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1. Introduction

In this note we discuss the resonances of the three-
dimensional Schrodinger operator H, x with point in-
teractions of constant strength @ € R supported on the
discrete set X = {z,}Y_; C R®, N > 2. The correspond-
ing Hamiltonian H, x is associated with the formal dif-
ferential expression

(1.1)

where J(-) stands for the point J-distribution in R3. The
Hamiltonian H, x can be rigorously defined as a self-
adjoint extension of a certain symmetric operator in the
Hilbert space L?(IR?®); cf. Sect. 3 for details. Resonances
of Ha x were discussed in the monograph [1] and in sev-
eral more recent publications, e.g. [2—4], see also the re-
view [5] and the references therein.

Our ultimate goal is to obtain the asymptotic distribu-
tion for the resonances of H, x. To this aim, we define
the size of X by

N
—A+a Z §(x — x,) on R3,
n=1

N
Vx := max Z |Tr — Tr(nyl, (1.2)

welln ot

where IIy is the family of all the permutations of the
set {1,2,..., N}. A graph-theoretic interpretation of the
value Vx through so-called irreducible pseudo-orbits is
given in Remark 4.2. This definition of the size is moti-
vated by the condition on resonances for H, x given in
Sect. 4.1. As the main result of this note, we prove that
the number N, x (R) of the resonances of H,, x lying in-
side the disc {z € C: |z| < R} and with multiplicities
taken into account behaves asymptotically linear

Nax(R) = %R +0(1), R— oo, (1.3)

where the constant Wx € [0, Vx] does not depend on «
and can be viewed as the effective size of X. The con-
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stant Wx can be computed by an implicit formula. It is
not at all clear whether a simple explicit formula for Wx
in terms of X can be found.

In the proof of (1.3) we use that the resonance condi-
tion for H,, x acquires the form of an exponential poly-
nomial, which can be obtained by a direct computation
or alternatively using the pseudo-orbit expansion as ex-
plained in Sect. 4.3. Recall that an exponential polyno-
mial is a sum of finitely many terms, each of which is a
product of a rational function and an exponential; cf. the
review paper [6] and the monographs [7, 8]. In order to
obtain the asymptotics (1.3) we employ a classical result
on the distribution of zeros of exponential polynomials,
recalled in Sect. 2 for the convenience of the reader.

A configuration of points X for which Wy = Vx is
said to be of Weyl-type. We show that for any N > 2
there exist the Weyl-type configurations consisting of N
points. For two and three points (N < 3), in fact, any
configuration is of Weyl-type, as shown in Sect. 5.1. On
the other hand, we present in Sect. 5.2 an example of
a non-Weyl configuration for N = 4, for which strict
inequality Wx < Vx holds. We expect that such config-
urations can also be constructed for any N > 4. One can
trace an analogy with non-Weyl quantum graphs studied
in [9, 10]. Non-uniqueness of the permutation at which
the maximum in (1.2) is attained, is a necessary con-
dition for a configuration of points X to be non-Weyl.
Exact geometric characterization of non-Weyl-type point
configurations remains an open question. Besides that a
physical interpretation of this mathematical observation
still needs to be clarified.

It is worth pointing out that Ny, x (R) is asymptotically
linear similarly as the counting function for resonances
of the one-dimensional Schrédinger operator fdd—; +V
with a potential V' € C§°(R;R); see [11]. The exact
asymptotics of the counting function for resonances of
the three-dimensional Schrédinger operator —A+V with
a potential V' € C§°(R3; R) is known only in some special
cases, but for “generic” potentials this counting function
behaves as ~ R>, thus being not asymptotically linear;
see [12] for details.
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2. Exponential polynomials

In this section we introduce exponential polynomials
and recall a classical result on the asymptotic distribution
of their zeros. This result was first obtained by Polya [13]
and later improved by many authors, including Schwen-
geler [14] and Moreno [15]. We refer the reader to the
review [6] by Langer and to the monographs [7, 8].
Definition 2.1: An exponential polynomial F': C — C
is a function of the form

