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In this paper, the Lie symmetry analysis method is performed for a Bogoyavlenskii equation. The symmetries

and exact invariant solutions for the equation are retrieved for the first time. The conservation laws of the
Bogoyavlenskii equation are constructed using the conservation laws theorem introduced by Ibragimov.
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1. Introduction

Mathematical modelling of scientific events is illus-
trated by nonlinear evolution equations (NLEEs). As
such, it is important to obtain the general solutions of
these models. The solutions of nonlinear partial differ-
ential equations (NLPDE’s) provide a lot of information
related to the character and structure of nonlinear mod-
els to researchers [1]. Many efficient techniques have been
enhanced to provide useful information for researchers in
the field of mathematics, physics and engineering. Dur-
ing the last decades, a variety of techniques have been
recommended to analyze the behavior of NLPDEs [2–34].

Lie’s classical theory is a basic of some generaliza-
tions. One of these generalizations is presented as a non-
classical approach by Bluman and Cole [3]. The most
convenient description of Lie’s invariance for initial value
problems (IVPs) is given and summarized by Bluman et
al. [4, 5]. Details of the Lie symmetry technique is given
in [6]. A technique for investigating the special symme-
tries of NLPDEs can also be found in [7].

In this paper, we will consider the Bogoyavlenskii (BK)
equation given by [9–11]:{

aut + uxxy + bu2uy + Cuxυ = 0,

uuy − υx = 0,
(1)

where u is a shock wave, υ is the potential in physi-
cal process. The BK equation is a member of non-iso
spectral scattering problems and breaking soliton the-
ory [8]. Many authors have studied the BK equation and
have reported the solutions of the equation. In Ref. [9],
travelling wave and the singular manifold methods were
used to retrieve the solitary wave solutions of the equa-
tion. The G′/G method was utilized to study the BK
equation [10]. Also, the improved tanh–coth method was
applied to study the solitary wave structure of the BK
equation in [11].
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In this work, we aim to investigate the solutions of the
equation from the Lie symmetry point [6, 12, 13] of view
and then apply the new conservation theorem introduced
by Ibragimov [14, 15] to establish the CLs for the BK
equation.

2. Lie symmetry analysis
and exact invariant solutions

In this section, we will extract the point symme-
tries [6, 11] of BK equation Eq. (1). The group invariant
analysis and exact solutions will be investigated. Let us
consider a one parameter Lie group of transformations

t→ t+ εξ1(t, x, y, u, υ), x→ x+ εξ2(t, x, y, u, υ),

y → y + εξ3(t, x, y, u, υ), u→ u+ εη1(t, x, y, u, υ),

υ → υ + εη2(t, x, y, u, υ), (2)
with a small parameter ε � 1. The vector field asso-
ciated with the above group of transformations can be
written as

Γ = ξ1
∂

∂x
+ ξ2

∂

∂t
+ ξ3

∂

∂y
+ η1

∂

∂u
+ η2

∂

∂υ
, (3)

where ξ1(t, x, y, u, υ), ξ2(t, x, y, u, υ), ξ3(t, x, y, u, υ),
η1(t, x, y, u, υ), η2(t, x, y, u, υ) are the infinitesimals to be
determined. For the system Eq. (1), the prolongation of
Γ is given by P 3

r . Thus, the invariance condition [12] can
be written as

P 3
r Γ (∆1)

∣∣
∆1=0

= 0, P 1
r Γ (∆2)

∣∣
∆2=0

= 0, (4)
where{

∆1 = aut + uxxy + bu2uy + Cuxυ = 0,

∆2 = uuy − υx = 0.
(5)

Application of the prolongations of Eq. (4) to Eq. (1)
results in a huge overdetermined system of linear par-
tial differential equations (LPDEs) for the infinitesimals.
The solutions of the system of LPDEs lead us to some
cases split based on the constants [12]:

Case 1: a 6= 0, b = C = 0. In this case, by using the
determining equations, we obtain

ξ1(t, x, y, u, υ) = C4 + tC5,
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ξ2(t, x, y, u, υ) = C1 −
xC2

