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The universal sequence of the ground states for antiferromagnetic frustrated rings with the odd number of the
local spins s and a single bond defect α described by the isotropic Heisenberg Hamiltonian is discussed. The Lieb–
Mattis energy level ordering in a pentanuclear ring is revealed and the arising magnetisation steps are demonstrated.
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1. Introduction

Recently, magnetic molecules have been one of impor-
tant subjects of investigations due to their potential ap-
plications and some fundamental problems of quantum
spin systems theory [1–5].

In this paper we concentrate on regular rings with an
odd number of identical spins sj = s, 1 ≤ j ≤ n, with one
“defect bond”, i.e. the quantum spin systems described
by the isotropic Heisenberg Hamiltonian

H =

n−1∑
j=1

sj · sj+1 + αsn · s1, (1)

where a real number α gives a relative defect magnitude.
This model Hamiltonian is inspired by research related
to a wide class of chromium-based rings [2–7]. It should
be stressed that for α > 0 such systems are geometrically
frustrated [3, 4, 8, 9] and do not satisfy assumptions of
the Lieb–Mattis theorem (LMT) for n > 3 [4, 8, 9]. We
note that Kahn [11] restricted the notion of frustration
in molecular nanomagnets to the particular cases when
the ground state (GS) is formed by the states described
by two spin quantum numbers S, at least one of them
different from 0. This approach is referred to as the dege-
nerate frustration, since it implies nontrivial degeneracy
of the GS multiplet.

Synthesis of the nanonuclear chromium rings and ana-
lysis of appropriate spin models induced the classification
of frustration suggested in Ref. [3]. The Kahn degene-
rate frustration, present for specific “critical” values of
α > 0, was assigned to the first type of frustration. The
other two types distinguish domains of frustration with
different total spin S0 in the GS: the second type means
S0 < s, whereas the third type of frustration was reser-
ved to the case S0 = s, i.e. when this quantum number
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is the same as in the nonfrustrated domain α ≤ 0. This
classification was based on limited set of data and some
refinements in this simplified schema has been proposed
recently [4, 7].

The LMT not only shows the upper limit S of the total
spin number S0 in the GS, i.e. S0 ≤ S, but for a wide
class of bipartite systems the so-called Lieb–Mattis level
order (LMLO) is observed [10, 12, 13]:

Emin(S + 1) > Emin(S) for S ≥ S, (2)
where Emin(S) denotes the minimum energy in the band
corresponding to a given total spin quantum number S.
The systems considered in this paper are not bipartite,
but performed calculations for many systems have shown
that the LMLO is preserved even when the LMT assump-
tions are violated.

In this paper a survey of main results is given. The
LMLO is described and analysed for the pentanuclear
ring to confirm its validity and its importance in estima-
tion of the defect magnitude α.

2. The ground states sequence

A square of the total spin S2 commutes with the Ha-
miltonian (1), so the total spin number S can be used
to label states. An additional label is provided by sym-
metry of the model considered: the system is invariant
with respect to the reflection in the plane perpendicular
to the defected bond. Therefore, states gain an extra in-
dex r = ±1, which distinguishes the symmetric and the
antisymmetric ones, respectively.

For α < 0 there is the unique GS with the total spin
S0 = s for all sizes n and all spin numbers s. Simple alge-
braic calculations performed in the case n = 3 show that
this state is preserved in the domain 0 ≤ α < 0.5 = α

(1)
c ,

despite of the spin number s > 1/2 [4]. For these values
of the defect magnitude the third type of frustration is
observed. At α(1)

c = 0.5 the first point of the Kahn de-
generate frustration is present [4, 11]. Above this value
the universal sequence of 2s− 1 GS’s with spin numbers
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S0 < s (the second type of frustration) is observed with
2s − 2 critical values α(j)

c , 1 < j < 2s, at which dege-
nerate frustration occurs. Above the last critical value
α
(2s)
c = s+ 1 the third type of frustration is again obser-

ved, S0 = s. For increasing α > 0 the universal sequence
of the total spin numbers S0 is given as

S0 = s, s− 1, . . . ,

{
2, 1, 0, 1, 2

3/2, 1/2, 1/2, 3/2

}
. . . , s− 1, s,(3)

where the upper (lower) row corresponds to the integer
(half-integer) spin number s > 1/2, respectively. This se-
quence starts with the symmetric GS |s,+1〉 and the in-
dex r alternates, so the final GS is labelled as |s, (−1)2s〉.
For s = 1/2 there is the unique critical value α(1)

c = 1,
at which the symmetric |1/2,+1〉 and the antisymme-
tric |1/2,−1〉 states have the same energy. Since the
three-spin system is bipartite for any α [4], so this re-
sult, S0 ≤ s, agrees with the LMT conclusions, but
the sequence obtained provides not only the upper li-
mit S = s, but exact values of S0 in a given domain
α
(j)
c < α < α

(j+1)
c , 1 ≤ j < 2s are determined.

Larger systems, with n > 3, are no longer bipartite but
in all investigated cases the same sequence (with different
critical values α(j)

c , 1 ≤ j ≤ 2s, of course) has been revea-
led [4]. For example, the sequences obtained for n = 5
and s = 2, 5/2, and 3 are illustrated in Fig. 1.