M
F(z)= Z 2/ A (2) %7 (2.1)
m=1
where v, e R,m =1,2,..., M, A,,(z) are rational func-
tions in z not vanishing identically, and the constants
om € R are ordered increasingly (omin := 01 < 02 <
e < OM = Omax)-
For example, for the exponential polynomial
z+1 22+,
F(z) = z5——el? 4 22— 217
(2) z—1 22+1
we have M = 2, v1 = 1, vy = 2, 01 = 1, 02 = 2,
. 2 .
Al(Z) = zii, AQ(Z) = zzii

The zero set of an exponential polynomial F' is defined
by
Zp:={z€C: F(z) =0}. (2.2)
For any z € Zp we define its multiplicity mp(z) € N
as the algebraic multiplicity of the root z of the func-
tion (2.1). Moreover, we introduce the counting function
for an exponential polynomial F' by

Nr(R) = Z

2€ZrNDRr

mg(z),

where Dg := {z € C: |z| < R} is the disc in the complex
plane centered at the origin and having the radius R > 0.
Thus, the value Nr(R) equals the number of zeros of F
counted with multiplicities and lying inside Dr. Now we
have all the tools at our disposal to state the result on
the asymptotics of Ng(R), proven in ([6], Thm. 6), see
also ([9], Thm. 3.1).

Theorem 2.1: Let F' be an exponential polynomial as
in (2.1) such that

lim A, (2) =a, € C\ {0}, Vm=1,2,...,M.
Z—00

Then the counting function for F' asymptotically behaves
as

Np(R) = @R +0(1), R-— .
3. Rigorous definition of H, x

The Schrédinger operator H, x associated with the
formal differential expression (1.1) can be rigorously de-
fined as a self-adjoint extension in L%(R®) of the closed,
densely defined, symmetric operator

Sxu := —Au,
dom Sx := {u € H*(R?): u|x = 0}, (3.1)
where the vector u|x = (u(x1),u(x2),...,u(zy))" € CV

is well-defined by the Sobolev embedding theorem ([16],
Thm. 3.26). The self-adjoint extensions of Sx with
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N =1 have been first analyzed in the seminal paper [17].
For N > 1 the symmetric operator Sx possesses a rich
family of self-adjoint extensions, not all of which corre-
spond to point interactions. The self-adjoint extensions
of Sx corresponding to point interactions are investi-
gated in detail in the monographs [1, 18], see also the
references therein. Several alternative ways for param-
eterizing of all the self-adjoint extensions of Sx can be
found in a more recent literature; see e.g. [19-21]. Below
we follow the strategy of [19] and use some of notations
therein. According to ([19], Prop. 4.1), the adjoint of Sx
can be characterized as follows:

e

N
dom Sy = {uzuo—i—z (§0n ,
n=1 n

ug € dom Sx, 0,61 € CV ],

-

Sxu = —Auyg
N —r —r
e~ _ 2e7"™
_Z <£0n +§1n <€ - )) y
el T'n Tn
where 7,: R® — Ry, r,(z) = |z — x| for all n =

1,2,...,N and & = {&on}il1, & = {&n}hl;. Next,
we introduce the mappings Iy, I : dom S% — CV by

F()’LL = 47'('6()

and

¢ N
IHNu:= { lim (u(x) — :")} .
T—Ty n ne1

Eventually, the operator H,, x is defined as the restric-
tion of S%

(3.2)

Ho xu = Sxu,

dom Hy x :={u € dom S%: INu = alou}, (3.3)
cf. ([19], Rem. 4.3). Finally, by ([19], Prop. 4.2], the op-
erator Ho, x is self-adjoint in L?(R?®). Note also that the
operator H, x is the same as the one considered in ([1],
Chap. II.1). We remark that the usual self-adjoint free
Laplacian in L?(R3) formally corresponds to the case
a = oo.

4. Resonances of H, x

The main aim of this section is to prove asymptotics of
resonances given in (1.3). Apart from that we provide a
condition on resonances through the pseudo-orbit expan-
sion, which is of independent interest and which leads to
an interpretation of the constant Vx in the graph theory.

4.1. A condition on resonances for Hq x

First, we recall the definition of resonances for H, x
borrowed from ([1], Sec. II.1.1). This definition provides
at the same time a way to find them. To this aim we
introduce the function

Fa,X(/{) = (41)

ik ~ N.N
det l{ (a — 47r> Onns — Gy — mn/)}n’n/ﬂ} ;
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where d,,,,/ is the Kronecker symbol and éﬁ() is given by

Go(a) = {0

z=0,
x #0.