2
,

ξ2(t, x, y, u, υ) = y(C2 + C5) + C6,

η1(t, x, y, u, υ) = u(−C2

4
+ C3),

η2(t, x, y, u, υ) = −υ(2C2 − 2C3 + C5) + F1(t, υ), (6)

where Ci (i = 1,. . . ,5) are constants. Hence, the related
vector field becomes

Γ1 =
∂

∂y
, Γ2 =

∂

∂x
, Γ3 =

∂

∂t
, Γ4 = F1(t, y)

∂

∂υ
,

Γ5 = u
∂

∂u
+ 2υ

∂

∂υ
, Γ6 = t

∂

∂u
− υ ∂

∂υ
+ y

∂

∂y
,

Γ7 = − ∂

∂u
− 8υ

∂

∂υ
− ∂

∂x
+ 4y

∂

∂y
. (7)

For the generator Γ1 + Γ2 + Γ3 + Γ5 = ∂
∂y + ∂

∂x + ∂
∂t +

u ∂
∂u + 2υ ∂

∂υ , the corresponding similarity variables are{
u(t, x, y) = etF1(ξ1, ξ2),

υ(t, x, y) = e2tF2(ξ1, ξ2),
(8)

where
ξ1 = x− t, ξ2 = y − t. (9)

Substituting Eq. (1) into the BK equation, we obtain
the following system of ordinary differential equations
(ODEs):

be3tF1
∂F1

∂ξ2
+ a(etF1 + et(−∂F1

∂ξ2
− ∂F1

∂ξ1
))

+ce3tF2
∂F1

∂ξ1
+ et ∂

3F1

∂ξ21ξ2
= 0,

F1
∂F1

∂ξ2
− ∂F2

∂ξ1
= 0.

(10)

Setting b = C = 0 in Eq. (10), we acquire{
aF1 − a∂F1

∂ξ1
− a∂F1

∂ξ2
+ ∂3F1

∂ξ21ξ2
= 0,

F1
∂F1

∂ξ2
− ∂F2

∂ξ1
= 0.

(11)

Solving Eq. (11), we get the following exponential func-
tion solution:

F1(ξ1, ξ2) = C1 exp

(
2C2

3ξ2 + aξ1 + ξ1ψ

2C3

)
+C2 exp

(
2C2

3ξ2 + aξ1 − ξ1ψ
2C3

)
,

F2(ξ1, ξ2) =
2C1C2

a
exp

(
2C2

3ξ2 + aξ1
C3

)
+

C2
1

a+ ψ
exp

(
2C2

3ξ2 + aξ1 + ξ1ψ

C3

)
+

C2
2

a− ψ
exp

(
2C2

3ξ2 + aξ1 − ξ1ψ
C3

)
+ Γ (ξ2). (12)

Subsequently, we obtain the following solution for the BK
equation:

u(t, x, y) =

{
C1 exp

(
2C2

3ξ2 + aξ1 + ξ1ψ

2C3

)
+C2 exp

(
2C2

3ξ2 + aξ1 − ξ1ψ
2C3

)}
et,

υ(t, x, y) =

{
2C1C2

a
exp

(
2C2

3ξ2 + aξ1
C3

)
+

C2
1

a+ ψ
exp

(
2C2

3ξ2 + aξ1 + ξ1ψ

C3

)
+

C2
2

a− ψ
exp

(
2C2

3ξ2 + aξ1 − ξ1ψ
C3

)
+ Γ (ξ2)

}
e2t, (13)

where ψ =
√
a(a+ 4C2

3 − 4C3) and ξ1, ξ2 are given in
Eq. (9).

Case 2: a 6= 0, C 6= 0. The coefficient functions of
vector field in this case are

ξ1(t, x, y, u, υ) = C2 + tC3,

ξ2(t, x, y, u, υ) = xC1 + F1(t),

ξ3(t, x, y, u, υ) = y(−2C1 + C3) + C4,

η1(t, x, y, u, υ) = −uC1,

η2(t, x, y, u, υ) = −υ(C1 − C3) +
aF

′

1

C
, (14)

where Ci(i = 1, . . . , 4) are constants. Hence the related
vector

Γ1 =
∂

∂y
, Γ2 =

∂

∂t
, Γ3 = t

∂

∂t
− υ ∂

∂υ
+ y

∂

∂y′
,

Γ4 =
aF

′

1

C

∂

∂υ
+ F1(t)

∂

∂x
,

Γ5 = −u ∂

∂u
+ υ

∂

∂υ
+ x

∂

∂x
− 2y

∂

∂y
. (15)

