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Normalized quantum Stokes operators introduced in Phys. Rev. A 95, 042113 (2017) enable one to better
observe non-classical correlations of entangled states of optical fields with undefined photon numbers. For a given
run of an experiment the new quantum Stokes operators are defined by the differences of the measured intensities
(or photon numbers) at the exits of a polarizer divided by their sum. It is this ratio that is to be averaged, and not
the numerator and the denominator separately, as it is in the conventional approach. The new approach allows to
construct more robust entanglement indicators against photon-loss noise, which can detect entangled optical states
in situations in which witnesses using standard Stokes operators fail. Here we show an extension of this approach
beyond phenomena linked with polarization. We discuss EPR-like experiments involving correlations produced by
optical beams in a multi-mode bright squeezed vacuum state. EPR-inspired entanglement conditions for all prime
numbers of modes are presented. The conditions are much more resistant to noise due to photon loss than similar
ones which employ standard Glauber-like intensity, correlations.
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1. Introduction

A new approach to the analysis of polarization cor-
relations was introduced in [1]. It involves a non-
conventional definition of Stokes parameters of quantum
optical fields. The “textbook” quantum Stokes parame-
ters involve averaged differences of the measured inten-
sities of light exiting polarization analyzers, measured in
three complementary arrangements (horizontal-vertical,
diagonal-anti-diagonal and right-left-handed circular po-
larizations), and the total average intensity. If one as-
sumes that the measured intensities are proportional to
photon numbers, then the textbook Stokes parameters
read

<Ei> =Tr [(%Tai - a;—lau)@} , (1)
where a; is the annihilation operator for photons of po-
larization ¢, a;; for the orthogonal polarization, and the
index ¢ denotes the three complementary arrangements.
One also has %y = a;rai + ajlau = Ng,.

However, this approach to Stokes parameters faces
problems when the intensities of quantum optical fields
are fluctuating. This is so for example in the case for
the optical fields generated multi-mode parametric down-
conversion, especially for higher pump powers. This is
due to the fact that the traditional Stokes parameters
depend on intensity fluctuations. Experimental runs in-
volving higher measured intensities contribute more to
their values. However, polarization of light is an inten-
sity independent phenomenon.

It turns out that one can revise the concept of quan-
tum Stokes observables, and remove this conceptual dif-
ficulty. The new approach allows one to derive much
more effective indicators of non-classicality for quantum
optical fields with undefined, fluctuating, intensities. To
this end, Ref. [1] introduces normalized Stokes operators.
They are based on the ratios of the numbers of photons
registered by one of the two detectors, to the number of
photons counted by both detectors for a given run (not
averages). In new formalism the redefined, normalized
Stokes parameters read

(§) = [m%

i a,;a; — aL_au_ 7
N ’
where IT denotes a projection written I —|§2) (Q| with the

tot

; (2)

identity operator I and the vacuum state |2) for modes
i and ¢, , which simply removes the vacuum terms in the
state o, and makes the operator in the numerator well
defined. Note that in case of vacuum events, that is, mea-
surements showing Nt = 0, we have no contribution to
the redefined Stokes parameters (and neither to the stan-
dard ones). The 5o parameter is replaced by So = 1T ,
and simply gives the probability of a non-vacuum event.

The redefined Stokes operators allow a derivation of
new quantum optical Bell inequalities [2], which are an
improvement of standard ones introduced for general op-
tical intensities in [3]. The new Bell inequalities are based
only on the standard Bell assumptions of realism, local-
ity and free will, and nothing more. They do not require
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any specific additional “reasonable” assumptions on the
form of the hidden variable theories, which are necessary
to derive the standard ones of Ref. [3]. Most importantly
the new “theoretical-loophole” free Bell inequalities con-
structed for the redefined Stokes operators can be vio-
lated by classes of entangled optical fields for which the
standard ones are not violated. E.g., this is the case
for four-mode (bright) squeezed vacuum (BSV), gener-
ated in type-II parametric down conversion for stronger
pump powers. Note that this is a typical example of a
laboratory situation, where often parametric down con-
version is used to get entanglement effects. For stronger
laser pumping the squeezed vacuum has many contribut-
ing Fock components with different photon numbers - we
have exactly the aforementioned situation of undefined
photon numbers.

