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We have extended a previous calculation of the energy of a weakly heterogeneous waveguide to fourth order
in the density perturbation, deriving its general expression. For particular configurations where the second and
third orders both vanish, we discover that the fourth order contribution lowers in general the energy of the state,
below the threshold of the continuum. In these cases the waveguide possesses a localized state. We have applied
our general formula to a solvable model with vanishing second and third orders reproducing the exact expression

for the fourth order.
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1. Introduction

It is nowadays a well-known fact that bound states can
appear in infinite waveguides or tubes, in presence of an
arbitrarily weak bending or of a local, small, enlargement
of its section. This behavior has been proved for general
configurations in Refs. [1, 2| and it has been investigated
for several specific geometrical configurations. It is im-
possible to refer to all the different works, but we would
like to mention the case of the infinite symmetric cross
studied by Schult and collaborators in Ref. [3]. Although
Ref. [3] is focused on the study of the quantum mechan-
ical bound states of the symmetric cross, the problem is
relevant in many areas of physics, such as acoustics, elec-
tromagnetism and fluid dynamics (in this respect, it is
important to cite the work by Ursell in Refs. [5, 6] who
studied the emergence of trapped modes in a semi-infinite
canal of fixed width terminating in a sloping beach).

From a mathematical point of view, one needs to solve
the Helmholtz equation on an open, infinite domain,
with the Dirichlet boundary conditions at the border.
In particular, Bulla and collaborators have considered in
Ref. [7] the problem of an infinite homogeneous wave-
guide on the region

2 ={(z,y) eER}0<y <1+ A\f(z)}, (1)
obeying the Dirichlet boundary conditions at the border,
assuming that f is a C°°(R) function of compact support
with f > 0. In their calculation A > 0 is a parameter
which controls the deformation of the border (particu-
larly the case A = 0 reduces to a straight waveguide,
with a purely continuum spectrum). These authors were
able to show that, if [*_ f(z)dz > 0, there is at least one
eigenvalue falling below the continuum threshold. They
also obtained the exact expression for the energy of the
fundamental mode, to second order in the parameter con-
trolling the deformation. Soon after, Exner and Vugal-
ter [8] studied this problem, when the deformation of the
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border averages out, i.e. when ffooo f(x)dz = 0. Inter-
estingly they found out that under certain conditions it
is still possible to have a bound state and that the energy

gap scales as the fourth power in A.

Recently, the present author and collaborators have
studied in Ref. [9] a different but related problem: the
case of a infinite straight waveguide containing a small in-
homogeneity centered at an internal point (assuming the
Dirichlet boundary conditions at the border). In that
case, it was proved that, when the heterogeneity corre-
sponds to a locally denser region, the eigenfunction of the
ground state becomes localized around the heterogeneity
and the corresponding energy falls below the continuum
threshold. The calculation of Ref. [9] was carried out
using perturbation theory up to third order, using an
approach originally proposed by Gat and Rosenstein in
Ref. [10] for a different problem. As a matter of fact,
the implementation of the perturbative scheme must be
done with care, since the naive identification of the un-
perturbed operator with the negative Laplacian would
lead to the appearance of divergent contributions in the
coefficients of the perturbative series for the energy of
the ground state. The emergence of these (infrared) di-
vergences can be easily understood since the spectrum
of (—A) on an infinite strip is continuous and there-
fore the denominators of the coeflicients in the Rayleigh—
Schrédinger expansion may become arbitrarily small. To
avoid this problem in Ref. [10] a suitable unperturbed
operator was used, following the approach of Gat and
Rosenstein: the spectrum of this operator contains now
a localized state and the continuum, with the energy of
the localized state falling below the continuum threshold
(the separation between the two depends on a parameter
B in the unperturbed operator which will be eventually
set to zero). In this way one is able to carry out the
usual perturbative expansion, obtaining explicit expres-
sions which are finite when 8 — 07.

