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We investigate exact soliton solutions with nonlinear chirp for the coupled nonlinear Schrédinger equations
with cubic-quintic nonlinearity, self-steepening, self-frequency shift and four-wave mixing. The model governs the
femtosecond pulse propagation in birefringent fibers. We introduce a new ansatz to obtain the nonlinear chirp
associated with the propagating soliton pulses. New chirped soliton pair solutions with non-trivial chirping are
found for the coupled nonlinear equations, illustrating the potentially rich set of solitonic pulse solutions of the model
with higher-order effects. The solutions comprise two types of bright-W-shaped and bright-bright soliton pairs as
well as kink and anti-kink pulses. Interestingly, the bright wave in the bright-W shaped soliton pairs possesses
a platform underneath it, originating from the self-steepening and self-frequency shift effects. The corresponding
chirp associated with each of these optical soliton pairs is also determined. It is shown that the nonlinear chirp is
related to the pair intensity and determined by self-frequency shift and pause self-steepening. Parametric conditions
for the existence and uniqueness of chirped solutions are given.
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1. Introduction

Soliton propagation in nonlinear media is an important
subject that has attracted much interest in many fields of
physics such as nonlinear optics [1, 2], plasma physics [3],
and nonlinear quantum field theory [4]. In a single-
mode optical fiber, the soliton dynamics is described by
the nonlinear Schrodinger (NLS) equation for a scalar
field. It is commonly known that the NLS equation ad-
mits bright and dark soliton-type solutions in anomalous
and normal dispersion regimes, respectively. Soliton can
propagate over a long distance without the amplitude
attenuation and shape change in the uniform nonlinear
fiber under the condition that the group velocity disper-
sion (GVD) balances the self-phase modulation [5]. How-
ever, modeling the propagation of ultrashort (femtosec-
ond) optical pulses cannot be described by using of the
NLS model. It has been demonstrated that when the
pulses are shorter than 100 fs, the higher order effects
in nonlinear media become important, and therefore the
governing equation should still include third-order dis-
persion (TOD), the self-steepening (SS), and the self-
frequency shift [6]. The effect of TOD is significant for fs
pulses when the GVD is close to zero [7]. It is negligible
for optical pulses whose width is of the order of 100 fs
or more, having power of the order of 1 W and GVD far
away from zero [7]. The effect of SS is due to intensity
dependent group velocity of the optical pulse, which gives
the pulse a very narrow width in the course of propaga-
tion [8]. The stimulated Raman scattering is due to the

delayed response of the medium, which forces the pulse
to undergo a frequency shift, known as self-frequency
shift [8]. Notice that various types of exact solitons or
solitary wave solutions of higher-order NLS-type equa-
tions have been studied extensively, both theoretically
and numerically [9-17]. In particular, a new form of soli-
tary wave solution that takes the shape of W was found
for the first time for a single higher-order NLS equation
with third-order dispersions, self-steepening, and self-
frequency shift effects by Li et al. [18]. Another novel
localized solution named dipole soliton, dubbed “dark-
in-the-bright” solitary wave solution has been recently
found for a higher-order NLS equation with non-Kerr
nonlinearity in Ref. [19]. Such solution is obtained us-
ing a soliton ansatz solution composed of the product of
bright and dark solitary waves.

For applications for which polarization effects are im-
portant, one must consider a system of coupled NLS
equations that is generally not integrable [20]. Such non-
linear models possess applications in the study of soli-
ton wavelength division multiplexing, soliton switching in
the birefringent optical fibers, multichannel bit parallel-
wavelength optical-fiber networks, propagation and colli-
sion of the temporal vector solitons in birefringent fibers,
etc. [21]. In realistic optical fibers, no mode is single
due to the presence of birefringence. Indeed, single mode
fibers are bimodal [8, 22].

In recent years, considerable attention has been paid
to the investigation of chirped femtosecond solitons
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propagating in nonlinear optical fibers [7, 23, 24]. Appli-
cations of such objects include pulse compression or am-
plification, optical pulse compressors, and solitary-wave-
based communications links [25, 26]. However, much of it
is confined to propagating scalar fields that are described
by a single higher-order NLS equation. To the best of our
knowledge, vector soliton solutions with nonlinear chirp-
ing for coupled higher-order NLS models have not been
uncovered as yet. Compared with that for the scalar NLS
equation, the case for the coupled models will be more
complicated due to the presence of nonlinear coupling
terms.

In this paper we investigate for the first time to our
knowledge soliton pairs with nonlinear chirp for a sys-
tem of two coupled NLS equations describing the prop-
agation of femtosecond optical pulses in a birefringent
fiber lightguide. We have shown that the coupled NLS
equations in the presence of the quintic nonlinearity,
self-steepening, self-frequency shift and four-wave mixing
term possesses rich solitonic solutions with non-trivial
chirping. The soliton pairs comprise bright-W shaped,
kink and anti-kink, and bright-bright solutions with a
nonlinear chirp which is related to the pair intensity.
The parameter domains in which these chirped solutions
exist are given. The corresponding chirp associated with
each of these localized solutions is also found.

