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One of the possible ways of formulation of an information loss paradox refers to an entanglement of the two
particles created in a vicinity of an event horizon. Evolution of the entangled particles and an interaction with
their own environments should lead to a decay of the entanglement. However obvious, such a perspective appears
to be too naive in this case.

DOI: 10.12693/APhysPolA.132.132
PACS/topics: 04.70.Dy, 03.65.Ud

1. Introduction
Information problem has become for more than forty

years and still is an unresolved paradox. It was indi-
cated by Hawking [1] that apart of the well-known un-
certainty principle in quantum mechanics there exists an-
other source of uncertainty in physics, non-quantum ori-
gin: that is a black hole, with its event horizon regarded
as a semitransparent “membrane”. When the matter or
radiation infalling towards a black hole, crosses its hori-
zon the information it carries is lost. This led to the
two kinds of problems. First was the controversial thesis:
the information itself is assumed to be lost. Second, ap-
peared to be even more striking controversy associated
with fundamentals of quantum theory. Indeed, one can
assume formation of a black hole due to a gravitational
collapse of a matter (or radiation) is a unitary evolution
of a pure quantum mechanical state. However, after for-
mation of the event horizon, further evolution has to be
regarded in the terms of mixed but not pure states, due
to the loss of information; this means the breakdown of
the quantum mechanical predictability.

Both of these outcomes of the Hawking idea had been
later objected. The interesting contribution was another
Hawking discovery: quantum mechanical effect related to
the property of the event horizon. The fact that one of
the two Killing vectors changes its properties, it is time-
like outside event horizon and space-like inside horizon,
opens the possibility of the creation of pairs of particles
in vicinity of a horizon. One of these two falls in beyond
the horizon and the other goes away to the infinity where
it may be recorded — it is the so-called Hawking radi-
ation [2, 3]. The Hawking radiation was found to be a
blackbody radiation of the temperature proportional to
the inverse mass of a black hole.

The consequence of the energy conservation in this
case: the release of the radiation leads to reduction of
the mass of a black hole, was the entropy production.
The other one was underlined by Page, who indicated [4]
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that formally, evolution of a black hole meant as for-
mation and evaporation, should obey quantum mechan-
ical predictability. The following microscopic approach
seemed to uncover no information retrieved due to the
Hawking radiation. This result was then critically re-
viewed by Page [4, 5]. It was shown that at the initial
stages of a black hole evaporation both radiation as well
as the black hole were at their nearly maximally mixed
states: radiation does not carry the information. The
process of releasing the information turned out to be of
non-perturbative character. These kinds of arguments
led to the formulation of the idea of black hole comple-
mentarity (BHC).

Recently there was formulated a hypothesis objecting
BHC. It was shown that the claim of the quantum me-
chanical unitary evolution of the black hole may result
in the breakdown of the smoothness of an event horizon
neighborhood, leading to a “firewall” [6]. The firewall
concept itself has been critically considered from differ-
ent point of views in more recent studies [7–11].

There are variety of possible formulations of the infor-
mation problem. In this paper (see also [12]) we will dis-
cuss one of them. Namely, during evaporation of a black
hole pairs of entangled particles are created. Further,
the one of positive energy tunnels through the horizon
and the other one, of negative energy falls in and reduces
mass of the black hole. Both of these entangled particles
are evolving within their own environments. This should
result in partial or complete disentanglement.

2. Entropy, evaporation, information

As indicated by Bekenstein and then shown by Hawk-
ing entropy of a black hole is proportional to its surface
area, A expressed in the Planck units

SBH = kB
A

4l2Pl

, (2.1)

where A = 4πR2
S is the area of the sphere with radius

RS = 2GM/c2 and lPl =
√
G~/c3 is the Planck length.