In this paper we have extended the calculation of
Ref. [9], obtaining the exact general expression for the
energy correction to fourth order in the density pertur-
bation. The greater technical difficulty of the present
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calculation derives both because from the larger number
of terms and both from their different nature. Working
in our perturbation scheme we find that all the infrared
divergent terms (i.e. terms which diverge as 8 — 0T)
potentially contained in E(()4) correctly cancel out, as ex-
pected. Moreover, for the case where the second and
third order corrections both vanish, we find that there
is a non-vanishing fourth order correction to the energy
of the fundamental mode, which lowers the energy below
the continuum threshold. Since the problem of Bulla et
al. [7] may be converted to the problem of an infinite het-
erogeneous waveguide, using a suitable conformal map,
our results also provide an alternative approach to the
problems studied in Refs. [7] and [8]. Additionally, our
formulae apply as well to the case of infinite heteroge-
neous and deformed waveguides (in this case the “density”
in our formulae would involve both the physical density of
the waveguide and the “conformal density” obtained from
the mapping), thus allowing to treat more general prob-
lems. The fourth order formula obtained in the present
paper have been recently applied in Ref. [11] to obtain
the behaviour of the lowest eigenvalue of a “broken strip”,
in the case of infinitesimal bendings, reproducing the nu-
merical results in the literature [12].

The paper is organized as follows: in Sect. 2 we discuss
the perturbation theory, and present the general formulae
for the energy to fourth order; in Sect. 3 we consider a
solvable model, reproducing the exact results to fourth
order; in Sect. 4 we present our conclusions.

2. Perturbation theory

In a recent paper we have obtained the explicit expres-
sion for the energy of the fundamental mode of an infinite,
weakly heterogeneous two-dimensional waveguide, up to
third order in the density perturbation. It is assumed
that the inhomogeneity is small and localized at some in-
ternal point of the waveguide. Under these assumptions
it is proved that, when the perturbation corresponds to
a locally denser material, a bound state, localized at the
inhomogeneity appears.

Mathematically, we are considering the Helmholtz
equation

(=4) ¥, (z) = B, X (x) ¥ (), (2)
where |z| < oo and |y| < b/2. The solutions obey the
Dirichlet boundary conditions at the border

U, (x,£b/2) =0 (3)
and X(z,y) > 0 for |z| < co and |y| < b/2.

Expressing the density as X () = 1 + o (x), where
lim, 00 0 () = 0, and assuming that |o(z)] < 1 for
x € (—00,00), we can perform a perturbative expansion
in the density perturbation.

The general formulae for the perturbative corrections

to the energy of the fundamental mode up to third order
have been derived in Refs. [9] and [13] and read

E] = —(o)eo, (4)
By = (0)2e — (0020) €2, (5)
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E§Y = —co(0)® + 3(0) (020) <} + ci((0) (0.2020)

—(o o Na)), (6)
where
2=% !:%ZL (7)

and €, and |n) are the eigenvalues and eigenstates of the
unperturbed operatort.

As we have discussed in Ref. [9], the identification of
the unperturbed operator must be done with care, for
the case of an infinite waveguide: as a matter of fact, the
obvious candidate, corresponding to an infinite, straight
and homogeneous waveguide cannot be used, since its
spectrum is continuous and the fundamental mode can
thus be excited to states which are arbitrarily close in en-
ergy. In this case, the perturbative formulae would con-
tain infrared divergences, which would completely spoil
the calculation. In a different context Gat and Rosen-
stein [10] have devised a perturbation scheme that allows
to avoid these infrared divergences: in our case this pro-
cess amounts to use as unperturbed operator

Hy = —A —285(x), (8)
where [ is an infinitesimal parameter to be set to 0 at

the end of the calculation.
As discussed in Ref. [9], the basis set of eigenfunctions

of Hy is
do(x) ground state
Upn(,y) = ¥n(y) @ ;(f)(x) even state
;(,0)(33) odd state

where

¢0($) = \/Be_ﬁmv

0 @) =\ =y pos(oe) = Bsin(plal).

o (x) = V2sin(pa),

and

bl = | sin [22 5 -4/2)].

The eigenvalues of Hy are

2,2
n-m
60,71/:_/824_ b2 )
2,2
2 n-m
dh=dn =+

We find convenient to introduce the Dirac notation |0, n),
[p(®),n) and [p(®,n) to indicate the eigenstates of Hy.

