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Andreev Conductance through a Quantum Dot Strongly
Coupled to Ferromagnetic and Superconducting Leads
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We analyze the Andreev conductance through a quantum dot strongly coupled to one ferromagnetic and one
superconducting lead. The transmission due to the Andreev reflection is obtained from the numerical renormal-
ization group method. We show that at low temperatures, depending on the dot level position, the Andreev
conductance exhibits a peak at zero bias due to the Kondo effect, which can be split by the exchange field due to
spin-dependent coupling to ferromagnetic lead.
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1. Introduction

At the interface between the superconductor (S) and
the normal metal (N), the conventional low-bias current
is suppressed, due to the energy gap in the superconduct-
ing single-electron spectrum. However, a process called
the Andreev reflection is possible [1], in which an electron
tunneling from N into S couples with another electron
from N to form a Cooper pair in S, thus leaving a hole in
N, which is reflected back. In a confined geometry, e.g.
when S is coupled to N through a quantum dot (QD),
such Andreev reflection processes are also possible, lead-
ing to the formation of bound states at the S–QD bound-
ary [2], and giving rise to a finite current flowing through
the system [3, 4]. In the strong coupling regime, the
Coulomb correlations on QD may give rise to another in-
teresting phenomenon, namely the Kondo effect [5, 6]. In
the proximity with S, the Kondo peak can be enhanced
and the conductance can reach the value 4e2/h [7, 8].
However, this occurs only for the Coulomb correlations
properly adjusted to the asymmetry in the couplings to
N and S lead [9].

In this paper we address a specific question of how
the Andreev current is modified in a hybrid, strongly-
correlated quantum dot device with one ferromagnetic
(F) and one superconducting (S) electrode. When QD
is coupled to ferromagnetic leads, the renormalization
of the dot’s level due to the coupling becomes spin-
dependent, giving rise to an effective exchange field, de-
fined as the difference between spin-up and spin-down
dot’s level. The exchange field splits and suppresses the
Kondo resonance [10–12]. The exchange-field-related ef-
fects have recently been observed in hybrid quantum dots
with F and S leads [13]. Here, we thus analyze the trans-
port properties of such hybrid systems, paying special
attention to the interplay of three relevant phenomena:

∗corresponding author; e-mail: kpwojcik@amu.edu.pl

the superconducting proximity effect, the Kondo correla-
tions and the exchange field. In the following we put the
Boltzmann constant kB ≡ 1.

2. Model and method

The illustration of the considered system is presented
in Fig. 1. The ferromagnetic lead is modeled via free-
electron Hamiltonian. Denoting by cFkσ the annihilation
operator of an electron with momentum k and spin σ

of energy εFkσ, it is given by HF =
∑

kσ εFkσc
†
FkσcFkσ.

Fig. 1. Schematic of the system: quantum dot, with
level energy εd and Coulomb correlations U , is coupled
to one ferromagnetic and one superconducting lead.

We consider a single-level QD with level energy εd and
Coulomb correlations U . Its Hamiltonian is given by
HQD = εdd

†
σdσ+Ud†↑d↑d

†
↓d↓, where dσ annihilates σ-spin

electron in the dot.
The superconductor is described with the mean-field

form of the BCS Hamiltonian [14]:

HS=
∑
kσ

εSkc
†
SkσcSkσ −∆(c†Sk↑c

†
S−k↓ + cS−k↓cSk↑).(1)

Here, cSkσ is the annihilation operator of a spin-σ elec-
tron with momentum k and energy εSk. The supercon-
ducting order parameter ∆ is assumed to be real, which
is justified by the fact that we consider only one super-
conductor and thus phase is irrelevant.

The coupling between the dot and the leads is
described by the tunneling Hamiltonian HTr =∑

kσ Vrkσ(c†rkσdσ + d†σcrkσ), with r = F for the ferro-
magnet and r = S for the superconductor. In the wide
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band limit, the k-dependence of hoping matrix elements
Vrkσ and the energy dependence of the densities of states
in the leads can be neglected. Thus, the strength of the
coupling (dot level half-width) between the dot and the
leads can be written as Γσ = πρFσ|VFσ|2 = (1 + σp)Γ ,
for the coupling to ferromagnet, and ΓS = πρS|VS|2, for
the coupling to superconductor. Here, ρS is the density
of states of superconductor in the normal state, ρFσ is
the spin-dependent density of states of ferromagnet and
p denotes its spin polarization.

The total Hamiltonian is the sum of the aforemen-
tioned parts

H = HF +HTF +HQD +HTS +HS. (2)
Since we focus only on the Andreev current, we take the
limit of infinite superconducting energy gap, ∆ → ∞.
Then, the dot coupled to superconductor can be de-
scribed by an effective Hamiltonian [9, 15]:

HQD +HS +HTS ≈ H∗QD ≡ HQD

+ΓS(d†↑d
†
↓ + d↓d↑), (3)

where the internal degrees of freedom of S have been in-
tegrated out. The eigenstates of H∗QD are two doublet
states with singly-occupied QD of energy εd and two sin-
glet states, being the combination of empty and doubly
occupied QD states, of energies

EA± = εd + U/2±
√

(εd + U/2)2 + Γ2
S . (4)

The excitation energies between the doublet and singlet
states define the Andreev bound state energies, through
which transport takes place.