One can regard black holes as thermodynamic systems
and according to the so-called “no-hair” theorem they
may be characterized by mass, angular momentum, and
charge only. In this paper we will consider the case of
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the Schwarzschild spacetime where the only relevant pa-
rameter characterizing black hole is its mass M . Then
applying thermodynamic relation, dU = T dS, and using
the fact that U = M , one obtains here that the temper-
ature of the black hole of mass M is

TBH = ~c3/ (8πkBGM) . (2.2)
As pointed out by Hawking [2] in the vicinity of the

horizon, pair of the particles might be created and anni-
hilated but if one member of a pair goes to infinity, the
other member of the pair falls in. Such a pair must con-
tain a positive energy member, the former one, and a neg-
ative energy member, the one that penetrates the black
hole interior. It was explained later [13] that characteris-
tic feature of these phenomena is a tunnelling through the
barrier: if the particles are created outside horizon, the
negative energy particles tunnels and falls in and when
they arise inside horizon then the positive energy one tun-
nels through and goes away. The radiation recorded by
distant observer, the Hawking radiation turns out to be
blackbody radiation of the temperature TBH (see above).
This process results in a reduction of mass of the black
hole — evaporation. It is assumed that the black hole
radiates according to the Stefan–Boltzmann law

dP

dA
= σT 4

BH, (2.3)

where σ = π2k4B/
(
60~3c2

)
. Hence, one can describe

evaporation as follows:
dM

dt
= −ε

3

1

M2
, (2.4)

with the solution M3 (t) =M3
0 − εt, where M0 is the ini-

tial mass of the black hole and ε = ~c4/
(
210 · 5πG2

)
=

m3
Pl/
(
210 · 5πtPl

)
. Here we introduced the Planck time

tPl =
√
G~/c5 and the Planck mass mPl =

√
~c/G. The

lifetime τ of black hole of mass M0 is τ = M3
0 /ε. Dur-

ing the evaporation process entropy of a black hole de-
creases: dSBH = −dM/TBH. But the overall entropy
increases [14, 15], as the amount of the entropy of the
radiation is by a third part greater: dS = 4dM/ (3TBH).
The entropy SBH as the function of time is

SBH (t) =
πkB
16

(
τ − t
10πtPl

)2/3

. (2.5)

It was argued by Page [4] that formation and evaporation
of a black hole might be regarded as a unitary process
and the information lost due to the presence of an event
horizon is eventually retrieved. However, outflow of in-
formation from a black hole is nonperturbative, very slow
process. Indeed, initially a leakage of information I oc-
curs in the following rate:

dI

dt
∼ exp (−SBH (t) /kB) . (2.6)

However using (2.3) we can express the last formula as
the function of mass M :

dI

dM
∼ −3

ε
M2 exp

(
−4π M

2

m2
Pl

)
, (2.7)

where M decreases from M0 to 0. Thus the information
I for the black hole with the mass m < M0 is given by

the integral

I (m) ∼ 3

ε

∫ M0

m

M2 exp

(
−4π M

2

m2
Pl

)
dM =

3M3
0

ε

∫ 1

m/M0

x2 exp
(
−α2x2

)
dx, (2.8)

where α2 = 4πM2
0 /m

2
Pl. The integral is equal to [12]:

I (m) ∼ 27 · 15tPl (F (m)− F (M0)) , (2.9)
where

F (m) ≡ m

M0
exp

(
−4πm2

m2
Pl

)
− 1

4
erf

(
2
√
πm

mPl

)
(2.10)

and erf (x) is the error function.

3. The Hawking radiation: entangled pairs
of particles and their disentanglement

The Hawking radiation consists of particles recorded
away from an event horizon that are entangled with a
negative energy particles living within horizon. Creation
of more and more generations of entangled pairs leads
to more particles recorded far from the horizon that are
entangled with diminishing black hole. Eventually black
hole vanishes; then what are those positive energy parti-
cles entangled with?

This is yet another formulation information loss para-
dox. Having in mind this particular aspect, we are at-
tempting here in looking for resolution of the information
problem in terms of a possible disentanglement process.

Let us consider an entangled pair of particles, not spec-
ifying a degree of freedom being entangled, assuming the
two state character of the corresponding variable. Hence
the subject of the discussion will be a pair of qubits in
entangled state
|ψ〉 = a |0〉 |0〉+ b |0〉 |1〉+ c |1〉 |0〉+ d |1〉 |1〉 , (3.1)

where specific relation between b, c and d corresponds to
the maximally entangled state. One can ask then how
the event horizon separating these qubits affects their
entanglement.