TIn the following we will adopt the notation (A) to indicate the
expectation value of the operator A in the ground state of Hp.

2 2
fNote that €g,1 = —82 + 2—2 < 2—2 and therefore it is separated
from the continuum.
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Using the explicit form of the eigenfunctions of H,
given above, one can work out the perturbative expres-
sions for the energy and, after taking the limit 3 — 07T,
obtain the finite expressions given in Ref. [9]:

() _
Jim, G =0, (9)

7.‘.4

lim E( ) —

B—0+

b/2 » (7Y 2
d d =7 1
(/ os/b/2 yo(z ,yCOS(b>>7 (10)

lim E(g3)

B—0+

b/2
/ dzs / dys cos? @) o (z3,ys3)
b/2 b
b/2 b/2
/ dxl / dyl / dSCQ/
b/2 b/2
X [|x1 — 3|0 (z1,y1) 0 (22, y2) cos? (ﬂ)

b
o (22) e (L) s (7)o

%0 (02,90) 65 (@r.a)| ], (11)
where?

0 gy = [ 9 B@)0p (@)1 W) (v)

g<,>_A T P

O (g Z% ) po(2')n (y)Vn(y')

T,x l+1
6 €
n—>= 0,n 01)

(2,2 Z / dp dp()dp(")Yn (y)Pn (y')

n — €0, 1)€+1

Before discussing the fourth order, it is worth to com-
ment that, as discussed in [9], a bound state is present
only if the condition

b/2
/ / o(z,y) cos? —dxdy >0 (12)
b/2 b

is met.

We briefly review the discussion in Ref. [9]: the condi-
tion (12) can be derived calculating the Rayleigh quotient

(A )
V="

using the variational function

WW@zﬁe“V%mm@fﬂ)

$Note that we have changed the notation of Ref. [9] to allow
referring to the more general Green functions.
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and minimizing with to the variational

parameter a:

+o0 b/2

a ~
i s / / b/2
Given that, in order to obtain a bound state, a must be
positive, the condition (12) follows. In a similar way, one
can derive the expression for the perturbative correction

to the energy of the fundamental mode to fourth order;
we find

E(()4) = (o) ¢p — 6(0)*(020) €l + (2(0(20)2

respect

o(z,y) cos? —dxdy

+4{o) (oo o) — 4<0’>2<UQQU>>68
—((aﬂaﬂaﬂcﬂ — {0 20){c20c)

—2(0)(c 202020 + <O’>2<UQQ\QU>)63. (13)

The perturbative expressions written above must be eval-
uated taking the limit 3 — 0% at the end of the calcu-
lation. For this reason it is convenient to work on the
expectation values which appear in the expression and
expand them around § = 0.

For example, in the simplest case we have

=5 [ dodye (i () o Zfé”’/ﬁ"
The expressions for the remaining expectation values
can be found in the arxiv version of the present paper,

Ref. [14]. In particular, in Table I the coefficients k)
are subdivided into two classes: those which only con-
tain longitudinal contributions (left column) and those
which contain both longitudinal and tranverse contribu-
tions (right column). TABLE I

Coefficients appearing in the expression of the energy of
the fundamental mode up to fourth order in perturba-
tion theory. The coefficients on the right side contain
contributions also from the transversal modes.

l | +L

Kgl) H§2)
m;()) K;l) KQQ)
KD G MO

—-1) (0)
4 Ry
(—=4) (-3) (-2)
55 Ks kg
”6 —3) /-cé_Q) né_l)
5(7 2) K;—n Hgm

Upon substitution of these expressions in the pertur-
bative contributions of the energy we have

E{N =0(p), (14)
B =~k + 0(8), (15)
2 —1
B — %AM’ ki
B
e [P 4 kDY k0] 1 08), 6)
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and
E(()4) = N4a < 3 4€0> + 77417 —l— 774560
B B
+1aa€s + O(B), (17)
where
Naa =
(_,{é 4)(,{51)) —|—2/~@( 3) ( )_‘_K( ) g72) _ Hgﬂ))7
= (2 = 2Pl DD 4 )