The similarity variables for the following vector field:

Γ2 + Γ5 =
∂

∂t
+ x

∂

∂x
− 2y

∂

∂y
− u ∂

∂u
+ υ

∂

∂υ
(16)

are{
u(t, x, y) = e−tF2(ξ1, ξ2),

υ(t, x, y) = etF1(ξ1, ξ2),
(17)

where
ξ1 = x− t, ξ2 = y − t, (18)

satisfying the ODE

bF 2
2

∂F2

∂ξ2
+ CF1

∂F2

∂ξ1
− aF2 +

∂3F1

∂ξ21ξ2
= 0,

F1
∂F2

∂ξ2
− ∂F1

∂ξ1
= 0→ ∂F1

∂ξ1
→ F1(ξ1, ξ2) = G(ξ2),

∂F2

∂ξ2
= 0,

∂F2

∂ξ1
→ F2(ξ1, ξ2) = C1. (19)

G(ξ2) is an arbitrary function. Thus, the exact solution
for the BK equation for this case is given by{

u(t, x, y) = e−tC1,

υ(t, x, y) = etG(y − t).
(20)

Case 3: a 6= 0, b 6= 0 C = 0. For this case, the coeffi-
cient functions of vector field are

ξ1(t, x, y, u, υ) = C3 + tC4,

ξ2(t, x, y, u, υ) = C1 −
2xC2

3
,
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ξ3(t, x, y, u, υ) = y(
4C3

3
+ C4) + C5,

η1(t, x, y, u, υ) =
2uC2

3
,

η2(t, x, y, u, υ) = −υ(2C2

3
+ C4) + F1(t, y), (21)

where Ci (i = 1,. . . ,5) are constants. Hence the related
vector fields for this case are given by

Γ1 =
∂

∂y
, Γ2 =

∂

∂x
, Γ3 =

∂

∂t
,

Γ4 = F1(t, y)
∂

∂υ′
, Γ5 = t

∂

∂t
− υ ∂

∂υ
+ y

∂

∂y
,

Γ6 = u
∂

∂u
− υ ∂

∂υ
+ 2y

∂

∂y
− x ∂

∂x
. (22)

For the generator Γ1+Γ2+Γ3+Γ4 = ∂
∂t +

∂
∂x +

∂
∂y +

∂
∂υ ,

and choosing the function F1(t, y) = 1, Eq. (1) trans-
forms to the following ODE:{

u(t, x, y) = F1(ξ1, ξ2),

υ(t, x, y) = t+ F2(ξ1, ξ2),
(23)

where
ξ1 = x− t, ξ2 = y − t, (24)

satisfying the following ODE:

bF 2
2

∂F1

∂ξ2
− a∂F1

∂ξ2
− a∂F1

∂ξ1
+
∂3F1

∂ξ21ξ2
= 0,

F1
∂F1

∂ξ2
− ∂F2

∂ξ1
= 0. (25)

Solving the above system of ODE, we obtain

F1(ξ1, ξ2) =

√
−3ab(a+ ψ − 4C2

2 )

2C2b

× tanh

(
C1 −

(a+ ψ)ξ1
4C2

+ C2ξ2

)
,

F2(ξ1, ξ2) =
3a(4C2

2 − a− ψ)
2b(a+ ψ)

×sech2

(
−4C1C2 + ξ1a+ ξ1ψ − 4C2

2ξ2
4C2

)
+G(ξ2). (26)

Subsequently, we obtain the following topological and
non-topological soliton solutions for the BK equation:

u(t, x, y) =

√
−3ab(a+ ψ − 4C2

2 )

2C2b

× tanh

(
C1 −

(a+ ψ)ξ1
4C2

+ C2ξ2

)
,

υ(t, x, y) = t+
3a(4C2

2 − a− ψ)
2b(a+ ψ)

×sech2

(
−4C1C2 + ξ1a+ ξ1ψ − 4C2

2ξ2
4C2

)
+G(ξ2, (27)

where ψ =
√
a2 − 8C2

2a and ξ1, ξ2 are given in Eq. (24).

