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XXX Heisenberg s�1{2 model has been examined in detail during last decades, however, recently one may
find some new insights into that issue. Among several approaches describing the eigenproblem for the finite case,
a close look into the structure of Bethe equations (BE) for the two-magnon sector case seems to be particularly
interesting. BE enable us to evaluate parameters labeling eigenstates of a magnet, however to find appropriate
sets of winding numbers, which parametrize BE, one has to apply the Inverse Bethe Ansatz method. On the other
hand, one may choose a different - combinatoric approach - which also parametrizes Bethe eigenstates, with the use
of rigging numbers describing string configurations. We present an idea of comparison of the concepts mentioned
above for the particular case of two-spin deviations sector.
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1. Introduction

In the paper [1], it has been shown, that to solve an
eigenproblem of two spin deviations sector for the s�1{2
Heisenberg isotropic, homogenous magnet ring, it is nat-
ural from the mathematical point of view to apply the
approach by means of Chebyshev polynomials. In this
paper, we intend to present explicit physical and topolog-
ical parameters: riggings and winding numbers, for each
of the exact eigenstate of the problem. One of the goals of
the paper is a geometric interpretation of the Essler con-
dition [2–4], which describes departure from the Bethe
hypothesis for two spin deviations [5]. The paper is or-
ganized as follows. In Section II we introduce some nota-
tion of the eigenproblem of the two-deviation sector for
arbitrary number of nodesN ¥ 4, of the Heisenberg mag-
net. In particular, we present characteristic polynomial
for this sector with a given total quasimomentum k by
means of suitable type of Chebyshev polynomial depend-
ing on the parity of N and k. In Section III we recall
Bethe equations for the two magnons case and present
the solution by means of Inverse Bethe Ansatz method
given in [6]. Bethe parameters are uniquely determined
by quasimomentum k and a new quantum number m in-
troduced in [1]. In Section IV we examine the difference
of phases of Bethe parameters depending on k and m
numbers. We introduce the notion of generalized bound
and scattered states, and by means of these results we
study their character. In Section V we parametrize wind-
ing numbers and rigged string configurations by k and m
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numbers. Finally, we show how winding numbers deter-
mine riggings of string configurations.

2. Preliminaries
In this section we give some general information con-

cerning the problem being discussed, and recall results
from [1]. Let H be the Hilbert space of the linear span
over complex numbers on the set

Q � tj � pj1, j2q : 1 ¤ j1   j2 ¤ Nu (1)
of states for r � 2 spin deviations on the ring of N nodes
with a given natural scalar product. The action of the
Heisenberg Hamiltonian Ĥ in the space H is given by

Ĥ |jy �
¸

j1PQpjq

p|j1y � |jyq � 4 |jy , (2)

where |jy � |j1, j2y denotes a state, with j1 and j2 in-
dicating positions of Bethe pseudoparticles on a chain
consisting of N nodes, and Qpjq is the set of all nearest
neighbours of j [1]. The summand 4 |jy has been added
for some convenience to shift the standard energy level,
in order to simplify further calculations.
This Hamiltonian for any number of nodes N and two-
magnon sector can be introduced as the sum of blocks of
Hamiltonians depending on values of quasimomenta k:

H �
à
kPB

Hk, Ĥ �
à
kPB

Ĥk. (3)

Then, appropriate characteristic polynomials can be
written as:

P kN pxq � hMΦkN,M p�uq � 2hM�1ΦkN,M�1p�uq, (4)
where h � |c| � |d| is the modulus of the hybridisa-
tion pameter, u � x{2h and M � rN2 s is the integer
part of N2 .

Now, one introduces the function ΦkN,n depending on
N and k, such that:

(444)
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ΦkN,n �

$'''&
'''%

2Tn, for N even, k even,
Un�1{h, for N even, k odd,
Wn, for N odd, k even,
Vn, for N odd, k odd,

(5)

where Tn, Un, Vn,Wn denote the n-th Chebyshev polyno-
mials of the suitable kind. For more details see [1].

3. Bethe parameters

Bethe equations may be introduced in the form [5]:
Np1 � 2πn1 � φ, Np2 � 2πn2 � φ, (6)

2 cot
φ

2
� cot

p1
2
� cot

p2
2
, (7)

with p1 and p2 denoting pseudomomenta, φ P r0, 2πq (for
k ¡ 0, which we condider from now on, if not stated
otherwise) describes phases of interacting pseudoparti-
cles, and pn1, n2q is a set of winding numbers, which
parametrize Bethe equations.

Pseudomomenta p1 and p2 satisfy

p1,2 �
kπ

N
� θ, θ P r0, πs, (8)

and from (8) we have the following equality:

p1 � p2 �
2πk

N
. (9)

Notice also that (9) describes conservation of pseudomo-
mentum.

