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1. Introduction

Mathematical modelling of scientific events is illus-
trated by nonlinear evolution equations (NLEEs). As
such, it is important to obtain the general solutions of
these models. The solutions of nonlinear partial differ-
ential equations (NLPDE’s) provide a lot of information
related to the character and structure of nonlinear mod-
els to researchers [1]. Many efficient techniques have been
enhanced to provide useful information for researchers in
the field of mathematics, physics and engineering. Dur-
ing the last decades, a variety of techniques have been
recommended to analyze the behavior of NLPDEs [2-34].

Lie’s classical theory is a basic of some generaliza-
tions. One of these generalizations is presented as a non-
classical approach by Bluman and Cole [3]. The most
convenient description of Lie’s invariance for initial value
problems (IVPs) is given and summarized by Bluman et
al. [4, 5]. Details of the Lie symmetry technique is given
in [6]. A technique for investigating the special symme-
tries of NLPDEs can also be found in [7].

In this paper, we will consider the Bogoyavlenskii (BK)
equation given by [9-11]:

aus + Ugzy + buQuy + Cugzv =0, (1)

Uty — vy = 0,
where u is a shock wave, v is the potential in physi-
cal process. The BK equation is a member of non-iso
spectral scattering problems and breaking soliton the-
ory [8]. Many authors have studied the BK equation and
have reported the solutions of the equation. In Ref. [9],
travelling wave and the singular manifold methods were
used to retrieve the solitary wave solutions of the equa-
tion. The G'/G method was utilized to study the BK
equation [10]. Also, the improved tanh—coth method was
applied to study the solitary wave structure of the BK
equation in [11].

*corresponding author; e-mail: minc@firat.edu.tr

In this work, we aim to investigate the solutions of the
equation from the Lie symmetry point [6, 12, 13] of view
and then apply the new conservation theorem introduced
by Ibragimov [14, 15] to establish the CLs for the BK
equation.

2. Lie symmetry analysis
and exact invariant solutions

In this section, we will extract the point symme-
tries [6, 11] of BK equation Eq. (1). The group invariant
analysis and exact solutions will be investigated. Let us
consider a one parameter Lie group of transformations

t—t+el(to,yuv), o+ et z,y,u,v),

y_>y+6£3(t7xayvuvv)a u—>u+enl(t,x,y,u,v),
with a small parameter ¢ < 1. The vector field asso-
ciated with the above group of transformations can be
written as

1 0 50 3 0 1 0 5 0
= e e T, au T 5y (3)
where &Nt x,y,u,v), Xt x,y,u,v), (2, y,u,v),
nt(t,z,y,u,v), n*(t, z,y,u,v) are the infinitesimals to be
determined. For the system Eq. (1), the prolongation of
I is given by P3. Thus, the invariance condition [12| can
be written as

ﬁrmmAﬂ:m
where
A1 = aug + Ugzy + bu2uy + Cuzv =0,
Ay = uuy — v, =0.

fﬂITAQMAzzozza (4)

(5)

Application of the prolongations of Eq. (4) to Eq. (1)
results in a huge overdetermined system of linear par-
tial differential equations (LPDEs) for the infinitesimals.
The solutions of the system of LPDEs lead us to some
cases split based on the constants [12]:

Case 1: a # 0, b = C = 0. In this case, by using the
determining equations, we obtain

51(t7xa yﬂhv) = CV4 + tCSa

(1133)
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20y
2 b
& (t,x,y,u,v) = y(Cz + Cs) + Cg,

fQ(ta%Z/anU) = Cl -

C
nl(ta$7y7u7v) = u(_f + 03)7
772(ta xvyvuvv) = _U(ZCQ - 203 + C5) + Fl(ta U)7 (6)

where C; (i = 1,...,5) are constants. Hence, the related
vector field becomes

9 9 4 9
Pi=gp =gy Ti=gp Ti=Rltwg
0,0 o o 0

Is = To=tg —va +ugs.
Uz +2 Va0 6 =to U8v+y8y’
0 0 0 0
F777%78U8U7%+4y87y' (7)

For the generator Iy + Iy + I3+ [5 = % + % + % +

u% + 2113%, the corresponding similarity variables are

{ ult,z,y) = ' Fi(61, &), -
u(t,x,y) = ' (&1, &),
where

SG=x—t &=y—t 9)

Substituting Eq. (1) into the BK equation, we obtain
the following system of ordinary differential equations
(ODEs):

bePFI 90 + a(e'Fy + of (— 38 — 9f))

3
—|—ce3tF Ger el =0, (10)

Fl OF, 8F2 —=0.

