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1. Introduction

Spectral properties of quantum graphs are closely re-
lated to topological and geometric properties of the un-
derlying metric graph [1, 2]. Therefore it appears im-
portant to study behaviour of the spectrum under the
change of the metric graph. Different transformations
of the underlying metric graph have been considered [3—
11]. Our goal today is to understand what happens to
the spectrum if the graph is cut into two or more pieces
or if two or more graphs are glued into one. We call such
changes in the metric graph structure by surgery. This is
a hot topic these days, but the most relevant source to our
opinion is the recent paper [12], where approach based on
the generalisation of the Titchmarsh—Weyl M-functions
is developed. That paper uses sophisticated theory of
such matrix-valued functions, but it appears that many
properties of these functions follow directly from their
representations in terms of the Laplacian eigenfunctions.
The goal of the current paper is to make an elementary
introduction into this theory drastically simplifying [20]
and to provide illustrative examples.

2. Quantum graphs — brief introduction
2.1. Definition of the operator

Under quantum graphs we understand ordinary dif-
ferential equations on metric graphs coupled via certain
vertex conditions [13-15]. In the current paper we un-
derstand the metric graph I' as a union of compact
intervals [xon—1,%2,], n = 1,2,..., N with end-points
belonging to the same vertex identified. Each vertex
Vi, m = 1,2,..., M, can be understood as an equiv-
alence class of end-points V;, C V' = {z;}3Y,. Of course
we assume that V,,, N V,,» = (), provided m # m’ and
uM_ v, =V.

We restrict our studies here to the Laplace differential
operator

d2
dx?
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defined as a self-adjoint operator in the Hilbert space
Lo(T) = @Y1 Ly (w201, Ton)-

The domain of this operator consists of all functions hav-
ing square integrable second derivative (in the generalised
sense) and satisfying standard vertex conditions at every
vertex V,,. Standard vertex conditions mean that the
function is continuous and its first derivatives satisfy the
following balance equation:

Z Ou(x;) =0,

T;EVm

(2.1)

where Ju(z;) denotes the normal derivatives at x; — the
limiting values of the first derivative taken in the direc-
tion inside the edge. The limit is taken from inside the
edge. Standard conditions at vertices of degree one is
nothing else than the usual Neumann conditions. In ad-
dition we are going to use the Dirichlet conditions, but
only at vertices of degree one. (The Dirichlet conditions
imposed at any vertex of larger degree imply that the
vertex is decomposed into a set of independent vertices
of degree one with the Dirichlet vertex conditions.) The
standard Laplacian on a metric graph I' is uniquely de-
termined by the graph, therefore we are going to call its
spectrum by spectrum of I

2.2. Elementary spectral properties

The spectrum of a quantum graph is discrete and tends
to oo satisfying Weyl’s asymptotic law

o (2

where £ is the total length of the graph

N
L= (r2n — w2n-1).
n=1

Note that we consider just connected graphs formed by
a finite number of compact intervals. The asymptotic
behaviour of the spectrum determines the Euler charac-
teristics of the underlying metric graph [1, 2.

The lowest eigenvalue for the standard Laplacian is
A1 = 0 is simple provided the graph is connected. The
corresponding eigenfunction is ¢; = 1. The spectral gap
— the difference between the two lowest eigenvalues Ao —
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A1 — coincides with 9. Our interest in investigating the
spectral gap in connection to the structure of the metric
graph is motivated by its discrete counterpart, where it
was called algebraic connectivity by Fiedler [16].

The spectral gap for quantum graphs has been studied
intensively during recent years. The first observation was
that [10, 17, 18]:

2
Ao (I) > ( ﬁ) .
This result was extended in [4, 10] for two-connected (or
equivalently bridgeless) graphs
2
Az 24 (c) '

The difference between these two estimates is usually ex-
plained by the fact that the circle is “more connected”
than the interval. One may carry out the following ex-
periment. Let us consider what happens to the spectral
gap if two intervals of lengths a and b are glued together.
The obtained graph is a circle of length a+b (Fig. 1) and
the following inequality holds:

M(I) = (Tb) > min Dho([0, a]), Ae([0.5)] . (2.2)

b

Fig. 1.
a and b.