We say that kg € C with Imky < 0 is a resonance of
He, x if

Fa;X<"€0) =0, (42)
holds. The multiplicity of the resonance kg equals the
multiplicity of the zero of Fi, x(-) at k = kg. In our con-
vention true resonances and negative eigenvalues of H,, x
correspond to Imky < 0 and Imkg > 0, respectively.
According to ([1], Thm. II.1.1.4) the number of nega-
tive eigenvalues of H,, x is finite and in the end it does
not contribute to the asymptotics of the counting func-
tion for resonances of Hq,, x. A connection between the
above definition of the resonances for H, x and a more
fundamental definition through the poles of the analytic
continuation of the resolvent for H, x can be justified
through the Krein formula in ([1], §I11.1.1, Thm 1.1.1).

It is not difficult to see using standard formula for
the determinant of a matrix that F, x is an exponen-
tial polynomial as in Definition 2.1 with the coefficients
dependent on « and on the set X.

eirlel /(4rlal),

4.2. Asymptotics of the number of resonances

Recall the definition of the counting function for reso-
nances of Hq, x.

Definition 4.1: We define the counting function
Na.x (R) as the number of resonances of H, x with mul-
tiplicities lying inside the disc Dg.

Now, we have all the tools to provide a proof for the
asymptotics of resonances (1.3) stated in the introduc-
tion.

Theorem 4.1: The counting function for resonances of
Ha,x asymptotically behaves as

Nax(R) = %R +0(1), R— oo, (4.3)

with a constant Wy € [0, Vx|, where Vx is the size of X
defined in (1.2). In addition, Wx is independent of c.

Proof. The argument relies on the resonance condi-
tion (4.2). Note that the element of the matrix under
the determinant in (4.1) located in the n-th row and the
n/-th column is a product of a polynomial in x and the
exponential exp(iklyy, ) with £y, = |, — x,/|. Hence,
expanding Fi, x by means of a standard formula for
the determinant, we get that each single term in Fy, x
is a product of a polynomial in x and the exponential
exp(iﬁzgzl Lyr(n)), Where m € Iy is a permutation of
the set {1,2,...,N}.

The term with the lowest multiple of ix in the ex-
ponential is (a - i—:)N, i.e. there is no exponential at
all and hence oy, = 0. The largest possible multiple
of ik in the exponentials of Fi, x is Vx. Hence, we get
omax < Vx. The equality opax = Vx is not always sat-
isfied. If the polynomial coefficient by exp(ikVx) van-
ishes, we have strict inequality omax < Vx. Finally,
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Theorem 2.1 yields
1%
Nax(R) = Ni, < (R) = —=

with some Wy € [0, Vx].

The term with the largest multiple of ik in
the exponent can be represented as a product
P (a - ﬁ) exp(ikomax), where P is a polynomial with
real coeflicients of degree < N. For simple algebraic rea-
sons, if this term does not identically vanish as a function
of k for some o = g € R, then it does not identically
vanish in the same sense for all & € R. Hence, we obtain

by Theorem 2.1 that Wx is independent of a. O

The argument in Theorem 4.1 suggests the following
implicit formula for the constant Wy

Wy = inf{w €[0,00): Jim ™! |Fy x(~it)| = o},
oo

where F,, x(-) is as in (4.1).

Remark 4.1: The proof of Theorem 4.1 gives slightly
more, namely the case Wx < Vx can occur only if the
maximum in the definition (1.2) of the size Vx of X is
attained at more than one permutation, as otherwise can-
cellation of the principal term in the exponential polyno-
mial Fi, x can not occur.

4.8. Pseudo-orbit expansion for the resonance condition

The resonance condition (4.2) can be alternatively ex-
pressed by contributions of the irreducible pseudo-orbits
similarly as for quantum graphs [22-24]. This expression
is just yet another way how to write the determinant.
However, in some cases one can easier find the terms of
the determinant by studying pseudo-orbits on the cor-
responding directed graph and, eventually, verify their
cancellations.

Consider a complete metric graph G having N vertices
identified with the respective points in the set X and
connected by w edges of lengths £,y = |z, — |-
To this graph we associate its oriented G’ counterpart,
which is obtained from G by replacing each edge e of G
(e is the edge between the points with indices n and n’)
by two oriented bonds b, b of lengths b = [b] = Lo
The orientation /(\)f the bonds is opposite; b goes from z,,
to x,, whereas b goes from x,;/ to z,.

