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We consider striking connections between the theory of homogenous isotropic Heisenberg ring (XXX-model)
and algebraic number theory. We explain the nature of these connections especially applications of Galois theory for
computation of the spectrum of the Heisenberg operators and Bethe parameters. The solutions of the Heisenberg
eigenproblem and Bethe Ansatz generate interesting families of algebraic number fields. Galois theory yields
additional symmetries which not only simplify the analysis of the model but may lead to new applications and
horizons.
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1. Introduction

For the last 10 years a new method of investigating
Quantum Mechanics in the context of Bethe Ansatz for
the magnetic homogeneous ring has been introduced in
the papers [1–4]. The idea of this new method is based
on the observation that the Heisenberg Hamiltonian is an
arithmetic operator. We define an arithmetic operator as
follows.

Definition 1.1 (Arithmetic Operator) Let V be a finite
dimensional vector space over C. Let A : V Ñ V be a C-
linear operator. A is called arithmetic operator if there
is a lattice Λ � V and a Z-linear operator A0 : Λ Ñ Λ
such that A0 bZ C � A.

The spectrum of an arithmetic operator consists of al-
gebraic numbers hence one can apply algebraic number
theory and Galois theory to investigate it.

The natural arithmetic structure on Heisenberg
Hamiltonians can be seen in the following way. The
Hilbert space of quantum states for the Heisenberg ring
with N nodes is given by the N -th tensor power

H :� HN :� ĥbN (1)
of the single-node two-dimensional Hilbert space
ĥ :� LCt|0y, |1yu, where |1y (resp. |0y) means that
there is (resp. there is no) spin deviation at the node,
and LCt.u denotes the linear span of the set t.u over
the field C. The Heisenberg Hamiltonian Ĥ with the
nearest neighbour interactions in the basis of magnetic
configurations for the N -gone magnetic ring is defined
as follows:

Ĥ : H Ñ H Ĥ :�
¸
jPZN

pτj � idHq (2)
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where τj denotes the transposition of j-th and pj � 1q-
th (mod N) factors in the tensor power ĥb

N

. The in-
vestigation of this operator in relation with the famous
Bethe Ansatz attracted attention of many mathemati-
cians and physicists eg. [5, 6], (combinatorial approach
to Bethe Ansatz) [7, 8] (algebraic approach to Bethe
Ansatz). Combinatorics of Bethe Ansatz was also an
inspiration for finding some new relations among coeffi-
cients of Gaussian polynomials [9].

2. Arithmetic approach
to Heisenberg Hamiltonian

In our approach to the Heisenberg Hamiltonian and
Bethe Ansatz [1–4, 10] we took advantage of the following
observation we had made. Namely, let HZ :� HZ,N :�
hbN be the N -th tensor power of the rank 2, free Z-
module h :� LZt|0y, |1yu, where LZt.u denotes the linear
span of the set t.u over the ring of integers Z. Then one
can define the operator:

H : HZ Ñ HZ, H :�
¸
jPZN

pτj � idHZq. (3)

Hence Ĥ � H bZ C is the complexification of H and
clearly Ĥ is an arithmetic operator. It is thus natural
to study the Galois symmetry of various parameters re-
lated to the spectrum and eigenspaces of the Heisenberg
Hamiltonian cf. Fig. 1.

Next, we consider the extension QpξN q{Q and apply
the discrete Fourier transform to change the basis of the
configuration space. This yields a decomposition of the
Heisenberg operator (1) into blocks.

The natural basis of (1) corresponds to the C-span of
the space Qr of r deviations (1 ¤ r ¤ N) and thus

H �
àN

r�1
Hr, Hr � CbZSpanZQr. (4)

Notice that j P Qr is represented by a sequence
j � pj1, j2, . . . , jrq, 1 ¤ j1   j2   � � �   jr ¤ N (5)

The spaces Hr are invariant with respect to
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Fig. 1. Diagram of mutual connections.

the Heisenberg operator (2). Let

Ŝ� : Hr Ñ Hr�1, (6)
be the step operator which in the “ket” notation has the
following values on the basis elements

Ŝ� |tj1, . . . , jruy �
¸

jRtj1,...jru
|tj, j1, . . . , jruy . (7)

We have
Ŝ�Hr � Hr�1Ŝ

� (8)
This allows one to define the subspace of highest weight
Hr,r to be the subspace orthogonal to the image of Ŝ� on

Hr and for r1   r the subspaces Hr,r1 :�
�
Ŝ�
	r�r1

Hr1,r1 .

