢*"" = 2q'q" are the real and
imaginary parts of the square of the wave number.

It follows from (22) that there exist frequencies (2; sat-
isfying the equation ¢ () = 0. These boundary fre-
quencies separate the transmission regions ¢ > 0 (¢}, >
¢”) and the non-transmission ¢2 < 0 (¢/, < q/!). At the

1 1
points 2, the wave numbers ¢}, = ¢/, = 272 |¢2"({2)|2
There exist critical frequencies (2. satisfying the equation

¢2"(£2.) = 0. In the transmission region ¢ (£.) > 0 at

the transmission frequencies ¢/, = (¢%(2.))2, ¢/, = 0

the waves propagate without damping. In the non-

transmission region ¢%(f2.) < 0, the waves do not pene-

trate into the medium at the opacity frequencies ¢,, = 0,
1

e = (a7 (2))2.

The spatial dispersion constants determine the first
two coefficients in (21) and change the remaining co-
efficients. Hence, spatial dispersion creates additional
modes and shifts the characteristic frequencies and
asymptotic velocities of the waves.

For a weak spatial dispersion and a small ratio of the
velocities in the coefficients (22), one can ignore terms of
order A% A* and yA\%2. Then Eq. (21) reduces to a second-
degree equation, the solution of which gives the SE and

ES branches ¢2 = (1bos)(—bo2 + d%)7 where n = 1,2,

d = b%z — 4bgabgg. The real and imaginary parts of
the discriminant d' = b3 — bz — 4(bl,bby — bisbly) and
d" = 2bp,bf 4( 0400, + bg boo) and the root of the dis-
criminant (vd)""' = \/ |d| + d’/v/2. As a result, the real

and imaginary parts of the square of the wave nurnber

/l //
q [ bo4b02 02

(b (d2)' + 34 (d2)")]/2[boal?.

g7 = [=bhabha + boablo

1 1
£ (b4 (d2)” — bgs(d2)")]/2[boa|*. (23)
Figure 9 shows the dependences ¢'(2), ¢”({2) on the ba-
sis of (22), (23) in the paramagnet for the parameters
0, =4,0, =2,0, =4, v, =0.05 v, = 0.07,a = 10m,
A = A = A, = 0.04. It can be seen that in
the high—frequency region the SE wave has two trans-
parency frequencies and a cut-off frequency, the ES wave
has two transparency frequencies. In addition, in the
low-frequency region, the SE has a transparency fre-
quency, the ES wave has two frequencies of opacity and
boundary frequency. Figure 10 shows the dependences
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of ¢'(2),q" () in a diamagnet for the previous parame-
ters, except for a = 7. In the high-frequency region, the
SE has an opacity frequency, the ES has a frequency of
transparency, and in the low-frequency region the SE has
an opacity frequency, the ES have an opacity frequency
and a cut-off frequency. The SE wave does not propa-
gate in the diamagnet, for 2 — 0 the ¢’({2) and ¢”(2)
dependences merge (the skin effect).

100 T T T T T

anf - 1
g0} rd .

70} 1

60 7 e B
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50} g ,-/ LA

40+

q9q"

30r

201

~ L 1 [
1] 50 100 150 200 250 300
Q

Fig. 9. Dependence of the real (1, 2') and imaginary
(1”7, 2" ) parts of the wave number on the frequency for
paramagnets.

Fig. 10.

Dependence of the real (1’, 2') and imaginary
(1”7, 2") parts of the wave number on the frequency for
diamagnets.

The frequencies of transparency and opacity can be
explained as follows. Electromagnetic (EM) wave excites
oscillations of magnetization with a period less than the
relaxation time of magnetization. The variable magneti-
zation emits an induced wave in a phase with EM wave
at a transparency frequency. As a result, the energy of

the EM wave is preserved. The propagation of EM wave
at the frequency of transparency is analogous to the ef-
fect of self-induced transparency in optics [15]. In the
latter, a short pulse of coherent light excites atoms at
a resonance frequency in a time less than the relaxation
time of polarization and then stimulates the atoms to
stimulated emission, and turns the energy into a pulse.
At the opacity frequency, the magnetization radiates in
antiphase with the EM wave, consequently, the EM wave
decays at the wavelength.

In the locally equilibrium state (7, 7¢, 7» — 0) without
spatial dispersion (A2, A2, A2 — 0), Eq. (21) gives the ES
wave with

1.1 1
¢ =021+ 1+ 02)2)2/22,
¢ = 221 - )/23 (a2 + O)(1 + (1+ 22)3)3,

where 22 = 0%(1 — a)?/(a? + 2%)%. It is clear that in
the local equilibrium state the characteristic frequencies
{2, £2. are absent.

8. The discussion of the results

In the above discussion, stationary waves were not in-
vestigated with respect to the amplitude instability. The
development of modulation instability leads to the for-
mation of solitary envelope waves (solitons). In solitary
waves, the spreading of a wave packet due to dispersion
is compensated by its contraction due to nonlinearity. In
the region of instability, the solitons will be stationary.
The phase with solitons will be more ordered than the
phase with wave packets.

A non-equilibrium state can arise in a limited region
due, for example, to a local change in temperature, a
constant, or relaxation times. This region of a non-
equilibrium continuum can further change (contract, col-
lapse, expand) or have stable dimensions (for example,
spontaneous stable thermoelectromagnetic solitons).

We have considered above the dynamics of magneti-
zation at a constant temperature. Taking into account
the change in temperature in space and time gives ad-
ditional effects similar to those in a liquid with internal
rotation [9]. In particular, a thermomagnetic effect and
the propagation of thermomagnetic waves without damp-
ing are possible.

By analogy, we can write the equations of motion of
polarization, magnetization, current for a locally non-
equilibrium multicomponent continuum, in particular an
antiferromagnet.

Calculations showed that in the liquid there exist un-
stable coupled transverse waves of momentum and spin
(internal rotation) for long relaxation times and weak
spatial dispersion, as above, waves of the magnetic vec-
tor potential and magnetization were considered.
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