Gluing together two segments of lengths

This behaviour is surprising, since the spectral gap has
a tendency to decrease as the length of the graph in-
creases (due to Weyl’s asymptotics). Hence when two
graphs are glued together one expects that the spectral
gap decreases as in the case where the intervals are joined
together at one point
T

A2([0, a + b)) = (a =

Our goal is to understand this phenomenon in more de-
tail by investigating behaviour of the spectral gap when
two graphs are glued together. Our approach is based on
the corresponding Titchmarsh—-Weyl M-function and the
answer is given in terms of this function.

An alternative approach was developed in [5, 8, 9, 11],
where spectral properties of graphs in relation to their
connectivity are studied.

3. Titchmarsh—Weyl M-function: definitions and
explicit formulae

The classical Titchmarsh-Weyl function M (\) was in-
troduced for the one-dimensional Schrédinger operator

) < min {A\2(]0, a]), A2([0,0])} .
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on the semi-axis [0,00) by the following formula ([19],
see also [20] for the history and further references):

M) = (k,0)/u(k,0), (3.1)
where u(k, x) is any nontrivial square integrable solution
of the corresponding stationary Schrédinger differential
equation

—ull (k,2) + q(x)u(k,2) = Mu(k,2), k2 =X (3.2)
The semi-axis [0,00) can be considered as a quantum
graph with the natural boundary point = 0.

In order to generalise this definition for an arbitrary
quantum graph one should first choose a certain vertex
set 0I' C V' — to be called the boundary of I'. Let us
denote by B the number of points in 0I'. All vertices in
I' that do not belong to 91" will be called internal ver-
tices. Consider now any function u, which is a solution
to the differential Eq. (3.2) on every edge, continuous
on I' and satisfies the balance Eq. (2.1) at all internal
vertices, i.e. vertices from V \ 9I'. It is very important
to realise that every such function u is assumed to be
continuous not only at internal vertices V' \ OI' but at
the boundary vertices 1" as well. For S\ # 0 such solu-
tion is uniquely determined by its values at the boundary
points ulgr € CPB. Hence it is straightforward to define
the matrix valued function

M (N) s ulor — Oular. (3.3)
The relation is linear, therefore M*'()\) will be identified
with the corresponding B x B matrix, where B is the
number of points in 9I'. For simplicity, we are going to
skip the dependence of M’ (\) upon the choice of the
boundary set.

Most important properties of this matrix-valued func-
tion are summarised below:

e M ()\) is a B x B matrix valued Herglotz—
Nevanlinna function (see definition in [21]) with a
discrete set of zeroes and singularities on the posi-
tive real axis.

e M-function is well-defined for almost all real A. For
every such A € R, M()) is a Hermitian matrix and
therefore it has precisely B real eigenvalues.

Let us remind the following;:
Definition 1. A matrix-valued function M ()\) is called
Herglotz—Nevanlinna if and only if

(1) it is analytic outside the real axis A € R;

(2) it has positive imaginary part in the upper half-
plane

SM(N) > 0, provided SA > 0; (3.4)
(3) it is symmetric with respect to the real axis
M*(\) = M(\). (3.5)

Using general theory of finite rank singular perturba-
tions [22| one may prove the following explicit formula
for the Titchmarsh—Weyl function.

Theorem 1. Let us denote by u,, and v, the eigenvalues
and normalised eigenfunctions of the standard Laplacian
on I', then it holds
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MP(\) =

—1
. <¢7L‘3Fa'>(CBwn|BF
B

n=1

(3.6)

where v,|or € CB denotes the restriction of the eigen-
function ,, to the boundary dI" — a finite dimensional
vector; and (-, -)¢s is the scalar product in CB.

Proof. The proof is straightforward if one takes into ac-
count that the resolvent kernel 7 (z, y) of the Schrédinger
operator on I' can be written as

o . V(Y)Y ()

Then the function u appearing in the definition of the
M-function (3.2) can be expressed as

z“’" > Ul

y€8F

This gives us (3.6). O

Note that the vectors ¥, |9 do not form any orthonor-
mal basis in C?, but span the whole space up.

All properties of M-functions listed above follow di-
rectly from this formula, moreover we see that:

(1) The M-function is determined by the traces of the
standard eigenfunctions on the boundary 91", no knowl-
edge of the eigenfunctions “inside” the graph I is re-
quired.