Setting b = C' = 0 in Eq. (10), we acquire

Ry, OF 9° o
aFy 08 — Oog, + 2e%e; =0, (11)
F OF1 % -0
Log, — 96 :

Solving Eq. (1

tion solution:
202 —+ +
Filé1,6) = Gy exp< it 2;? £1w>

2036 + a& — &9

1), we get the following exponential func-

+Cs exp 50, ,
2
Fy(&1,6) = 20202 exp <2C3fé: ali
C7 2038 + a&y + &9
* a+ P ( , C3
+ CQ exp <203£2 + agl - §1¢> + F(SQ) (12)
-y C3

Subsequently, we obtain the following solution for the BK
equation:

u(t,z,y) = {Cl exp (203%52 ‘;gjl + fﬂb)

2 _
+Csexp (20352 Z(Cf 51@1’) }et7
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2C1Cy 2038 + a&y
t =
wltg) = § 20 oy (2SS
C? 2056, 4 afy + &9
e (FRAEEY),

C3 C3 -
e B (2 i+ ot &w)”@)}em’(lg)

where ¢ = \/a(a +4C3Z —
Eq. (9).

Case 2: a # 0, C # 0. The coefficient functions of
vector field in this case are

&Nt z,y,u,v) = Cy + tCs,

4C5) and &;,&; are given in

E(t, x,y,u,v) = 20y + Fy(t),
&t z,y,u,v) = y(—2C1 4 Cs) + Cu,
( )=

1

n (t,z,y,u,v —uC1,
aF,
7’]2<t,$(}, yﬂhv) = _U(Cl - 03) + Fla (14)
where C;(i = 1,...,4) are constants. Hence the related
vector
0 0 0 0 0
M=—, Iy=—o, Ty=t— —v— +y——
=9y 2T 3T le T Va0 Yoy
B aF, 0
=" 50 T W5
0 0 0 0
Is=—u—+v— 42— — 2y—. 1
5 u8u+vﬁv+x8x dy (15)
The similarity variables for the following vector field:
0 0 0 0 0
To4 D= 42 — 2y — U + v 16
2 s =g tag, ~ W, ~ug, tug,  (19)
are
u(t,x, ZU) = e_tF2(517€2)7
. (17)
U(tﬂ‘r7y) =€ F1(€17£2)7
where
G=z—1, &=y-—t (18)
satisfying the ODE
OF; OF, PR
bFy—— + CF —aFy + =0,
23?452 o ks NS
2 1 1
— ———=0—> — = F1(&,&) = G(&),
81 852 8851 85 1(51 52) (52)
Fy Fo
L0 = S5 F 1
96, =0, 96, — F3(&1,&2) = (19)

G(&2) is an arbitrary function. Thus, the exact solution
for the BK equation for this case is given by

{ u(t,z,y) = e 10y,

v(t,z,y) = etG(y — t). (20)

Case 3: a # 0, b# 0 C = 0. For this case, the coeffi-
cient functions of vector field are

gl(t,.’lf, y>U7U) = CS + tC47

2.%02
3 )

52(t7xayvuvv) = Cl -
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4C
53(75’%2/7“7“) = y(ig + 04) + OSa

3
2
Mty v) = 252,
2C
n2(taxay7uav) = _U<72+C4)+Fl(t?y)’ (21)
where C; (i = 1,...,5) are constants. Hence the related
vector fields for this case are given by
0 0 0
F = — F = — F’ = —
1 8;1/7 2 amv 3 atv
0 0 0 0
I[i=Fity)—, Is=te——v— +y—
4 1(’y)6’U/’ 5 It U5U+y3y’
0 0 0 0
[o=un — Ve + 2y — z—. 22
6= “9u " “Bo + yay o (22)