3. Non-local conservation laws

In this section, we first give a brief introduction of
the new conservation theorem [14] and then we apply
the method to construct the conservation laws of the BK
equation Eq. (1). We first consider the following Theo-
rem from [15]:

Theorem 3.1 The system of m differential equations
Fα(x, u, u1, . . . , us) = 0, α = 1, . . . ,m, (28)

having m dependent variables u = (u1, . . . , um) has ad-
joint equation

F ∗α(x, u, z, u1, z1, . . . , us, zs) =
δ(zβFβ)

δuα
,

α = 1, . . . ,m, (29)
and Lagrangian given by

L = zβFβ , (30)

where zβ = zβ(x, t) is a nonlocal dependent variable.
To investigate the CLs of Eq. (1), we let{

F1 = aut + uxxy + bu2uy + cuxυ = 0,

F2 = uuy − υx = 0.
(31)

We compute the formal Lagrangian using Eq. (30):
L = w (−uuy + υt) + z

(
bu2uy + ut + Cυux + uxxy

)
, (32)

where z = z(t, x, y) and w = w(t, x, y) are new depen-
dent variables called the nonlocal variables. The adjoint
system can be obtained using Eq. (29) as

F ∗1 =
δL
δu

= 0, F ∗2 =
δL
δυ

= 0. (33)

After the above operation, the adjoint becomes{
F ∗1 = aut + uxxy + bu2uy + cuxυ,

F ∗2 = uuy − υx.
(34)

In the following we recall the following theorem given by
Ibragimov [14].

Theorem 3.2 Let

Γ = ξi(x, u, u1, . . .)
∂

∂xi
+ ηα(x, u, u1, . . .)

∂

∂uα
, (35)

be a symmetry (point, Bäcklund or contact) of Eq. (28)
with an adjoint Eq. (29) and a Lagrangian Eq. (30).
Then Eq. (28) satisfies the conservation equation

Di(T
i)
∣∣
(Eq.28=0)

= 0, (36)
with

T i = ξiL+Wα

[
∂L
∂uαi

−Dj

(
∂L
∂uαij

)
+DjDk

∂L
∂uαijk

. . .

]

+Dj(W
α)

[
∂L
∂uαij

−Dk

(
∂L
∂uαijk

)
+ . . .

]

+DjDk(W
α)

[
∂L
∂uαijk

]
+ . . . , (37)

and
Wα = ηα − ξjuαj . (38)

The components (T xi , T
y
i , T

t
i )(i = 1, 2, . . . , 9) are called

conserved vectors. Using the symmetries, the Lagrangian
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Eq. (32) and the conservation formulae Eq. (37), we ob-
tain the following set of conserved quantities for each of
the point symmetries. In constructing the CLs for the
vector fields admitted by the BK equation for the three
cases discussed in Sect. 2, we extracted nine vector fields
without repetition.

• We first consider the vector field Γ1 = ∂
∂y , it admits

the following conserved vectors:
T x
1 = −awυy+uyyzx+zyuxy−uy(Czυ+zxy)−zuxyy

a
,

T y
1 =

zxuxy+uy(auw−bu2z−zxx)−zuxxy
a

,

T t
1 = −zuy.

• Lie point symmetry generator Γ2 = ∂
∂x

yields the conserved vector with compo-
nents
T x
2 = −auwuy+zxuxy−ux(Czυ+zxy)+zyuxx−zuxxy

a
,

T y
2 =

zxuxx−ux(−auw+bu2z+zxx)−zuxxx
a

,

T t
2 = −zux.

• The Lie point symmetry generator Γ3 =
∂
∂t

,
yield the conserved quantities
T x
3 = −awυt+utyzx+zyuxt−utzxy−z(Cυut+uxyt)

a
,

T y
3 =

zxutx−ut(−auw+bu2z+zxx)−zuxxt
a

,

T y
3 = −auwuy+bu2zuy+awυx+z(Cυux+uxxy)

a
.

• Lie point symmetry generator Γ4 =
F (y, t) ∂

∂υ
yields the conserved vector with

components
T x
4 = F (y, t)w,

T y
4 = 0,

T t
4 = 0.

• Lie point symmetry generator Γ5 = 2υ ∂
∂υ

+

u ∂
∂u

yields the conserved vector with com-
ponents
T x
5 = 2awυ−zyux−uyzx+zuxy+u(Czυ+zxy)

a
,

T y
5 = −au2w+bu3z−uxzx+zuxx+uzxx

a
,

T t
5 = uz.