Fig. 1. The total spin S0 in the GS as a function of α
for n = 5 and s = 2, 5/2, 3. The symbols correspond to
critical values of α the degenerate frustration is observed
at. For the half-integer spin s = 5/2 and α = 1 (denoted
by a full triangle) the symmetry of the state with S0 =
1/2 is changed. Note that for α > 1 the values of 1/α
are used.

Hence, these results strongly suggest that for any odd
n and any spin number s there are 2s+ 1 different GS’s
separated by 2s Kahn frustration points characterised
by the enhanced degeneracy [4]. Thus the phenomenon
of degenerate frustration is not so rare as anticipated
earlier [3]. The coordinates of the corresponding level
crossings α(j)

c (1 ≤ j ≤ 2s) for some sizes n and spin
numbers s are exemplified in the supplemental material
to Ref. [4].

For all half-integer spin numbers S the level crossing
of the GS’s |1/2,±1〉 is present at α(s+1/2)

c = 1. This
recovers the anticipated fourfold degeneracy [14], which

is also present if the single-ion anisotropy is included [15].
For integers spin numbers s in the interval α(s)

c < α <

α
(s+1)
c , which includes the value α = 1, the nonmagnetic

GS with S0 = 0 is observed, which has been determined
earlier in some particular cases [11, 14].

3. The Lieb–Mattis level order

The LMT can be directly applied to the system with
n = 3, since it is bipartite for any α or the tetranuclear
cluster [16]. Hence, the LMLO has to be present in this
case. This result can be verified with some simple algebra
(see also Fig. 2). It has occurred that the bipartiteness of
a system is not a necessary condition, since the systems
considered with n > 3 are not bipartite (in a sense of the
LMT), but the order of energies Emin(S) given by Eq. (2)
is satisfied for all S ≥ S0. It means that the differences

∆S = Emin(S)− Emin(S − 1) ≥ 0 (4)
for any α (∆S = 0 at the Kahn degenerate frustration
points with α = α

(j)
c ); as an example plots for n = 3, 5

and s = 2 are presented in Fig. 2 (1 ≤ S ≤ 2n). Note
that there are s = 2 lines with zeros (the lowest ones)
and the 2s = 4 upper lines tends to linear functions with
increasing slopes. The other lines (their number amounts
to (n − 3)s, so they are absent for n = 3) tends asymp-
totically to constant values. The LMLO, determined in
Eq. (2), demands ∆S ≥ 0, but the results obtained sa-
tisfy even stronger condition

∆S+1 > ∆S , S0 < S < ns,

for an arbitrary fixed α. This yields the field-driven
transitions between GS’s with different magnetisation
M → M + 1 in an external magnetic field [4, 7]. The-
refore, characteristic magnetisation steps should be ob-
served and from their positions and widths the defect
magnitude α can be directly estimated. For example,
the cross-sections depicted in Fig. 2 for α = 0.5, 1.3 give
the magnetisation steps presented in Fig. 3, where the
Zeeman term −bM , with b = gµBB, is added to the Ha-
miltonian (1). In both cases the zero-field (b = 0) GS has
S0 = 0 but even in a weak magnetic field these systems
(the values of the parameter α) can be easily distinguis-
hed.

4. Conclusions

The results obtained for many system sizes n and spin
numbers s confirm the universal sequence of the total
spin S0 in the GS and presence of the LMLO. Note that
the upper limit S0 ≤ s is obeyed despite the system size
n. These facts can be easily determined from the LMT
when n = 3, but large rings are not bipartite, so some
other properties of such systems should be considered.
Note that in finite systems under question the third type
of frustration, S0 = s, is always present in the domain
(0, α

(1)
c ) and the 2s “critical” values of the parameter α

determine systems with degenerate frustration.
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Fig. 2. The LMLO in a ring with a bond defect for s =
2 and n = 3 (top) or n = 5 (bottom). The differences
∆S are plotted for S = 1, 2, . . . , 2n from bottom to top.
Irrelevant segments (where S ≤ S0) are omitted. Zeros
of ∆1 and ∆2 are placed at α = α

(j)
c , j = 1, 2, 3, 4. The

dashed-dotted lines denote cross-sections used for plots
of magnetisation steps.

Fig. 3. Steps of the magnetisation M in the ground
state of the pentanuclear ring with a single bond defect
α = 0.5 (dashed) and α = 1.3 (solid). The parameter
b = gµBB includes the Landé factor g, the Bohr mag-
neton µB, and the external magnetic field B along the
z-th axis.

The model of ring-shaped nanomagnets reveals the
LMLO despite the lack of bipartiteness. Moreover, the
exact algebraic calculations (for n = 3) and numerically
exact results (for n > 3) have indicated not only the
LMLO (∆S ≥ 0) but the increasing sequence of these
differences. Hence, the magnetisation plateaus with the
steps of the same height ∆M = 1 are predicted for field-
induced transitions. Since properties of these steps de-
pend on α, then with a large enough external magnetic
field one may distinguish systems with the same total
spin in the ground state, but with different value of the

parameters α. These steps suggest also presence of the
magnetocaloric effect, like in the centred hexagon discus-
sed in Ref. [1]. However, in the systems discussed here
wide plateaus are present in a rather nonphysical domain
of large defect magnitude α.
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