For the generator I'1 + s+ 5+ 1y = %—l— % + 8% —1—8%,
and choosing the function Fi(t,y) = 1, Eq. (1) trans-
forms to the following ODE:

u(ta z, y) = Fl(gla 52)7
u(t, z,y) =t + Fa(&, &),
where
SG=x—t &SL=y-—1 (24)
satisfying the following ODE:
8F1 3F1 8F1 (93F1
bF2—— —a— —a—— =
28252 8Fa§2 o0& 0E&
1 2
— - —=0. 25
1 662 851 ( )
Solving the above system of ODE, we obtain
~ /—3abla+ ¢ — 4AC3)
F1(§1,82) = 5Cob

x tanh (C’l — % + C’2§2>7

3a(4C3 —a — 1))
2b(a + )
—AC,Cy + 10+ E11) — 4C%£z>

0,

Fy(&1,6) =

x sech 2

4Cy
+G(&). (26)

Subsequently, we obtain the following topological and
non-topological soliton solutions for the BK equation:

~ /—3ab(a + ¢ — 4C3)

ult,z,y) = 5Ch
« tanh (cl vk, 0252>,
o(t,a,y) =t + Sa(ig(i;ip; ¥)
_ e
ek < 4C,Cy + glzct 130 40252>
+G(&, (27)

where 1) = \/a? — 8C3a and &1, &, are given in Eq. (24).
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3. Non-local conservation laws

In this section, we first give a brief introduction of
the new conservation theorem [14] and then we apply
the method to construct the conservation laws of the BK
equation Eq. (1). We first consider the following Theo-
rem from [15]:

Theorem 3.1 The system of m differential equations

Fo(@,uyug, ... us) =0, a=1,...,m, (28)
having m dependent variables u = (u',...,u™) has ad-
joint equation

§(2PFs)
¥ [— 5

F U, Zg) = ,

a($7u727ulazl7 y Usy 2. ) Suc

a=1,...,m, (29)
and Lagrangian given by

L=z"Fg (30)

where 2P = 2P(Z,t) is a nonlocal dependent variable.
To investigate the CLs of Eq. (1), we let
{ By = auy + Uggy + buPuy + cuzv = 0, 31)

Iy = uuy — v, =0.
We compute the formal Lagrangian using Eq. (30):
L=w(—uuy +v) + 2 (buzuy + ur + Cotg + Ugay) (32)
where z = z(t,z,y) and w = w(t,z,y) are new depen-
dent variables called the nonlocal variables. The adjoint
system can be obtained using Eq. (29) as

s . oL

After the above operation, the adjoint becomes

Fl: = QU + Uggy + bu2uy + cu,v, (34)
Fy = uuy — v,
In the following we recall the following theorem given by
Ibragimov [14].
Theorem 3.2 Let

0
I'=&(@,u,uy,...)=— + na(T, u,ug, .. (35)

-2

o Y oue’

be a symmetry (point, Bicklund or contact) of Eq. (28)

with an adjoint Eq. (29) and a Lagrangian Eq. (30).
Then Eq. (28) satisfies the conservation equation

D; (TZ)|(Eq.28:O) =0, (36)
with
, oL oL oL
T = fzﬁ + W o Dj <a> + DjDkT
ous 8uij 8uijk
oL oL
o[ 2o (25)
! 9 ij 9 ijk
oL
+D; D(We) | =~ , (37)
! auijk
and
W = nq — &uj. (38)

The components (T, TY, T})(i = 1,2,...,9) are called

(2R A )
conserved vectors. Using the symmetries, the Lagrangian
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Eq. (32) and the conservation formulae Eq. (37), we ob-
tain the following set of conserved quantities for each of
the point symmetries. In constructing the CLs for the
vector fields admitted by the BK equation for the three
cases discussed in Sect. 2, we extracted nine vector fields
without repetition.

e We first consider the vector field '} = a%v it admits
the following conserved vectors:

T — — WUy FUyy 2o+ 2y Uzy —Uy (C2U+ 20y ) —2Uzyy
1 — a 9
Ty N zluzy—l—uy(auw—buQZ—zxz)—zuzzy
1 — a )
T
T, = —zu,.

e Lie point symmetry generator [y = 8%
yields the conserved vector with compo-
nents
T — —QUWUy F 2 Ugy — Uz (C20+ 20y )+ 2y Use — ZUsay

2 = a )
Ty . zzuzzfuz(7auw+bu22+zzz)fzuzzz

2 a 9

t
T, = —zu,.