• Lie point symmetry generator Γ6 =
2y ∂

∂y
+ u ∂

∂u
− x ∂

∂x
− υ ∂

∂υ
yields the

conserved vector with components

T x
6 = a−1

(
− 2Cyzυuy − aw(υ − xuuy

+2yυy) + Cxzυux − 2zyux + uyzx + 2yuyyzx
+2yzyuxy − xzxuxy − 2yuyzxy + xuxzxy

+u(Czυ + zxy)− 2yzuxyy − xzyuxx
+xzuxxy

)
,

T y
6 = a−1

(
bu3 + u2

(
− aw + bz(−2yuy

+xux)
)
+ 2yzxuxy + 3zuxx − xzxuxx

−2yuyzxx + u
(
aw(2yuy − xux) + zxx

)
+ux

(
− 2zx + xzxx

)
− 2yzuxxy + xzuxxx

)
,

T t
6 = z(u− 2yuy + xux).

• Lie point symmetry generator
Γ7 = t ∂

∂t
+ y ∂

∂y
− υ ∂

∂y
yields the

conserved vector with components

T x
7 = a−2

(
− w(υ + tυt + yυy) + (Czυ

+zxy)
(
(−ay + btu2)uy + t(Cυux + uxxy)

)
+zx

(
auy − 2btuu2y + (ay − btu2)uyy

−t(Cυyux + Cυuxy + uxxyy)
)

−zy
(
− ayuxy + t(2buuxuy + Cuxυx

+bu2uxy + Cυuxx + uxxxy)
)
+ z
(
− a(uxy

+yuxyy) + t
(
2bu2yux + 2buuyyux − 4buuyuxy

+bu2uxyy + C(υxuxy + uxυxy + υyuxx

+υuxxy) + uxxxyy
)))

,

T y
7 = a−2

(
− abtu3wuy + b2tu4zuy

−Ctuxzxυx + ayzxuxy − Ctυzxuxx
−ayuyzxx + Ctυuxzxx + tzxxuxxy

+bu2
(
− tzxuxy + tuyzxx + z(Ctυux

+2tuxxy)
)
+ u
(
2bt
(
ux(−uyzx + 2zuxy)

+zuyuxx
)
+ aw

(
ayuy − t(Cυux + uxxy)

))
−tzxuxxxy + z2

(
(−ay + btu2)uy + t(Cυux

+uxxy)
))
,

T t
7 = z ((−ay + btu2)uy + t (Cυux + uxxy)) .

• Lie point symmetry generator Γ8 =
−2x ∂

∂x
+ 4y ∂

∂y
− 8υ ∂

∂υ
− u ∂

∂u
yields

the conserved vector with components
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T x
8 = −a−1

(
4Cyzυuy + 2aw(4υ − xuuy

+2yυy)− 2Cxzυux + zyux − 5uyzx
−4yuyyzx + 3yzyuxy + 2xzxuxy + 4yuyzxy
−2xuxzxy + u(Czυ + zxy) + 4yzuxyy
+2xzyuxx − 2xzuxxy

)
.

T y
8 = −bu3z + u2

(
aw + 2bz(−2yuy + xux)

)
+4yzxuxy + 3zuxx − 2xzxuxx + u

(
w(4ayuy

−2axux)− zxx
)
− 4yuyzxx − ux(zx

−2xzxx)− 4yzuxxy + 2xzuxxx,

T t
8 = −z (u+ 4yuy − 2xux).

• Finally, the Lie point symmetry gen-
erator Γ9 =

aF
′
1(t)

c
∂
∂υ

+ F1(t)
∂
∂x

yields
the conserved vector with components
T x
9 = 1

aC

(
aw
(
aF ′1 − CuF1(t)uy

)
−CF1(t)

(
− zxuxy + ux(Czυ + zxy)

−zyuxx + zuxxy
))
,

T y
9 =

F1(t)(zxuxx−ux(−auw+bu2z+zxx)−zuxxx)
a

,

T t
9 = −zF1(t)ux.

4. Conclusion

We have used Lie symmetry methods to find the ex-
act solutions of the BK equation. The obtained solutions
are expressed in terms of trigonometric, algebraic and
exponential functions. In particular, nine sets of non-
trivial CLs of the BK are constructed using the general
CLs Theorem. All the obtained solutions satisfy the BK
equation. This was verified using the Wolfram Mathe-
matica 9.
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