The new Stokes operators also allow to re-formulate
any known entanglement conditions [1]. In case of the
four-mode, BSV states, Ref. [1] reformulates an entan-
glement indicator of Ref. [4], which reads

S, 22 (S Al o ©

€p

where (...),_ denotes an average over a separable state.

se

Here, a and ll)D denote two beams (defined by propagation
directions). The lower bound is proportional to the aver-
aged total photon numbers, i.e., the sum of averaged total
intensities of beams a and b. The idea of the indicator is
based on the Einstein-Podolsky-Rosen (EPR)-like condi-
tion which is satisfied by the rotationally invariant bright
squeezed vacuum: for this state one has a zero value for
the left hand side expression in (3). Such a state is es-
sentially a super-singlet with undefined photon numbers,
which for identical polarization settings at two separated
observation stations, always gives anti-correlated results.

In Ref. [1], the photon number operators, like e.g.,
ala;, were in the left hand side in (3) replaced by the

a,; a;
Neot o
ant squeezed vacuum, we still have the EPR condition.
However one can show that for a separable state one has

> <(s + Sf)2>sep >

7

1 1
2 <H“AH“> +<Hb = Hb> . (4)
Nt sep Nyot sep

The new condition turns out to be more robust with re-
spect to photon losses, modeled in [1] by inefficient de-
tectors.

rates, respectively IT II. For the rotationally invari-

Generally, re-formulating the separability conditions
with new Stokes operators enable a much better entan-
glement detection in case of BSV states. New condition is
more robust against photon losses (or non-perfect detec-
tion efficiency). The previous condition (3) fails to detect
the entanglement of the BSV state for the detection ef-
ficiency lower than 1/3 (see [4]), while the new one (4)
still works for lower efficiencies. The actual threshold of
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the efficiency is a decreasing function of gain parameter
which depends on the pump power, interaction time of
the pump laser, and the coupling [1]. Furthermore, the
approach allows one to map any entanglement conditions
for two qubits in such a way, that we obtain conditions
for polarization of quantum optical fields. Thus, we can
now construct a plethora of new entanglement conditions
for correlations of quantum light. The approach also al-
lows a better visibility of some non-classical phenomena,
see [5], in which the working example is the Hong-Ou-
Mandel effect [6], under strong pumping condition.

Here, we extend this approach beyond polarization ef-
fects. In Ref. [7] one can find an approach based of rates,
rather than intensities, for two three-mode optical beams
(the example of a state used there was a six-mode bright
squeezed vacuum). The entanglement criteria are again
inspired by properties of EPR correlations, which are im-
possible for any separable state. Here we present a gen-
eralization of this approach to two d-mode beams. For
technical reasons, which will be discussed below, we as-
sume that d is a prime. After finishing this manuscript
we have found a condition which works for all d, which
are powers of a prime number. This will be reported
elsewhere.

2. EPR-like optical experiments
involving pairs of multi-port beam splitters

We shall consider here a class of entanglement exper-
iments analyzed in Ref. [8], allowing for EPR-like cor-
relations [9], which involve measurement basis transfor-
mations defined by two local multi-port interferometers
(beam-splitter). Such interferometers were first studied
in [10], however not in the context of entanglement.

It is known that d-input-port-d-output-port interfer-
ometers can perform any finite dimensional unitary d x d
transformations of single particle states described by a
d dimensional Hilbert space, see Ref. [11]. Such inter-
ferometers consist of interconnected beam splitters and
phase shifters. The same blueprint for multi-port devices
allows for optical modes coupling resulting in a unitary
relation way between the input and output modes. For
instance, consider a single photon prepared in input mode
i=0,1,...,d— 1 denoted by |¢i"). We assume through-
out that the input and output modes are fully distin-
guishable. The multi-port action can be described by
the unitary transformation which gives as output states
|pt) = Y, Ugi|¢i"), where U is unitary matrix. The
equivalent mode transformation for the second quantized
description can be written down in terms of photon cre-
ation operators (related with the ‘in’ and ‘out’ modes, or
beams, i = 0,1,...,d—1):

azom = Z Ukiaiin. (5)