Definition 4.2: With the graph G’ we associate the
following concepts.
(a) A periodic orbit v in the graph G’ is a closed path,
which begins and ends at the same vertex, we label it
by the oriented bonds, which it subsequently visits v =
(b1,ba,...,by,).
(b) A pseudo-orbit 7 is a collection of periodic orbits ¥ =
{71,72,-- -,V }- The number of periodic orbits contained
in the pseudo-orbit ¥ will be denoted by [7], € Np.
(¢) An irreducible pseudo-orbit 7 is a pseudo-orbit which
does not contain any bond more than once. Furthermore,
we define
elirlb;]
2y = I1 (-7

bjey
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For |¥], = 0 we set By := 1. We denote by O,, the set
of all irreducible pseudo-orbits in G’ containing exactly
m € Ny bonds. Note that the total length of 7 is given
by ijeﬁ |bJ |

Note that any permutation m € IIy can be represented
as a product of disjoint cycles ([25], Sec. 3.1)

'7vn1)(vn1+1a e

(Um+...+nm<,r)_1+17 ..

7T:(’U1,’U2,-- -7Un1+7’b2)"‘

] Un1+...+nm(7r) )7

where m(7) is the number of them, n; = n,(7) is the
length of the j*"-cycle, and n(m) is the number of cycles
in 7 of length one. In this notation, each parenthesis
denotes one cycle and e.g. for a cycle (vq,va,...,v,,) it
holds that 7(v1) = va, w(v2) = v3, ..., T(Vp,) = v1.
The permutations Il are in one-to-one correspondence
with irreducible pseudo-orbits in Definition 4.2 through
the decomposition into cycles; cf. ([22], Sec. 3). Namely,
an irreducible pseudo-orbit 7 = F() consists of periodic
orbits, each of which is a cycle of 7 in its decomposition,
satisfying n;(m) > 1.

With these definitions in hands, we can state the fol-
lowing proposition, whose proof is inspired by the proof
of (|22], Thm. 1).

Proposition 4.1: The resonance condition F, x (k) =0
in (1.2) can be alternatively written as

> sign wﬂ ((a—;:) (Snﬂ(n)—én(xn—mﬂ,(n))) -
N . N-n
(DYDY (~D)IlBs(k) (Z;—a) = 0.

Proof. Expanding the determinant in the definition of
Fo x we get

Fox(k) = Z sign 7

welln

X nl]i ((a - ;’:) Spm(n) — Gu(n — wﬁ(n))) . (4.4)

According to ([26], Sec 4.1), we have signm =
(=1)N+m(™)  SQubstituting this formula for sign 7
into (4.4), making use of the correspondence between ir-
reducible periodic orbits and permutations, the formula
m(m) = n(m) + |3(7)|o, and performing some simple re-
arrangements, we find

N
Fox(k) = Z Z sign 7

n=0 = ¢y

n(rt) =N —n
N iK ~

- 6 - rk\ts = Lr(s
L (0= 37 o =Gt =

N ik N-—n
> S B ) (o ) =

X
~
Il

"
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Remark 4.2: In view of Proposition 4.1, the value Vx
in (1.2) can be interpreted as the maximal possible total
length of an irreducible pseudo-orbit in the graph G’.

5. Point configurations of Weyl- and
non-Weyl-types

Recall that a configuration of points is said to be of
Weyl-type if Wx = Vx and of non-Weyl-type if Wx <
Vx. In this section we provide examples for both types
of point configurations and discuss related questions. For
the sake of convenience, for a configuration of points X =
{x,}N_| and a permutation 7 € Iy we define

N
v (m) = Z |T0 — Zre(m)]-
n=1

5.1. Weyl-type configurations

First, we show that for low number of points non-Weyl
configurations do not exist.
Proposition 5.1: For N = 2,3, Wx = Vx holds for any
X = {$n},1y:1-

Proof. For N = 2, we have Vx = 2/{15.
and (4.2) we obtain the resonance condition

i/{ 2 62 i Iif12
——a) ——=0.
(47‘(‘ ) (47Tf12)2
Obviously, the coefficient at e!*V* does not identically
vanish and the claim follows from Theorem 2.1.