The current flowing through the system due to the An-
dreev reflection processes can be expressed as

IA =
e

h

∫
TA(ω) [f(ω − eV )− f(ω + eV )]dω, (5)

where the Andreev transmission is given by [16]:

TA(ω) = 4(1− p2)Γ2
∑
σ

|〈〈dσ|dσ̄〉〉ω|
2
, (6)

with f(ω) being the Fermi–Dirac distribution function,
V — the bias voltage, σ̄ ≡ −σ, and 〈〈dσ|dσ̄〉〉ω de-
noting the Fourier transform of corresponding retarded
Green’s function. The last quantity is calculated with
the aid of the numerical renormalization group (NRG)
procedure [17, 18]. Having obtained the imaginary part
of 〈〈dσ|dσ̄〉〉ω as a set of discrete delta peaks from the
NRG data, we use the method proposed in Ref. [19] to
broaden them appropriately into a continuous function.
Then, we calculate the real part through the Kramers–
Kronig relations and in this way obtain | 〈〈dσ|dσ̄〉〉ω |2.
We assume that | 〈〈dσ|dσ̄〉〉ω |2 is independent of T and
the temperature dependence of the current and differ-
ential conductance can be obtained through the Fermi
functions in Eq. (5). Actually, to be as concise as possi-
ble, we consider only three temperatures: T = 0.001U ,
which is below the Kondo temperature TK ≈ 0.008U (de-
fined for εd = −0.5U and p = 0), T = 0.1U , at which the
Kondo physics is suppressed, and the intermediate case,
T = 0.01U .

3. Results and discussion

As mentioned before, when quantum dot is coupled to
ferromagnetic lead, the effective exchange field can split
the dot’s level. In the case of hybrid dots with F and S
leads, such exchange field was recently estimated pertur-
batively in the limit of ∆→∞ [20], and was found to be
a function of the Andreev bound state energies. It was
shown that the magnitude and sign of the level splitting
due to the exchange field can be tuned by changing the
dot level position, with vanishing exchange field at the
particle–hole symmetry point, εd = −U/2. For this rea-
son, to determine the effects solely due to the exchange
field, in the following we study the level dependence of
the differential conductance dIA/dV due to the Andreev
current for two dot level configurations: εd = −0.5U
and εd = −0.33U . The consequences of the presence of
the exchange field are absent in the former configuration.
Moreover, we compare and contrast dIA/dV obtained in
the case of normal metallic lead (Fig. 2) with that ob-
tained in the case of ferromagnetic lead with finite po-
larization p = 0.5 (Fig. 3). We use the half-width of the
band as the energy unit, D ≡ 1, and assume the following
parameters: U = 0.1, Γ = 0.01, ΓS = 0.02.
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Fig. 2. The differential conductance of the Andreev
current as a function of the applied bias voltage for
different temperatures and (a) εd = −0.5U , (b) εd =
−0.33U . The other parameters are: U = 0.1D, Γ =
0.1U , ΓS = 0.2U and p = 0 (i.e. for nonmagmetic nor-
mal lead).
In the case of εd = −U/2, p = 0 and T = 0.001U ,

dIA/dV exhibits three different peaks, see Fig. 2. The
central one is due to the Kondo effect, while the two side
peaks resemble Hubbard peaks, but are not as smooth as
in the absence of S. In fact, each of them consists of two
merged resonances corresponding to the Andreev bound
state energies. As can be seen, the Kondo peak is much
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Fig. 3. The same as in Fig. 2 for ferromagnetic lead
possessing spin polarization p = 0.5. The inset in part
(b) is an enlargement of low-bias region of the plot.

lower than 4e2/h. This is because the parameter U is not
chosen in such a way as to compensate for the asymmetry
of couplings [9]. Instead of maximizing the Kondo reso-
nance, in this paper we rather focus on the role of spin-
dependent tunneling in the transport properties. With
increasing temperature, the Kondo effect becomes sup-
pressed and the side peaks become smoother, see Fig. 2.
On the other hand, for εd 6= −U/2, the conductance is
slightly suppressed, however, the Kondo peak is a bit
higher; see Fig. 2b. At high temperatures, however, the
Kondo peak at zero bias disappears.

Now let us analyze the effect of ferromagnetic correla-
tions on the Andreev transport through the considered
nanostructure. The Andreev differential conductance for
p = 0.5 is plotted in Fig. 3. For εd = −U/2, the in-
fluence of spin polarization is not at all impressive; cf.
Fig. 2a and Fig. 3a. At first sight, one can only observe
the decrease of the conductance, including the height of
the Kondo peak, which may be attributed to the factor
(1− p2) in Eq. (6). However, a closer look allows one to
notice that the side peaks are now even more distorted
than for p = 0. This observation is, naturally, valid only
at low temperatures.

The exchange field effects are clearly visible for εd =
−0.33U , see Fig. 3b. The most striking feature is the
splitting of the Kondo peak for T = 0.001U , best vis-
ible in the inset. The resonance is suppressed at zero
bias and has only small side resonances. This is in fact a
characteristic feature of the Kondo effect in quantum dots
coupled to F leads [11, 12]. The split Kondo resonance is
visible only at temperatures smaller than the exchange
field. With increasing T , the Kondo peak becomes first
restored (with smaller height), but then eventually dis-

appears. We also note that while the split Kondo peak
is significantly lower than for p = 0, the differential con-
ductance for higher voltages is enhanced in comparison
with the nonmagnetic case. Moreover, the splitting of
the side peaks are now more visible.

In conclusion, we have analyzed the Andreev conduc-
tance through a quantum dot strongly coupled to ferro-
magnetic and superconducting lead. We have shown that
the presence of the exchange field due to ferromagnetic
lead gives rise to the splitting of the zero-bias Kondo peak
at low temperatures, which becomes suppressed with in-
crease of the temperature.
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