Beacause of the assumed distinguishability among the

‘in” modes and among the ‘out’ modes, we assume that
[a;n,a;r-m] = dij, and [a}",a}"] = 0, and similar relations
for the ‘out’ modes.
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With the advent of integrated optics, which allows for
stable complicated interferometers, two multi-port exper-
iments, such as the ones suggested in [8], are becoming
feasible. Recently, the work [12] tested exactly such con-
figurations. The schemes discussed here involve para-
metric down-conversion for higher pump powers, in the
case of which we have superpositions of multi-pair emis-
sions. Thus new phenomena can be expected, which can
be both decremental or beneficial for possible quantum
communication experiments. At least one should check
to what extent the features of two-photon correlations re-
lated with entanglement and the EPR paradox, are still
present in the case of stronger fields.

We consider quantum optical states produced by multi-
mode emissions in the parametric down-conversion pro-
cess [8, 13]. Due to the phase matching conditions, the
emissions from a parametric down-conversion source are
directionally correlated. For example, type-I parametric
down-conversion process generates the pairs of photons of
the same frequency with emission directions which form
a cone. One can register coincidences into pairs of “con-
jugated” directions along the cone which lay in the same
plane as the pump field, for details see [13]. The direc-
tions of such pairs satisfy the phase matching condition.
We can select an arbitrary number of such pairs of the
directions, and collect their radiation. In such a case the
description of the crystal-field interaction leading to the
process can be given by an interaction Hamiltonian of
the form:

= 1fyZaTbT+hc (6)

where ai and bz are the creation operators of i-th conju-
gate signal-idler mode pair, and 7 is a coupling constant
proportional to the pumping power. The mode operators
a; and b; refer to two conjugate directions.

Notice that the Hamiltonian in (6) can be transformed
into the following form:
d—1
H=iv) al™bl™" +h.c, (7)
k=0
where a]*"" = >, Upjal i and i = 3, Urb! with a
dxd umtary matrlx U. Due to this symmetry of the
Hamiltonian H, one has the perfect EPR correlations for
the emitted photons. EPR correlations must occur for at
lease two complementary operational situations, thus to
see that the symmetry implies, it is enough to consider a
transformation U which leads to a complementary mode
basis. This is when the observation bases at locatlon a
and b are allowmg to measure respectively a}a; and bl b3,
where 4,5 =0,1,...,d— 1.

For prime d pairs of Schmidt modes, the emitted pho-
ton pairs are prepared in the following entangled state:

coshd Z

ner )

BSV) — anh™ I [4") ,(8)

where
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= DL sy

—1)!
<n+d 1). pit+...+pa=n

D), IP1)y, - - D)y, - 9)
The sum is taken over all combinations of nonnegative
integers p;. The parameter I' describes the gain and is
dependent on coupling constant + and the interaction
time (which can be put as equal to the length of the non-
linear crystal, along the propagation direction of the laser
field, divided by the speed of light).

The local measurement devices which we consider con-
sist of an unbiased or “symmetric” [§], multi-port beam-
splitter and d detectors in its output ports, which are by
assumption capable to resolve photon numbers. An unbi-
ased multi-port beam-splitter is defined as a d-input and
d-output interferometric device which realizes a mode
transformation defined by a unitary matrix U which links
two unbiased orthonormal bases in the d dimensional
Hilbert space. In the case of such transformations a sin-
gle photon entering through a single port can be detected
at any of the output ports with the same probability of
1/d. A simple analytic formula holds for the values of ma-
trix elements for such unitary transformations only for d
which is prime. This is the reason why we concentrate
here on this case. It is known that d+1 mutually unbiased
bases exist for all Hilbert spaces of dimensions which are
powers of primes [14, 15]. In other cases, including the
simplest one d = 6, the number of possible unbiased bases
is still an open question. Finally, note that if two bases
are unbiased this means that they describe two perfectly
complementary operational measurement situations.

In [7], the separability conditions for the three-output
case are studied. We here shall derive the separability
conditions for arbitrary d which is prime. We shall also
use a different approach.