In order to discuss an entanglement evolution, we will
consider two environments, EI (I — interior) and EE (E
— exterior) one for each of the two, I and E, respectively,
qubits. Due to interaction with an environment, each
qubit density matrix evolves affecting the state of the two
qubits initially described by a pure state density matrix
resulting from (3.1). Here we will discuss the following
simplified case.

Let us discuss the case of the initial state (3.1) deter-
mined as a = d = 0 and b = c = 1/

√
2, i.e. its density

matrix given as

ρEI
=

1

2


0 0 0 0

0 1 1 0

0 1 1 0

0 0 0 0

 . (3.2)

One can assume that I-qubit due to the interaction with
its EI environment, undergoes phase decoherence, real-
ized via a pair of Krauss operators [16]:
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ρ1 =

(
0 0

0 x

)
and

ρ2 =

(
1 0

0
√
1− x2

)
,

where x is an evolution (temporal) parameter. Then the
density matrix (3.2) evolves as follows:

ρEI
(x) =

1

2


0 0 0 0

0 1 x 0

0 x∗ 1 0

0 0 0 0

 . (3.3)

One can guess that this kind of behaviour of the density
matrix manifest in a sense entanglement decay. To study
this one should invoke entanglement measure. A suitable
one appears to be a concurrence [17], defined as follows.
One takes the matrix

(σy ⊗ σy) ρ∗EI
(x) (σy ⊗ σy) ρ∗EI

(x) (3.4)
and determines its eigenvalues, λa. In this case one finds
the following eigenvalues:

λ0,1 = (1± |x|) and λ2,3 = 0. (3.5)
Concurrence C, the measure of the entanglement, is de-
fined as the maximal value of the two:

C = max

(
0, λ0 −

3∑
a=1

λa

)
. (3.6)

In this case
C = |x|. (3.7)

Therefore, in this case of the phase decoherence of the
two entangled particles initially being in the one of the
Bell states, Eq. (3.2), one finds that their entanglement
decays according to (3.7), i.e. as defined in terms of the
decoherence parameter.

4. Conclusions

The information loss paradox is strongly linked to the
process of evaporation of black holes due to the Hawk-
ing radiation. In some sense it might be then viewed
as entanglement of the particles recorded outside hori-
zon with a diminishing and eventually vanishing interior
of the black hole. There have been proposed variety of
the model treatments of this problem invoking an idea of
stretched horizon, virtual and real qubits existing in hori-
zons vicinity and others (e.g. [18]) (the most recent pro-
posal to remove this paradox, comes from an idea that the
black holes have hair — see [19]). In this paper we have
argued that both entangled particles evolve within their
own environments. Such an evolution might mean “deco-
herence”. We have considered then a simplified model of
a phase decoherence of an initially maximally entangled
(one of the Bell) state(s). This simple example reveals
temporal decays of the entanglement: the concurrence C
may evolve with time from 1 to 0 (complete disentangle-
ment) or to some nonzero limit (partial disentanglement).

However, even this oversimplified example cannot be

regarded as a model of the process of gradual disentan-
glement of a pair of Hawking particles created in the
vicinity of the horizon.

The point is that one member of such a pair must fall
behind the horizon and other one stays in “our” part of
the universe. But then the temporal relation between
them is broken: we could not study the properties be-
hind the horizon. The observer inside the horizon could,
in principle, receive the signals from outer space and may
study the temporal evolution of the concurrence. How-
ever, it is not that observer who finds the information
loss paradox!

Though the qubit-environment coupling appears to be
an obvious source of the entanglement decay, i.e. partial
or complete disentanglement of two members of a pair
of entangled particles, one finds that a naively simple
approach could not be applied for the studies of disen-
tanglement of a pair of Hawking particles. This is due to
the existence of an event horizon in this case. Above pre-
sented set of the problems seems to be interesting enough
to be studied in the future.
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