(2) Only those eigenfunctions that are not identically
equal to zero on the boundary contribute into the M-
function.

(3) The M-function is invertible for all A € C\ R and
almost all A € R.

A similar result can be obtained using the Dirichlet
eigenfunctions — the eigenfunctions of the Laplacian on
I' defined on the functions satisfying the Dirichlet vertex
conditions on the boundary 0I' and standard conditions
at all internal vertices.

Theorem 2. Let us denote by u2 and ¥2 the eigenval-
ues and normalised eigenfunctions of the standard Lapla-
cian on I' with the Dirichlet conditions on I, then it
holds
- A= N
ME(\) = ME(N) =
M=M= D ==

(0 lors ) e 0y lor (3.7)
where OY|5r denote the vectors of normal derivatives
of the Dirichlet eigenfunctions on the boundary 9" and
(-,-)cs is the scalar product in C5.

The proof of this theorem is completely analogous
to the proof of Theorem 1, but instead of the stan-
dard Schrédinger equation one needs to use the Dirichlet
Schrodinger operator [14].

We see that the Dirichlet spectral data allow one to
determine M-function up to a constant matrix. One may
combine the two theorems to get the following explicit
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formula:
MT(\) = - (i <¢n|8F>%|6F>
n=1 Hn
M7T(0)

oo

A
+) ———— (3P or, Ve OYP |or .
ZM?(#E*)\)< U |or, ) ce Oy, [or

(3.8)

MT(X)—MT(0)
One should use this formula with certain care, since
u = 0 is an eigenvalue of the standard Laplacian on I'.

Therefore the matrix Y -, w is singular,
but its inverse is well-defined. One should understand
MT(0) as the following limit limy_,o- MT()).

We may draw similar conclusions:

(1) The M-function is determined by the traces of the
Dirichlet eigenfunctions on the boundary 01", no knowl-
edge of the eigenfunctions “inside” the graph I' is re-
quired.

(2) Only the Dirichlet eigenfunctions having not iden-
tically equal to zero normal derivatives on the boundary
contribute to the M-function.

We would like to stress that the functions 1, and 2
are eigenfunctions of the Schrodinger operators on I" with
different vertex conditions on 9I'. Hence these functions
are normalised as elements of the Hilbert space Lo(T).
Their restrictions to the boundary 91", the vectors ¢, |sr
and 9P |0, do not form any orthonormal system in
C5.

Formulae (3.6) and (3.7) imply that the eigenvalues of
the standard Laplacian on I' can be seen in some sense
as zeroes of the M-function, while the eigenvalues of the
Dirichlet Laplacian correspond to the singularities of M.
One has to be careful with the definitions, since we are
dealing with matrix-valued functions. In particular, ze-
roes and singularities may occur simultaneously.

4. M-function and the spectrum

We are going to use the following natural definitions:
Definition 1. The Titchmarsh-Weyl function M (\) has
a singularity at A = p iff there exists b such that

[[M(MN)b]| = c0as A — (4.1)

holds. The multiplicity of the singularity is equal to the
dimension of the subspace spanned by all vectors b sat-
isfying (4.1).
Definition 2. Titchmarsh-Weyl function M()\) has a
generalised zero at p iff —M~1()\) has a singularity at p.
The multiplicity of the zero coincides with the multiplic-
ity of the corresponding singularity.

Using these definitions we may provide explicit char-
acterisation of some part of the spectrum using M-
functions. Typical behaviour of the energy curves for
MT(\) can be seen in Figs. 2 and 3 in the cases B = 2
and B = 3.

Theorem 3. The Titchmarsh—Weyl M-function deter-
mines certain eigenvalues of the standard and Dirichlet
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Laplacians as follows:

1. If \g is a generalised zero of M, then Ay belongs
to the spectrum of the standard Laplacian;

2. If )¢ is a singular point for M, then Ay belongs to
the spectrum of the standard Dirichlet Laplacian;

3. The interval (—oc, 0) is free from zeroes and singu-
larities;

4. The point A = 0 is a generalised zero and therefore
an eigenvalue of the standard Laplacian;

5. The matrix-valued function M!'()\) is negative on
(—00,0), i.e. it satisfies the inequality M*(0) < 0;

6. Between the singularities, the eigenvalue curves of
MT(\) are monotone and analytic functions of \.

Proof. Most of the statements are direct corollaries of
the formulae (3.6) and (3.7). One needs to take into
account that the standard Laplacian is non-negative with
the unique eigenfunction 1 (z) = 1 corresponding to the
lowest eigenvalue A\; = 0 (since we assume that the Graph
I’ is connected). This eigenfunction has trace ¢1|or =
(1,1,...,1) and can be seen from M’. The standard
Dirichlet Laplacian is a positive operator.