B0 (D 4 10D 0,2 (3)

Ii(7_1)),
7))

nkzz@<m>+zﬂ»@g>—mw@*

7]4d5( "{5 ( (1)) 2/<c(3) —4) (1)

_ok® D) g D) (1)+H<2> (-2)
SRR RO — ()2 4 26

N )y

Observe that the potentially divergent terms in Eé?’)

and Eé4) only depend on the contributions stemming
from the longitudinal excitations. While it was already

proved in Ref. [9] that Eég) is finite for 8 — 07, as
it can be checked explicitly using the results in Ap-
pendix B of Ref. [14], it is straightforward to verify that

Naqg = Nap = 0. Therefore E(()4) is finite for 8 — 0T, as
expected.

Using the expressions in Appendix of Ref. [14] we have

4
2 9 T
e = 37 (/ dzdy cos? ?ya(x y))

and

Nad = nﬂd + aa»

where 17” contains only contributions from longitudi-
nal modes while "74Ld contains contributions also from
transversal modes.

Their explicit expressions arel

1
nﬂd— b4/dxldyl/dxgdy2$1(2$2—371)0'($1)0’(332)
TYLY og2 (TY2 o2 (TYs
b )COS ( b )(/dxi"dy”os ( b )
2 2
XO’(wg)) b4/d$1dy1/d$2dy2/d$3dy3

X1 — asl|vz — zalo(@1)o(@2)0 (@s) cos? ()

X COS2 (

(0,0

9The expression for g5
pendix A of Ref. [14].

)(xl,yl,xg,yg) is reported in Ap-
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%) cos? (7%/3) x/dm4dy40($4)
7%/4) bi(/dxldyl/dxzdyz

%) cos? (%) o(x1)o (332))(2,0)

Ny = bg/dmdyl/d$2dy2/dx3dy3/dx4dy4

o) es ()

) @1 = ] + [ — @)

X 0082 (
X COS2 (

X|xy — 2| cos? (

xo(x1)o(xe)o(xs)o(xy) cos (

2 (TYs 2 (MY
X COS ( b )COS ( b
(0,0) 2
Xgy (%1, T2) — %] dzidy; [ dzodys
X / dzsdys cos( ) (Wy3> o, 0)(1:1,91:2)
(

b
x93 (22, @3)0 (1) 0 (22)0 (23)

x/dm4dy40052( 4)U(w4)

bé(/d:vldyl/dxgdyg cos( gl)

X COS (:‘?2) géo’o)(wl, azg)a(xl)a(wg))z. (21)

We may write the perturbative formulae obtained above
in a more compact form as

@‘@

2
2 ™
E(() ) = _§A§7 (22)
2
™
EY = —2[724\2(/11 A3), (23)
EY = b2 [ 243 — A3 A4+ 205 A5 + A3 — 24,

—AzA; + 24545 + /1%] ,
where we have introduced the definitions

(24)

7T
A = b—Q/dasdya(alc)7
Agzb—z/dxdya( )COSQ%y,
3
A :?/dxldyl/dﬂfgdygU(S{)l) (mg)‘l‘l—xg
x cos? gl 0052%,
ol
Ay = w /dﬂﬂldyl/d$2dy20($1)0(3’32)$1(29§2*931)
x cos® ijl COSQ%,
o
45 = ® /d$1dy1/d$2dy2/d$3dy30($1)0($2)
xo(x3)|T1 — 2a||ze — 23| COS? 11)11 cos %cosz%y?’

i
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3
A = Zj/dxldyl/dxgdyga(:cl)a(wg) COS%yl
X COS ngéo,o) (x1,x2),

6

Ay = b—g/dxl dyl/dxgdyg/dxgdyg, dxysdyy

xo(x1)o(xa)o(xs)o(xy)|z1 — 23| COS % oS %
X OS> %yd cos? 7T—Mg(()’())

b 2
7o
As = b—G/dxldyl/dedyg/dxgdyga(scl)a(wg)

(x1,2),

(0,0

TY1 Y3 (o,o)<w1 :1:2)92’

xa(acg)cosTcos Tg )(132,5133)7

where A; is the total extra mass of the inhomogeneous
waveguide.
The energy up to fourth order can then be arranged in
the form
ABy ~ B + B + BV =

71.2

Nz
where
= [-245 + Ay Ay — A3AL +24,A5 — Az,

{(A2 + (A — A5)2)7 + r} , (25)

—2A5 + 2A545]. (26)
When we apply the formulae above to the solvable model
discussed in Ref. [9] we obtain

o* (9075b?6* — 23785°)
7206°

which reproduces the exact expression for the fourth or-
der contribution reported in Ref. [9].