Source

Fig. 1. Schematic diagram of the experiment. The lo-
cal measurement stations consist of a d-input-d-output
multi-port beam-splitter (denoted by MPBS) and de-
tectors. The interaction in the source S, given by the
Hamiltonian (6), generates a d-mode bright squeezed
vacuum state (8). This entangled state leads to perfect
EPR correlations between the local conjugate modes.

3. Entanglement indicators for prime d

Consider d + 1 unitary transformations which lead to
the unbiased (complementary) bases in a d-dimensional
Hilbert space. It is known that when the dimension d of
a Hilbert space is an integer power of a prime number,
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the number of mutually unbiased bases is given by d +
1 [14, 15]. We put U(d) = I, while the others, indexed
withm = 0,1,...,d—1, have matrix elements which lead
to the following transformations of the bases [14, 15]:

U(m)js = 75" /V/d, (10)
where w = exp(27i/d). With such transformations one
can relate a multi-port beam—splitter which couples the
creation operators of input beams, af I, with the output

ones, a; (m) in the following way:

d—1
1 : 2
= =Y wrtmeal, (11)
Vd =

and we define a;r-(m =d) = a;f-. The photon number
operator of jth exit mode of an U(m) multi-port reads
nj(m) = al

;(m)aj(m). Note that for beams b we have a

J

- Y (i

0A®eB g

S ), + X (A

m,jJ

L2t m)),

L2 > (atm
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conjugate unitary relation, compare relation (7) and its
discussion.

For the (bright) squeezed vacuum, |BSV), for d pairs
of modes (d is a prime), its perfect correlations give us
the following relation:

d d
<Z 3 [at(m) — ﬁf(m)]2> —0, (12)
BSV

m=0 j=1
where indices A and B denote operators for Alice and
Bob, respectively. The aim now is to find the lower bound
of such an expression for any separable state. As sepa-
rable states are convex combinations of product ones, it
is enough to find the minimum of the expression (12) for
a product state p4 ® op instead of BSV, where both 04
and pp are pure states. We have

=23 (@ m),, (af (m),, >

1/2

DD DGO I (13)

Let us first consider one of the factors of the term in the last line of the inequality (13) (we drop below the index

numbering the measuring stations A, B):

d d d d—1 d
o> (im)’ =) () + D0 Y (Ay(m
m=0 j=1

m=0 j=1 =1

(14)

Let us now consider the second term in the above equation, involving summation over m only up to d — 1. Using (11),

we get the following:

d—1 d d 2
#5Sn* = 3 (Tl

m=0 j=1 m=0 j=1

X <allat1 at2

s1,t1 S2,ta

IIDIEDIDIEDIDIEDNDS

s1=t1 sa=ta  s1=t1 soFty  s1F£t1 S2=t2  s1Ft1 saFts

@Y {a) (s) + > D«

<allat1>

:E E E wj(sl*t1+32*t2)+m(sf*t?+53*t§)

m,j S1,t1 S2,t2

Z Z Z —ti+s2—t }: —t3+s3—t3) _
Slatl <a52at2 w](gl rree 2) ',n(g 92 )

m

T Jj(s1—t14+s2—t2 m(s?—t24+s2—t2) _
<aszat2> w( ) w (si—ti+sy—t3) _
J

2
slatl a52at2 § w](sl ti+s2—t2) § oJ'rn(s —t2+s2—12) ) (15)

51,82 s1#£t1 saFta J

m

The last equality follows from the fact that sy — ¢ + so — to # 0 when s; = t1, S0 # to or 81 # t1, So = ta.

Now, we will show that for the case s; # t1, So # to,
the expression ) wilsi—titsa—tz) §~ W (st —ti+s3—t3) ig
nonzero if and only if s; = t3 and sy = t;. To this end,
observe that the nonzero value occurs only if

§1 — 11+ 89 —to =0, (16)
s —t2 452 —t2=0. (17)

(

It follows from (16) that so —ty =
the second equation implies

S1 4+t —s9—to =0. (18)
Equations (16) and (18) lead to the conditions s; = t9
and sy = t1. Finally, we observe that if these conditions
are satisfied, then

—(51 — tl) 35 0. Thus,
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ij(81—t1+82—t2) _ ZWQj(Sl_tl) =0.