Monotonicity of the eigenvalue curves follow from the
following formula, that is obtained by differentiating
(3.8):

= 1
D M) =S (0P or, Yes0Por
oA n—1 (:U’n - >\)

(4.2)
implying that %M F(X) is a sum of projectors with pos-
itive coeflicients. O

Note that this theorem does not imply that all eigen-
values of the standard and standard Dirichlet Laplacians
can be determined from the Titchmarsh—-Weyl function.
In what follows we are going to prove that the lowest
eigenvalues can be seen from M!. We first prove the
following crucial lemma showing how one may determine
the zeroes and singularities.

It will be convenient to denote by o(M7T'()\)) the

spectrum of the Hermitian matrix M ()\) for real non-
singular A.
Lemma 1. (Lemma 4.7 from [12]) The number r(x) of
generalised zeroes (counted with multiplicities) of M to
the left of any point A\g € R can be calculated using the
following formula

o) = Y0 WP ()

uP <o

(4.3)

+ lim # {positive eigenvalues of M ~1()\g — e)} ,
e—0

where mP (12) is the dimension of the detectable Dirich-
let eigensubspace (i.e. the dimension of the subspace in
C?B spanned by 9¢(\)|ar) corresponding to ul.
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Proof. Let us use formula (3.6) to see that M’ has the
following structure near the singularities:

1
r
MEQA) = T3t FY
analytic
where C), is a nonnegative Hermitian matrix, its rank is
equal to the dimension m?” (u2) of the detectable Dirich-
let eigensubspace. For every A between the singularities
of M there are precisely B eigenvalues x;()) of M1 ()\):

z;(\) € a(MT(N).

In the region A < 0 we define y;(\) = arctanx;(\). Their
values are in the interval (—m/2,0). For general A\ each
curve y;(A) = arctanz;(\) is defined as continuous and
monotone. One has to be careful just at the singulari-
ties of M T, between the singularities the corresponding
energy curves are naturally monotone and continuous.
In this way we get precisely B monotone curves in the
half-plane (), y) € (—o0,00) X [—7/2,00).

Zeroes of MT'()\) correspond to those A for which one of
the modified curves crosses one of the lines y = 7n, n =
0,1,2... Hence the number of zeroes to the left of any
regular Ay is equal to the number of positive eigenvalues
of M¥()\o) plus the number of times the modified energy
curves cross the lines y = 7/2 +mn, n = 0,1,2... The
second sum is equal to ), b, mP (uP). To cover even
not regular A¢ the formula should be modified as (4.3).

O

This lemma gives us a tool to estimate the lowest eigen-
values for any graph I', since the lowest eigenvalues are
always detectable due to a generalisation of the Courant
theorem
Theorem 4. (see [23], also included in [12]). The ground
state eigenfunction 1, chosen nonnegative satisfies

e for the standard Laplacian

Y1(x) #0 (ie. Y1(x) >0 >0, 2 €T); (4.4)

e for the standard Dirichlet Laplacian with Dirichlet
conditions introduced on a subset of vertices denoted by
or

YP(x)=0szcar,
provided the graph I" \ 0I is also connected.

The theorem implies in particular that the traces
OYP(N)|ar are different from zero, since otherwise the
eigenfunction is equal to zero on the edges directly con-
nected to the boundary points. Hence the lowest Dirich-
let eigenvalues always contribute to formula (3.7).

(4.5)

5. Gluing procedure and the spectral gap

Consider two metric graphs I7 and I5. Pick up two
sets of vertices OI'; = {V,,,(I';)} _; - of the same size.
Then the glued graph I is the union of the original graphs
I'1 U I'; with points belonging to 01y and 01 identified
pairwise. We are going to use the following notation:

I'= 1 Uy I3,
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assuming that the boundaries of the original graphs and
the way they are glued together are clear.