EM =

3. A solvable model

The case where the second and third order contribu-
tions vanish is particularly interesting and it deserves a
detailed discussion. This situation is analogous to the
case discussed by Exner and Vugalter in Ref. [8] for a
uniform, weakly deformed, waveguide.

As previously observed in Ref. [9] this occurs when the
density obeys the property

/ dxdy cos? %a(w) =0.

In this limit the general formulae obtained in the previ-
ous section reduce to

MNaec = 0 (27)
1 Y1
nz‘lld = —bj </ dx; dyl / dxo dy2|x1 - .’132| cos® (T)
2 (TY2 ?
X COS ( b )0(331)0(332)) s (28)

1 T
ni‘d = 2 L/ dz,dy; / dxodys cos (%)
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2
X cos (”Ty?) géo’o)(ml,mg)a(ml)a(mg)} (29)
and the energy of the fundamental mode falls below the
threshold of the continuum, signalling that the corre-
sponding eigenfunction is localized in the region of the
heterogeneity.

To test this prediction, we consider a solvable model,
represented by an infinite heterogeneous waveguide, par-
allel to the horizontal axis and obeying the Dirichlet
boundary conditions on y = +b/2 (see Fig. 1).

The density is

1401, |2] < 61/2
1+ oo, 51/2 < |£L" < 52/2,
1, |.§C|>52/2

Y(x) =

where 0 > 6; > 0 (for 07 = 09 this problem reduces to
the one discussed in Ref. [9]).

02

b Yo X1 Xo

D ——

o1

Fig. 1. Heterogeneous waveguide with three regions of
different density.

We look for the solution to the Helmholtz equation

in the form
U(x,y) = \/asin iy +6/2)
b b
Aq cos(prx), |x| < 01/2
X ¢ Agcos(pax + g2), 01/2 < |z| < d2/2,
Agell ] |z) > §y/2

where the unknown coefficients are to be obtained en-
forcing the continuity of the solution and its derivative at
x =01/2 and x = /2 (since the solution for the funda-
mental mode must be even, the matching at z = —d;/2
and x = —d2/2 is automatic). Since we are interested
only in the fundamental mode we may set n = 1.

By asking that ¥(z,y) be a solution to the Helmholtz
equation on each region we obtain

p1= VR (1 +01) - 72/b2,
Py = \/k2(1 + 09) — w2/b2,

a=/7%/b% — k2
From the matching of the solutions we obtain the tran-
scendental equations

Aj cos (512m> = Ay cos <512p2 + q2>
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1) 1)
Aqpy sin (?) = Agps sin <12p2 + QQ>

o
Aze=2%2/2 — A, cos < 22]92 + q2> — aAge=%2/2 —

. (6
Aspo sin (22}92 + qz)

which can be reduced to
) 1)
z—; tan (1;1) = tan <12p2 + q2> ) (30)

)
« = pg tan (121)2 + 612) ) (31)

after eliminating the amplitudes.

We look for a solution to these equations, in the limit
of weak inhomogeneities: to perform the appropriate ex-
pansion in the density we introduce a parameter 7, to
keep track of the order of the expansion and make the
substitutions o; — no; (at the end of the calculation we
will let n — 1).