After introducing relative positions of the Bethe pseudo-
particles:

t � pt1, . . . , trq, tα �

#
jα�1 � jα, 1 ¤ α   r

N � j1 � jr, α � r
(9)

we can identify the states which are in the same orbit of
the action of the cyclic group CN :

pt1, . . . , trq � pt2, t3, . . . , t1q � � � � ptr, t1, . . . , tr�1q(10)
Now the Fourier transform on each orbit, except of
vacuum (r=0) and antivacuum (r=N) is given by the
following formula

|B, r, t, ky �
¸

jPÑ
Fjk |Q, r, t, jy , k P B (11)

where B is the Brillouin zone for the ring,

B :� t�pN � 1q{2 ¤ k ¤ pN � 1q{2u for N odd
and B :� t0,�1, . . .�pN{2� 1q, N{2u for N even.
Fjk � ω�kjN , Ñ � t1, 2, . . . , Nu. Finally, |Q, r, t, jy
denotes the arithmetic basis of the space of CN
orbits in H.

The new basis |B, r, t, ky called the normalized basis of
wavelets yields the following CN -invariant decomposition

Hr �
à

kPB
Hk
r (12)

where Hk
r is a subspace with a fixed quasimomentum k.

In this setting one obtains further decomposition
Hk
r �
à

r1
Hk
r,r1 , Hk

r,r1 :� Hr,r1 XHk
r (13)

Thus we see that for any N we have obtained a block
decomposition of the Heisenberg operator (1). The di-
mensions of these blocks are considerably smaller than
the dimension of the original operator and it is easier
to compute eigen polynomials therefore also eigenvalues
and eigenspaces for them. The diagram of relevant fields
involved in the diagonalization of the Heisenberg arith-
metic operator is depicted in Fig. 2. We describe them
now. Qpωq and Qpωkq are cyclotomic extensions of ra-
tionals Q. The fields Qpω � ω̄q and Qpωk � ω̄kq are their
maximal real subfields. Decomposition of the space H
into the invariant subspaces

H �
à

r,r1,k
Hk
r,r1 (14)

in the normalized basis of wavelets yields Heisenberg
fields FRH

k
r,r1 which are the extensions of the totally real

fields Qpωk � ω̄kq by the eigenenergies of the Heisenberg
operator on the subspace Hk

r,r1 . The field FRHk
r is the

following composition (compositum) of fields in Q:

FRHk
r :�

ª
r1

FRHk
r,r1 (15)

and similarly

FRHr :�
ª

kPB
FRHk

r (16)
and

FRH :�
ª

r
FRHr. (17)

The corresponding complex Heisenberg fields are mini-
mal extensions that contain appropriate real Heisenberg
fields and the cyclotomic field. Thus e.g.

FHk :� FRHkQpωkq (18)
and

FH :� FRHQpωq (19)
The Bethe fields Bk and B resp. are extensions of FHk

and FH resp. by the nonsingular Bethe parameters,
which are solutions of Bethe system of equations [11]

aNα �
¹

βPr̃ztαu

�
�
aαaβ � 2aα � 1

aαaβ � 2aβ � 1



,

α � 1, . . . , r, (20)
where ñ :� t1, . . . , nu. The complex Heisenberg field is
generated by

ω�k �
r¹

α�1

aα, and Ẽ �
ŗ

α�1

paα � a�1
α q, (21)

where the first quantity corresponds to a quasi-
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momentum and the second to shifted energy. The as-
sumption that all parameters are nonzero is essential
and yields the highest weight solutions (r1 � r). Solu-
tions that differ up to an order of parameters are viewed
as the same. The Bethe field Bk is the extension of Q
by the solutions of Bethe equations with fixed k i.e. the
product of parameters is equal to ω�k. Computations
of Galois groups for the extensions in Fig. 2 enable us
to obtain better understanding of Galois symmetries of
the physical system coming from the Heisenberg ring and
Heisenberg Hamiltonian.

Fig. 2. Diagram of fields. ω :� ζN , η � ζq are prim-
itive roots of unity. Let p be a prime number. Then
q � p if p|N and p � 2 or q � 4 if N � 2s and s ¡ 1.
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