One can use Bethe parameters in the form of phases
pa, bq, related with pseudomomenta by a � e� ip1 , b �
e� ip2 . In [6] a method of solving the problem of two
deviation states was developed in detail, and relies on
the use of the Inverse Bethe Ansatz (IBA) introduced
therein. The main idea is to apply energy E and to-
tal quasimomentum k as known quantities, and evaluate
portions of phase pa, bq which parametrize the Heisenberg
eigenstates. Eigenstates of the problem being discussed
are labeled by two quatum numbers: quasimomentum k,
and a new one — m, which depend on N and parity of
k, m � 0, . . . ,MpN, kq � 1, with MpN, kq � M � rN,k,
where

rN,k �

#
1 for k odd, N even,
0 otherwise.

(10)

As a matter of fact IBA corresponds to the conservation
laws of the total quasimomenta and energy, respectively:

ab � ω�k, ω � e2π i {N ,

a� a�1 � b� b�1 � Ek,m, (11)
hence parameters a and b are roots of the quadratic equa-
tion

p1 � ωkqx2 � Ek,mx� p1 � ω�kq � 0. (12)

4. A determination of phase θ

In the paper [1], it has been shown, that portions of
phase a, b can be presented in a concise form

a, b � e� i kπN e� iθk,m . (13)
For real solution of θ, in the case of k even, one gets the

estimation for θk,m P
�

2m�1
N�2 π,

2m�2
N�1 π

	
, which satisfies

the following equation

cos pN�2qθ
2

cos Nθ2
� cos

πk

N
, (14)

while for k odd, one gets θk,m P
�

2m
N�2π,

2m�1
N�1 π

	
, and

θk,m satisfies

sin pN�2qθ
2

sin Nθ
2

� cos
πk

N
. (15)

Analogously, for imaginary θ, which at most occurs for
m � 0, one gets:

sinh pN�2qη
2

sinh Nη
2

� cos
πk

N
, for k odd, (16)

and
cosh pN�2qη

2

cosh
�
Nη
2

	 � cos
πk

N
for k even, (17)

where
θk,0 � iη, η ¡ 0. (18)

Pseudomomenta of Bethe pseudoparticles for bound
states are complex conjugate, and take the following
form:

p1,2 �
kπ

N
� θ0 �

kπ

N
� iη, p1, p2 mod 2π. (19)

It is worth to recall, that for an arbitrary value of k,
for the case m ¡ 0, the solution of θk,m is real, while
for m � 0, in most cases, θk,0 is imaginary. For that
reason, for m � 0 we call eigenstates generalized bound
states (GBS), and form � 0 - generalized scattered states
(GSS). In most cases GBS is a bound state, and GSS - a
scattered state. However, there are some exceptions:

A1. k � 0, m � 0, GBS is the second descendant of the
vacuum,

A2. k � �1, m � 0, GBS is the first descendant of a
suitable one-magnon state,

A3. |k| ¡ 1, m � pk, where pk :�
�
|k|
2

�
, GSS is the first

descendant of a suitable one-magnon state,

A4. |k| ¡ 1 odd, for an N large enough [2] (correspond-
ing to k), GBS (m � 0) appear to be scattered
ones.

5. Winding numbers

In the case of real solutions of θ, winding numbers sat-
isfy the following relations:

n1 � pk �m, n2 � pk �m� rk;

m � 0, 1, . . . , pk
(20)

n1 � pk �m� rk, n2 � pk �m� rk;

m � pk � 1, . . . ,MpN, kq � 1,

where rN,k is defined in (10), pk is given in A3, and
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rk �

#
1 for k odd,
0 for k even.

(21)

For the case m � p, a state is a descendant arising from
the space with a lower weight r1. For p ¡ 0, a state with
m � 0 corresponds to a two-string, which means it is
bound or scattered, depending on numbers N, k, accord-
ing to the Essler considerations [2], what is connected
with the A4 exception.

It is worth to observe that for a descendant pm � pkq
the winding number n1 � 0. Further, for the complex
case of solution of θ one obtains

kπ � iNη � 2πn1 � φ mod 2π,

kπ � iNη � 2πn2 � φ mod 2π,
(22)

with Reφ P r0, 2πq, Imφ � Nη.
Then, depending on parity of k, one gets:
n1,2 �

k
2 , φ � iNη, for k even,

n1,2 �
k	1
2 , φ � π � iNη, for k odd.

(23)

Condition which enables one to choose riggings properly
is as follows [7, 8]:

0 ¤ L ¤ Pl, (24)
with Pl being a maximum rigging value given by the fol-
lowing formula

Pl � N � 2Ql, (25)
where Ql denotes the number of boxes in the first l
columns of the Young diagram of a string configuration
ν.

The relation of riggings to winding numbers, in the
two-string case is the following

L � n1 � n2 � 2, (26)
whereas for the case of two one-strings (n2 ¥ n1 � 2) we
have

L2 � n1 � 1, L1 � n2 � 3. (27)

6. Conclusions

In our paper we have examined the two-deviation sec-
tor of the Heisenberg magnet ring. We have shown, that
eigenstates of the problem are labeled by quantum num-
bers: total quasimomentum k and the number m, which
determines generalized type of states, scattered or bound
ones. This generalization corresponds to the nature of a
state, with exceptions given by rules A1–A4 in Section 4.
In particular, it is worth to observe, that winding num-
bers are related with riggings describing combinatiorial
classification of the problem ((26), (27)). Combinatorial
approach and analytical solution give the same excep-
tions A1–A3. However, the Essler exception A4 for GBS
leads to analytical scattered states (pseudomomenta are
real), while from the combinatorial point of view solu-
tions are classified as bound states (n1 � n2 � 1, for this
case rk � 1).
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