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Ground-State Spin of Hubbard Ladder Model
with Infinite Electron Repulsion
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We apply perturbation theory and cyclic spin permutation formalism to study the lowest energy states of the
infinite-repulsion Hubbard model on n-leg ladders with alternating values of one-site energies αi for neighboring
rungs. We establish the “ferromagnetic” character of ladder ground-state at electron densities in the interval 1 –
(2n)−1 ≤ ρ ≤ 1 and sufficiently large alternation of one-site energies of neighbor rungs of the ladder. We also show
the stability of this state against the small deviations of the values of αi in contrast to the case of two-leg ladder
formed by weakly interacting neighbor rungs with equal one-site energies.
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1. Introduction

One of the simplest approaches to the study of mag-
netism of itinerant electrons is the Hubbard model
with infinite electron repulsion (IRM). According to the
Nagaoka–Thouless theorem [1, 2], for some type of lat-
tices, the ground state of the one-band IRM with the
one hole in a half-filled band corresponds to the maximal
value of total spin. The Nagaoka–Thouless possibility of
saturated ferromagnetism for several holes in the band
is a delicate issue depending on the lattice structure and
the density of electrons. In our previous works we have
shown that for IRM on rectangular lattice strip formed
by weakly interacting n-site segments (anisotropic n-leg
ladder), there is a cascade of concentration transitions
with regular oscillation of the ground-state spin between
minimal and maximal values due to the creation of mag-
netic polarons [3, 4]. Recently “ferromagnetic” ground
state was found numerically for this model on isotropic
n-leg ladder with the density of electrons per site ρ in the
range 0.8 ≤ ρ < 1 [5].

Our work here is devoted to the study of the ground
state and lowest excitations of IRM on the n-leg ladder
with an alternating value of one-site energies αi for neigh-
boring rungs. For example, αi = 0 and αi = α for odd
and even rungs, respectively. Here we show that at suf-
ficiently large value of α and ρ ≥ 1 − (2n)

−1 the ladder
has the ground state with maximal value of total spin
(i.e. a “ferromagnetic” ground state). Also, we find a
greater relative stability as the interactions between seg-
ments deviate from the α = 0 model considered in [3, 4].

The difference in one site energies αi can presumably
be attained by changes in chemical structure of the lig-
ands, and we believe that our study can be useful to
the design of new nanostructured ferromagnetic materi-
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als based on polymeric complex compounds of transition
metals.

2. Effective spin Hamiltonians

Consider the n-leg ladder formed by L rungs (with the
3-leg ladder shown in Fig. 1) and described by the fol-
lowing IRM Hamiltonian:

Ĥ = P̂
{
Ĥ0 + t2Ĥ1

}
P̂ ,

Ĥ0 =

L∑
i=1

αi

n∑
j=1

∑
σ

â†i,j,σâi,j,σ

+t1

L∑
i=1

n−1∑
j=1

∑
σ

(â†i,j,σâi,j+1,σ + H.c.),

Ĥ1 =

L−1∑
i=1

n∑
j=1

∑
σ

(â†i,j,σâi+1,j,σ + H.c.), (1)

where P̂ is a projector into the space without doubly
occupied lattice sites; αi = α > 0 for even rungs and
αi = 0 for odd rungs; t1 is a matrix element of the elec-
tron transfer between neighboring sites of the same rung,
and t2 is for electron hops between corresponding sites in
neighboring rungs.

Fig. 1. Fragment of rectangular lattice strip formed by
three-site segments with alternating values of one-site
energies.

Let us consider the ladder formed by an even number
L of weakly interacting rungs (with t2 → 0). For a total
number of electrons Ne = nL− L/2, the ground state of
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the projected lattice Hamiltonian (1) corresponds to the
following electron distribution: each even rung is occu-
pied by n − 1 electrons and each odd rung is occupied
by n electrons. At t2 = 0 this state is degenerate with
respect to the configuration of spin variables σ. Weak
interaction between neighboring rungs removes this de-
generacy in second order of PT in t2. As a result, the
effective Hamiltonian describing low energy levels of the
ladder is a sum of terms describing the interactions be-
tween pairs of neighboring rungs. This Hamiltonian can
be derived by cyclic spin permutation technique [4]. For
example, in case of two-leg ladder, formed by L weakly
interacting rungs, it has the form

Ĥeff =

L−1∑
l=1

Ĥl,l+1,

Ĥl,l+1 = J1

(
Q̂k,k+2 + Q̂†k,k+2

)
+ J2,

k =

{
(3l − 1) /2, l odd

3l/2, l even

J1 = t1 (t2)
2
/ [2α (α− 2t1)] ,

J2 = − (α− t1) (t2)
2
/ [α (α− 2t1)] ,

where Q̂i,i+2 is an operator of cyclic permutation of three
spin variables

Q̂i,i+2 |σ1, σ2, σ3〉 = |σ2, σ3, σ1〉 .

According to the extended Nagaoka theorem [1], each
of these terms has the maximal value of the ground
state spin. The component of “ferromagnetic” state of
the ladder Hamiltonian (1) with the maximal value of
the z-projection of total spin (“max-Sz” state) corre-
sponds to minimal interaction energy for each pair of
neighbor rungs. Therefore, at α � |t2| due to the
scalar character of the Hamiltonian (1) the ladder ground
state corresponds to the maximal value of total spin
S0 = (nL− L/2)/2 at electron density ρ = 1− (2n)

−1.