Let N = 3. Without loss of generality we assume
that ¢19 > fo3 > f13. By triangle inequality we have
l12 + lag + €13 > 2¢15. The equality is attained only if
all three points belong to a straight line. Hence, we have
Vx = l19 + €23 + €13, which is attained at the cyclic shift,

having the decomposition 7 = (1,2,3). From (4.2) we
obtain the resonance condition

(3; ‘a>3 B Q: —a) f(r) +g(k) =0,

where
f( ) 1 <e2il~eZ12 eQi/{l% 9211-@[13 )
KR) = + + ,
(4m)2 \ (£12)? (l23)2 (£13)2
2ei"(Z12+323+€13)

9(r) = (A7)3 012003015

For simple algebraic reasons, in both cases f15 + f23 +
li3 > 2015 and 19 + lo3 + £13 = 215 the coefficient at
e*Vx does not vanish identically and the claim also fol-
lows from Theorem 2.1. O

From (4.1)

Next, we show that Weyl-type configurations are not
something specific for low number of points and they can
be constructed for any number of them.

Theorem 5.1: For any N > 2 there exist a configuration
of points X = {z,,})_; such that Wy = Vx.

Proof. We provide two different constructions for the
cases of even and odd number of points in the set X.
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For N = 2m, m € N, we choose the configuration
X = {z,}?™ as follows. First, we fix arbitrary distinct
point 21,22, ..., %, on the unit sphere S? C R3, so that
none of them is diametrically opposite to the other. Sec-
ond, we select the point z,,,x € S?, k = 1,...,m to be
diametrically opposite to zp. For simple geometric rea-
sons, we have Vy = 4m and this maximum is attained at
the unique permutation 7 having the following decompo-
sition into cycles m = (1,m+1)(2,m+2)...(m,2m). In
view of Remark 4.1, we conclude that Wx = Vx.

For N =2m + 1, m € N, we choose the configuration
X = {x,}2™ ! as follows. First, we distribute the points
{2, }2™, on S? as in the case of even N. Second, we put
the point xo,,,1 into the center of S2. If a permutation
7 € Iy, +1 does not contain the cycle (2m + 1), then we
have vx(m) < 4m and the case of equality occurs only
for the permutations

m=1m+1(2m+2)...

(m—1,2m — 1)(m, 2m,2m + 1),
m=(1,m+1)(2,m+2)...

(m—1,2m — 1)(m,2m + 1,2m),
w3 =(I,m+1)(2,m+2)...

(m—2,2m —2)(m —1,2m — 1,2m + 1)(m, 2m),
m=1,m+1)(2,m+2)...

(m—2,2m —2)(m —1,2m + 1,2m — 1)(m, 2m),
Tom—1 = (2,m+2)...

(m—1,2m —1)(m, 2m)(1,m + 1,2m + 1),
Tom = (2,m+2)...

(m—1,2m —1)(m,2m)(1,2m + 1,m + 1).

If a permutation 7w € II5,,+1 contains the cycle (2m + 1),

then we again have vy (7) < 4m and the case of equality
happens for the unique permutation

Tom+1 = (L,m+1)(2,m+2)...(m,2m)(2m + 1).

Hence, we obtain that Vx = 4m. Moreover, the expo-
nential polynomial F, x in (4.1) can be written as
_ mAM +ATO — 1K (4,
Fox(k)=(-1) SE ()BT + go(x)
L
+ z:gl(ﬁ)eurm7
1=1

where o; € (0,4m) and go,g; are polynomials, | =
1,2,..., L. Finally, by Theorem 2.1 we get Wx = Vx =
4m. O

5.2. An example of a non-Weyl-type configuration

Eventually, we provide an example of a configuration
of points X = {z,}%_, for which Wx < Vx in Theo-
rem 4.1, since there will be a significant cancellation of
some terms.

For a,b,c > 0, we consider a configuration of points
X = {x,}t_,, where

Ty = (07030)T7 To = (au _b7 O)Tu
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T3¢ -
X Ta !
S e R E et P2
| |
i C 332‘6—
= =l

a
Fig. 5.1. Discrete set X = {x, }a_; related to example

in Section 5.2.