We also express k and ¢ in terms of appropriate
power series

oo
G =Y can™? k=
n=0

After substituting these expressions in Eqgs. (30) and
(31) one obtains the explicit expression for the lowest
eigenvalue

’/T2 7T4((51 (0’170’2)4’520’2)2

_ 2 _ "
Eo=Fk =13 4b*

7T'6 ((51 (0’1 — 0'2) + 6202)
246
+30501 (01 — 02) 02 + 26503)

+ (5? (20% — 30901 + U%)

o (9075b?6¢ — 237849)
72003
7083 (81 — 82) o907
24068
x (12 (2607 + 150261 + 5d3) — 120b%)

_71'65% (61 — 62)% 0202
576b°
x (w2 (7907 + 86826, + 5165) — 432b°)

7T6(51 ((51 - 52)3 0'30'1
48063
x (w2 (3707 + 56026, + 4763) — 240b°)

78 (81 — 82)" (4787 4 86020 + 9203) o
a 288008
7T6360b2 (520’2 — 510’2)4
288008
subject to the condition
01 (01 — 02) + 6202 > 0.
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In particular it is interesting to consider the case
o1 = W, corresponding to a waveguide where the
heterogeneity averages to zero; in this case the energy
reduces to

72 78 (8 — &)t 630d

Eo=145 - 57605
+H%&f%g@f@f%ﬁ+
5760510

where we have reported the fifth order as well (we do not
report the fifth order for the general case, because of its
length).
For this model the perturbative formulae derived in
the previous section up to fourth order yield
2

s 7T8
:ﬁ—ﬁ</dxldyl/d$2dy2|$1—$2|

X cos? (%yl> cos? (%) O’($1)O’(:]}2))2 =

b2 5768 ’

which confirms the exact result of Eq. (32).

Eépert)

9.870

9.869
5
9.868 |
9.867 ‘ ‘ :
0 0.2 0.4 0.6 0.8 1
1

Fig. 2.  Energy of the fundamental mode of the solvable
model, for the case jo =1, b =1, 01 = % and
|o2| = 1/10.

In Fig. 2 we plot the energy of the fundamental mode

%, as a func-

for the case 9o = 1, b =1, 01 =
tion of 4. E(gi) correspond to the numerical solution of
Eqs. (30) and (31) for o5 = +1/10, while E*"™ is the
expression of Eq. (32). Notice that, while E(gi) departs
from the perturbative formula E(()p ert) for 1 — 0, the

average of the two is remarkably close to E(()pert). This is
consistent with the form of the fifth order contribution
reported in Eq. (32), which changes sign in the two cases.
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4. Conclusions

In this paper we have applied the method described
in Ref. [9] to calculate the fourth order perturbative cor-
rection to the energy of the ground state of an infinite
waveguide, with a small heterogeneity localized around a
given internal point.

We may summarize the main results with the following
points:

e the expression for E(g4) is finite for 8 — 07T, as
expected (notice that, as the perturbative order in-
creases there are more potentially divergent terms;
for instance, while the third order only contains a
term which diverges as 1/, the fourth order con-
tains a term that diverges as 1/3? as well);

e for waveguides where the second and third orders
vanish, there may still be a bound state and the
energy gap scales as the fourth power in the density
(consistent with the observation made in Ref. [8] for
the problem of the deformed waveguide);

e the exact results for two solvable models are repro-
duced to fourth order;

e the perturbative scheme adopted in this paper and
in Ref. [9] is fully consistent, and it could be used
to obtain higher order contributions.

In our view the calculation of the fourth order pertur-
bative correction carried out in this paper is important
for several reasons: on one hand, in special cases, such
as the broken strip studied in Ref. [12], the leading cor-
rection to the unperturbed energy depends on this con-
tribution and therefore it must be taken into account, in
second place, the calculation of higher perturbative or-
ders opens the door to the possibility of extending the
results to a nonperturbative regime (large densities and
large deformations) and of obtaining analytical results
in cases where usually only numerical results are avail-
able. One example of this is the calculation performed
by Amore and Fernandez in Ref. [15], who applied the
method of Gat and Rosenstein to the case of weakly at-
tractive potentials in one dimensions up to sixth order.
The perturbative formulae obtained there were resumed
using a Pade approximant and applied to the not ex-
actly solvable problem of a Gaussian well, finding ex-
cellent agreement with the numerical result. Finally, it
is also important to underline that the present calcula-
tion, as the one of Ref. [15], prove the consistency of the
method of Ref. [10] when applied to higher orders.
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