J J

S+

j 51,82 s17#t1
> )+ < >
7 s17#t1 J

iz Z d? <ailat1> <at1aél>
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Thus, the formula (14) is reduced to

S )+ (8) Y o), an, ) <

s1#£t

> o lPlan vl = 3 G, >2+<N>2+ 3 () fin) =2(5)", (19)

s1#£t

where |¢) is a normalized vector which determines the pure state px (X = A, B), |at, ¥) = az, |), and ||as, || is its

norm. Finally, we have

d d 2

>3 (asm)? <2(N)
m=0 j=1

In case of the first two terms in (13), we have

A2+7 § Z Z wj(sl ti+so—to)+m(sI—ti4+si— tz) Jr Laga 52at2 :Z
J

m=0 j=1 s1,t1,82,t2

(zw ) i = 37

-+ g n51n52+ E aslatla’tlasl E :

(20)

1
it Do

J s1,t1,82,t2

i + E Mgy Msy

3wl
J

81,82 s17#t 81,82
+ Z al s, (af ar, + Z —|—Zﬁslﬁ32—|— Z ﬁslﬁtl_'_(d_l)zﬁsl =N%24(d—1)N +N? =
s1#£ty 51,52 s1#t s1
IN? 4 (d—1)N (21)

To obtain this, we used again the observation from the paragraph following (15). With the help of the results of (19)

=2 (N) 4 @ - 1) (B) 4 2(87) 4 (@ 1) (87) — 4 (52) (§7) >

and (21), finally one derives the separability condition (13) in the form of
d d
. . 2
(323 o - oo
m=0 j=1

0A®0B

a0 () + (37

(22)

To get an analog conditions for the rates, one has to retrace the above derivation, replacing the number operators by

the rates 7;(m)

(553 tm -

m=0 j=1

= II'7j(m)

sep

Af<m>12> > (@~ 1) <<HA =

II. The condition for the rates reads:

>Sep + <HBNIBHB>SEP> : (23)

For d = 3, this condition is equivalent to the one derived in [7], and thus as shown there it is more robust with respect

to noise related with photon losses.
higher d’s.

4. Complementarity relations
As a by-product, a kind of complementarity relations
for arbitrary prime d follow from the relations (19), which
2
read >, > (ﬁj(m)>2 <2 <N> , and their analog for

the rates 7;(m) reads

d d
DD (rm))* <2, (24)
m=0 j=1
Thus, if e.g., (F1(m)) =1, then >° >, <Fj(m)>2 <1.
As a matter of fact, (#1(m)) = 1 implies that the state in
question describes all photons exiting via beam 1 (or exit

Our numerical studies show that the condition (23) outperforms (22) also for

(

1) of the multi-port beam-splitter related with the com-
plementary situation m, and also no vacuum component
in the state. This implies that in such a case for all the
other complementary situations m’ # m, and each jth
exit, one has (7;(m’)) = 1/d. Thus the relation (24) is
a form of the usual property of mutually unbiased bases,
for complementary interferometers and arbitrary optical
fields.

5. Summary and closing remarks

For 2 x d-mode (where d is a prime) quantum optical
fields of undefined intensities, we formulate series of sep-
arability criteria based on observed intensities (22), and
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observed rates (23). As an example, we consider a d-
mode bright squeezed vacuum state. Such optical states
have a EPR-like correlations of numbers of photons regis-
tered in conjugated modes and therefore they violate the
conditions (22) and (23). With the help of multi-port in-
tegrated optics beam-splitter techniques, observation of
such correlation becomes feasible. As the critical efficien-
cies for our entanglement conditions are quite moderate,
for [BSV) as our numerical studies show they are below
1/(d+ 1), the conditions can find application in analysis
of experiments.

The condition (23) is capable to detect entanglement,
in situations in which the one based on intensities, given
by (22), fails. All this concurs with our conjecture that
the correlation functions involving rates rather than in-
tensities can become a useful tool in quantum optics. We
expect that one can find benefits by using the rates in
various cases, e.g., quantum steering, and etc., see our
forthcoming manuscripts.

The results can be generalized to all d for which d +
1 mutually unbiased bases are known to exits. See a
forthcoming paper.
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