T3 = (a,b,O)T7 Ty = (C,O7O)T;

see Figure 5.1. Notice that

b1 = Va2 + b2, loz = 2b,

(a —c)? + b2, (5.1)
Let us assume that b and ¢ are sufficiently small in com-
parison to a, being more precise 2b + ¢ < Va2 +b% +

V(a —¢)? 4+ b2. Let us first write down the general reso-
nance condition (4.2) for four points.

4 _ 202, 2 2., 2 2 2
co —cplel + ¢35+ ¢+ ¢+ ¢z +¢5) + 2co(crcacs

2 2 2 2
+cic3C5 + Cc2C3C6 + 040506) + cjcg + cacy

634 - 614 = C.

2 2
+c3¢; — 2(c1eac566 + crcgcace + cacscacs) =0,

where
ik eif@élg einflg
Co =« — — C1 = — = —
47’(‘7 47T€12 ’ 47T€13 ’
elirlia eirtas elirf2q
C3 = — ) = - ) Cs = — )
4’/T€14 47’(623 47T€24
eif£€34
Ceg — — .
4’/T€34
In our special case we have
lig = b1z, l3q4 = Loy
and

big + €34 > lig + Lo,
Moreover, using (5.1) we get

b1 + oz + l3q + l14 = 20+ c + \/a? + b2
+\/(a—c)2+62<2\/a2—|—b2—|—2\/(a—c)2—|—b2:

bio + l3q + b1z + Log. (5.3)
The elements of the group I, can be decomposed into
disjoint cycles as:

(5.2)

m = (1)(2)(3)(4), m2 = (3,4)(1)(2), w3 = (2,3)(1)(4),
Ty =(2,3,4)(1), 75 =(2,43)(1), m=(2,4)(1)(3),
7 = ( 2)(3)(4)7 T8 = (1,2)(3,4)7 T = (1,2,3)(4)7
mo = (1,2,3,4), m1=(1,2,4,3), ma=(1,2,4)(3),
)3, ma = (1,3,4,2), m5=(1,3)(2)(4),

Using the above decompositions
and (5.2), (5.3) we find

Vx (7r8) = VX(ﬂ—ll) = VX(7T14) =VXx (71—17) > Vx (7T10) =

of permutations
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Vx(ﬂ'lg) =Vx(7T19) = Vx(ﬂ'gg) > ... > Vx(71'1) =0.

Hence, VX = Vx(’iTg) = Vx(’iTu) = Vx(71'14) = Vx(7T17)
and in view of (5.2) the leading term corresponding to
exp(ikVx) in the resonance condition (4.2) cancels
2ik(L12+L34) 2ik(l13+024)

e (§
(4m)403,03, (4m)3503,
2 ein(flz+f34+el3+524)

(4m)* 12034013004

However, the succeeding term in the condition (4.2) cor-
responding to the exponent exp(ikvx(mig)) does not
cancel

9 eir(liztlas+Llaatlia)
(4m)4 (

eir(lis+lostLloatlia) )
0

l12€23034014

+
613£23£24£14

Finally, we end up with

Wx =vx(m0) = vx(ms) = vx(mg) = vx(m3) < Vx.

6. Conclusions

In this note, we considered the three-dimensional
Schrodinger operator #H,, x with finitely many point in-
teractions of equal strength o € R supported on the dis-
crete set X. As the main result, we obtained that the
resonance counting function for H,, x behaves asymptot-
ically linear. The constant coefficient standing by the
linear term in this asymptotics can be seen as the effec-
tive size of X.

The obtained law of distribution for resonances is
very much different from the behaviour of the resonance
counting function for the three-dimensional Schrédinger
operator with a regular potential [12]. On the other hand,
it resembles the corresponding law for one-dimensional
Schrodinger operators with regular potentials [11] and
for quantum graphs [9, 10].

We associated a complete directed weighted graph G’
with the configuration of points X in a natural way. The
effective size of X can be estimated from above by the
actual size of X defined as the maximal possible total
length of an irreducible pseudo-orbit in the graph G'.
An implicit formula for finding the effective size of X
was given. We also provided examples showing sharp-
ness of our upper bound on the effective size of X. Point
configurations for which the effective size of X is strictly
smaller than its actual size can be seen as analogues of
‘non-Weyl” quantum graphs [9, 10]. The physical exper-
iment which could illustrate mathematical results found
in this paper still awaits realization; one of the possibili-
ties could be to use microwave cavities (see e.g. [27]).
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