We are interested in the behaviour of the spectral gap
under the gluing procedure. As we know, the eigenval-
ues of a quantum graph are inverse proportional to the
squared total length. Hence it is natural to expect that
the spectral gap decreases under gluing since the total
length of the glued graph is obviously larger than the
lengths of each of the original graphs. It appears that
this is not always the case, therefore let us investigate
under which conditions the spectral gap becomes larger
under gluing.

The answer to this question can be given in terms of
the corresponding M-functions. Let us first note that
M-function for the glued graph is just equal to the sum
of M-functions associated with the original parts:

Mol (\y = M (\) + MT2(N), (5.1)
of course provided OI' is just the set of glued together
vertices. This formula holds only because we assume
standard vertex conditions at the vertices of the glued
graph.

It follows that all singularities remain and their mul-
tiplicities are just multiplicities of the detectable eigen-
functions of the parts. Therefore one may easily calculate
the first sum in (4.3). Generalised zeroes on opposite are
not preserved. A generalised zero )\ is preserved if and
only if the traces of the two eigenfunctions on Iy and I
are parallel

wpl ()‘0)|3F1 = ¢F2 (AO)|3F2'

The following theorem can be proven:
Theorem 5. (Theorem 5.2 from [12]). The spectral
gap of the standard Laplacian increases under the
gluing procedure if and only if one of the following two
conditions is satisfied:

)\Q(F) > III]IH{)\Q(F])}7 (52)

if one of the following two conditions is satisfied:

(1) ming{Ao (1)} < ming{ A (I})} and M (min; {A2(1})}
has exactly one positive eigenvalue;

(2) ming {AP (1)} < ming{Ao(1})} < max;{\P ()} and
lime o # {positive eigenvalues of M (min;{A2(I;)} +€)}
= 0. Of course, the role of graphs I} and I can be
exchanged. The spectral never grow if there is just one
gluing point. This may be explained by the fact that
such gluing does not increase connectivity of the graph.
In what follows we illustrate this theorem by providing
explicit examples when the spectral gap is growing.

6. Examples

6.1. Gluing two segments

This is an illustration to the second case in Theorem 5.
Consider two segments of lengths a = 1 (graph I'}) and
b= 0.5 (graph I';) joined together as shown in Fig. 1.

The corresponding M-functions are plotted in Fig. 2
with k-variable on the horizontal axis. The lengths are
adjusted so that

P. Kurasov

a(MT)
a0/
20+
: 6 : 10
k

Fig. 2. Eigenvalue curves for two segments of lengths
1 and 0.5 and the loop of length 1.5.

Xo(Iy) = AP (Ih) = 7%, Ao (1) = AP (1) = (2m)°.

In addition we have that just to the right of the point 7 =
ko(I')) = /A2(I1) the function M’ has two negative
eigenvalues. As the result we have
Ao(T) = (3/2m)2 > w2 = \o(I).
It is clear that the cycle graph has higher connectivity
than the segments.

6.2. Gluing two 3-stars

This is an illustration for the first case in Theorem 5.
Consider two 3-star graphs with edge lengths 2,1.5,1 and
0.4,0.2,0.5 glued together as shown in Fig. 3.

=~ >-<>

Fig. 3. Gluing together two star graphs with edge
lengths 2,1.5,1 and 0.4,0.2,0.5 and the glued graph.

The corresponding M-functions are plotted in Fig. 4
using variable k again. The lengths of the edges are cho-
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a(MT)
5,
=d‘:;|-—-"—,-—"r(l ‘5
5L
5,
a(MT2)
4
2
0.5 1.‘0 1‘5
-2]

Fig. 4. Eigenvalue curves for star graphs with edge
lengths 2,1.5,1 and 0.4,0.2,0.5 and for the glued graph.

sen so that A\o(Ih) > AP(I).
~—— ——
(~1.05)? (~0.8)2

MT (\o(I) has precisely one positive eigenvalue. It fol-
lows that the spectral gap increases under gluing.

It is easy to see that

7. Perspectives

We would like to mention that similar results holds true
for the Schrodinger operators and general vertex condi-
tions. The tool we developed can be used to analyse
arbitrary graphs if necessary. For example it can be used
to estimate the number of eigenvalues similar to [24].
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