3. Stability of “ferromagnetic” ground state

Let us consider the 2-leg ladder fragment with one “im-
purity” rung having the positive one-site energy ᾱ > α
with total number of electrons Ne = 3L/2 (L is even).
For |t1| � |t2| the lowest energy of the fragment corre-
sponds either: to an electron distribution with empty
“impurity” rung for ᾱ − α > 2 |t1|; or to a distribu-
tion with one electron on an “impurity” rung in case of
ᾱ − α < 2 |t1|. It can be shown that neighbor rungs
interact at second order of PT in t2 to give an effec-
tive “antiferromagnetic” coupling of an empty rung with
neighbor rungs and a “ferromagnetic” coupling for neigh-
bor rungs with one and two electrons. This means that a
2-leg ladder with some “impurity” rungs at electron den-
sity ρ =3/4 has a ground state with the maximal value
of total spin if |t2| << ᾱ− α < 2 |t1|.

As a check on these ideas, we performed an exact di-
agonalization study of the lowest energy states of the

Hamiltonian (1) for ladder fragment with n = 2, L = 4,
Ne = 6, α = |t1| = 1 and |t2| = 0.1 at different values
of ∆α = ᾱ − α. The results of this study are given in
Fig. 2, and turn out to neatly agree with the preceding
analysis.

Fig. 2. The lowest energies ∆E (S) = Emin (S) −
Emin (3) with given value of total spin S of the ladder
fragment at different values of ∆α.

Let us suppose that the finite fragment of the n-leg
ladder with alternating values of one-site energies has
some “impurity” rungs with ᾱ 6= α and total number of
electrons Ne = (2n− 1)L/2. According to PT analysis,
this fragment should have a “ferromagnetic” ground state,
if 4 |t2| cos (π/(n+ 1)) > |ᾱ− α| � |t2|. In other words,
this ground state is stable against weak changes in one-
site energies. The reason for this stability is the local
character of the interactions between rungs of the above
ladder.

In contrast, the ground state of anisotropic ladders
with the same values of one-site energies has a polaronic
character at 1−(2n)

−1 ≤ ρ < 1 [3, 4], and an appearance
of similar “impurity” rungs may destroy the ferromag-
netic spin ordering. Thus, for the ladder fragment with
n = 2, L = 4, Ne = 6, ∆α = |t1| = 1 and |t2| = 0.1, an
exact diagonalization study reveals a ground state spin
S0 = 0 at α = 0 and S0 = 3 at α = 1.

In order to study the effect of donor doping on the
ground-state spin of our ladder model, consider a finite
fragment of n-leg ladder formed by an even number of
rungs with α � |t2| and a total number of electrons
Ne = (2n− 1)L/2 + 1. In this case, there are three
neighboring rungs with 3n−1 electrons. According to [6]
the ground-state spin of this electron system should take
a maximal value. In PT at second order in t2 all other
interactions are carried out between pairs of neighboring
rungs with non-equal electron fillings. These interactions
have a “ferromagnetic” character, too. Thence the ladder
has a maximal value of ground-state spin. Consequently,
the n-leg ladder has a “ferromagnetic” ground state for
electron densities in the interval 1− (2n)

−1 ≤ ρ < 1.
In order to study the effect of acceptor doping on the

ground-state spin of our ladder model, consider the fi-
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nite 2-leg ladder fragment with Ne = 3L/2-1. In the
t2 → 0 limit, this fragment has a pair of neighbor rungs
with two electrons. For such a pair each rung is occupied
by one electron at α < 2 |t1|, and we have one empty
rung & neighbor rung with two electrons at α > 2 |t1|.
These pairs of neighbor rungs interact in second PT or-
der in t2. To describe this interaction, it is convenient
to use cyclic spin permutation techniques for the direct
consideration of the electron hopping processes between
neighboring lattice sites [3, 4]. The corresponding effec-
tive spin Hamiltonians are presented as

Ĥeff = R1Q̂1,2 −R2Î , where{
R1 = R2 = −2 |t1| /G, for α < 2 |t1|
R1 = 4 (t1)

2
/G, R2 = 2α2/G−R1, for α > 2 |t1|

G =
(
α2 − 4t21

)
/t22, (2)

where Q̂1,2 is an operator of transposition of two spin
variables.

For α = 2 |t1| two neighbor rungs occupied by two
electrons interact in first order of PT in t2 whence this
interaction is described by an effective Hamiltonian

Ĥeff =

(
0 Â

Â 0

)
, Â =

t2
2

(
Î − Q̂1,2

)
. (3)

It can be shown that the ground states of the Hamiltoni-
ans (2) and (3) correspond to minimal value of total spin
S0 = 0. As a result, the ground-state spin of the above
ladder fragment is determined by the competition of the
“ferromagnetic” and “antiferromagnetic” interactions of
neighbor rungs. Similar consideration can be given for
infinite 2-leg ladder with electron density ρ < 0.75 and
we may conclude that the “ferromagnetic” ground state
of the anisotropic 2-leg ladder with alternating values of
one-site energies may be destroyed by acceptor doping.

4. Conclusions

We have studied the ground state and lowest excita-
tions of IRMs on n-leg ladders with alternating value
of one-site energies for neighboring rungs by means of
PT in the inter-rung parameter t2. At electron density
1 − (2n)−1 ≤ ρ ≤ 1 and α � |t2| we have found the
“ferromagnetic” ground state of the ladder to be stable.
Further, we have found a stability of this state against
the small deviations of the values for one-site energies.
For a similar anisotropic n-leg ladder with equal one-site
energies these deviations may destroy “ferromagnetic” or-
dering in the ground state.

A general point underlying this work is that electron
permutations restricted to avoid double occupancies can
lead to novel behaviors, which even now are not yet fully
explored.
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