e The Lie point symmetry generator [’y = %,
yield the conserved quantities

T* — — QWU Uty Zo+2y Uzt —Ut Zoy — 2 (CUULFHUgyt)
3 a )
Ty . zxutm—ut(—auw+bu2z+zxx)—zugcwt
3 a )
Ty o fauwuerbquuerawvz+Z(Cvuz+uzzy)
3 a :

e Lie point symmetry generator [y =
F (y,t)% yields the conserved vector with

components
1= F(yvt)w>

T =0,

T; = 0.

e Lie point symmetry generator [ = 21}% +
“a% yields the conserved vector with com-

ponents
T — 20WUV—Zy Uz —Uy Zg +2Uzy+Uu(C20+22y)
5 a )
Ty _ —avPwtbulz—ugze F2use Huzes
5 a )
T! = uz.

e Lie point symmetry generator [ =
d 9 9 8

2y8—y + uy, — Ty, ~ Vg yields the

conserved  vector  with  components

¢ =a'(—2Cyzvuy — aw(v — zuy,

+2yvy) + Crzvuy, — 225Uy + Uyzy + 2Ylyy 2y
F2Y 2y Uy — T2pUgy — 2YUyZay + Ty 2y
+u(C20 + 24y) — 2Y2Ugyy — T2yUsy
—|—x2umy),
T =a! (bu3 + u?( — aw + bz(—2yu,
—i—a:ux)) + 2y Uy + 32Ugy — T2pUgy
—2YUy 2y + u(aw(Zyuy — zuy) + zm)
g (= 225 + T200) — 2Y2Usgay + :vzumx>,
T¢ = 2(u — 2yu, + zu,).

e Lie point symmetry generator
r, = t% + ya% — Ua% yields the

conserved  vector  with  components
W= _2( —w(v +tv, +yuy) + (Czv

+24y) ((—ay + btu?)uy, + t(Coug + Usgy))
+25 (auy — 2btuu? + (ay — btu®)uy,
—t(Cvyuy + Coug, + umyy))
—zy( — aYlyy + t(2buuzu, + Cugv,
+buPtyy + Cotly, + ummy)) + z( — a(Ugy
+ YUy ) + t(2bu§u$ + 2buntyyuy — 4butiy iy,

F0uP Uy + C(Vptyy + UpUsy + Uyl

F0Ugy) + Uszayy ) ) ) ,

T = a2 ( — abtuPwu, + b?tutzu,

—Ctug 2, Uy + ay2atyy — Cluzplg,

—AYUy 2y + CtOUL 2y + T 200 Uggy

+bu? (= tzplay + tUyze, + 2(Clou,
F2tUyy)) + u<2bt (Ua(—uy2s + 22Uyy)
+2Uy Uy ) + aw (ayu, — t(Cou, + umy))>
— 2 Ugaay + 22 ((—ay + btu?)uy, + t(Cou,

+umy))> :

T! =z ((—ay + btu?) uy, + t (Coug + Ugyy)) -

e Lie point symmetry generator [y =

—2&:8% + 4y8% — 81}6% — u% yields

the conserved vector with components
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Ty = —a ' (4Cyzvuy + 2aw(4v — zuy,
+2yv,) — 2Cxz0U, + 2yUy — DUy 2,
—AyUyy 2y + 3YZyUgy + 202Uz + dYUy2py
—20Ug 2y + U(C2U + 24y) + 4y2Uzy,
202y Uy — 2xzumy).

TY = —budz + u? (aw + 2bz(—2yu, + zu,))

4y 25Uy + 32Uy — 202, Ugy + u(w(4ayuy

—2azxu,) — zm) — AUy Zpy — Ug (22

—20255) — AYZUggy + 202Uy,

T! = —z (u + dyu, — 2zuy).

e Finally, the Lie point symmetry gen-
erator [y = %(t)a% + Fi(t)Z yields

the conserved vector with components

Ty = = (aw(a]:{ — CuFi(t)uy)
—-CF, (t)( — ZplUgy + U (C2U + 24y)
—Zylgy + Zumy)> ,

Ty . Fi(t) (zzuzz—uz(—auw+bu2z+zzz)—zumzz)
g =

T = —2F1(t)uy.

4. Conclusion

We have used Lie symmetry methods to find the ex-
act solutions of the BK equation. The obtained solutions
are expressed in terms of trigonometric, algebraic and

exponential functions.

In particular, nine sets of non-

trivial CLs of the BK are constructed using the general
CLs Theorem. All the obtained solutions satisfy the BK
equation. This was verified using the Wolfram Mathe-

matica 9.
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