This article is organized as follows. In Sect. 2, we
present the coupled NLS equations considered and the
nonlinear chirp ansatz that is used to determine the
chirping associated with propagating envelope solutions.
Then, we find exact families of soliton pair solutions for
the basic model under consideration in Sect. 3. The cor-
responding chirp associated with each of these families is
also determined. Parametric conditions for the existence
of chirped solutions are given. Finally, we summarize our
findings and give future directions of work in Sect. 4.

2. Model and equations

Consider the following system governing the dynamics
of the coherently coupled orthogonally polarized wave-
guide modes in the Kerr medium:

i1 + aqirr + (Iqll2 +o IqQIQ) o+ Ag3qi =0, (1)

ig2. + agaryr + (o lq1|” + Iqug) @+ Mg =0, (2)

which covers systems (1), (3), and (4) given in Ref. [21].
Here ¢; and ¢o are the complex amplitudes in both po-
larization modes, o is the incoherent coupling parameter
(the cross-phase modulation as well), a is the parame-
ter of GVD, X is the coherent coupling parameter (the
four-wave mixing as well), and * denotes the complex
conjugate. Note that the coherent coupling governs the
energy exchange between two axes of the fiber [21].

As a natural generalization of the above model with
the cubic nonlinearity, we consider the following model
of coupled NLS-type equations with quintic nonlinearity,
self-steepening and self-frequency shift terms:

iqi, + aqirr + s (\q1|2 +o |q2|2) a1+ A5 q;
. 2 2 . 2 2
+w[(\ql| +1|qz| )qﬂ + 10q: (\qll +7’Iq2\)
2 2 2
+0 (Iql\ + I |qe] ) =0, (3)
. 2 2 2 %
quz+aq277+s(0|q1| + |q2] )qz+>\q1q2
. 2 2 . 2 2
+w[(n\qll + 1g2] )qu+15qz (qull + 1g2| )

2

+0 (I lasf +102) @2 = 0. (4)
where 7, 0 and 6 are the coefficients of the self-
steepening, self-frequency shift, and quintic nonlinearity,
respectively.

In the limiting case y =6 = 0 = 0 and s = 1, the sys-
tem of Egs. (3) and (4) transforms into the Kerr model of
Egs. (1) and (2) describing the orthogonally polarized op-
tical waves propagation in a cubic anisotropic nonlinear
medium. Notice that a more general form of coupled non-
linear Schrédinger equation with cubic-quintic nonlinear-
ity (3) and (4) involving the linear coupling terms, third-
order dispersion and other additional terms was proposed
by Radhakrishnan et al. [27]. In Ref. [28], the one-,
two- and three-soliton solutions have been derived for
the generalized coupled nonlinear Schréodinger equations
with cubic-quintic nonlinearity based on the bilinear form
obtained via the dependent variable transformation and
the Hirota method. Furthermore, the Darboux transfor-
mation and soliton solutions for the coupled nonlinear
Schrédinger-typed equations with cubic-quintic nonlin-
ear terms have been recently given [29]. In absence of
quintic nonlinearity and when the effect of third order
dispersion is included and the four-wave mixing term is
replaced by another kind of the Raman contribution, the
unchirped cnoidal and solitary wave solutions of the cou-
pled higher order NLS equations have been investigated
by using coupled amplitude-phase formulation [8].

The most challenging problem is to find various types
of exact soliton solutions with nonlinear chirp to Egs. (3)
and (4). Such a problem is very important in under-
standing widely different nonlinear phenomena arising in
birefringent optical fibers. In the present work, we have
been able to find five families of chirped soliton solutions
for the model under consideration, together with the con-
ditions that specify the parameter domains in which they
exist. Moreover, the nonlinear chirp associated with each
of these solitonic pairs is also determined.

To find chirped soliton solutions of the above model,
we firstly generalize the complex envelope traveling-wave
solutions used in Ref. [23] to the case of two soliton
modes as

q1 (ZvT) = A(g)ei(X(E)ikz% (5)

g2(2,7) = B(£) ! XD, (6)
where A, B and yx are real functions of the traveling co-
ordinate £ = 7 —wuz. Here u is given in term of the group
velocity of the wave packet as u = 1/v. The correspond-
ing chirp is given by dw(7, 2) = — & (x(&) —kz) = —x'(£).
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Substituting the solutions (5) and (6) into Eq. (3) and
separating the real and imaginary parts leads to

EA4uy' A+aA” —ax? A+sA3+ (so+\) AB?—yx' A3

—ynxX'AB*+0 (AS+I'? AB*+2I A’ B?) =0, (7)
and
—uA" 4+ 20A"Y + aAX" + (37 + 20) A2A

+2(yn + 6r) ABB' +ynB*A’ = 0. (8)
Now inserting the solutions (5) and (6) into Eq. (4) and
separating the real and imaginary parts leads to

kB+ux'B+aB"—ax?B+sB’+ (so+)) A>B—yx' B’

—ynx' A B+0 (B®+T?A*B+2I" A> B®) =0, (9)
and
—uB’' 4+ 2aB'Y + aBx" + (3y + 26) B*B’

+2 (yn + 6r) AA'B +ynA®B’ = 0. (10)
To solve the set of Egs. (7) — (10), we introduce the ansatz
X' =p (A +B?) +q, (11)

where p is the nonlinear chirp parameter and ¢ is the con-
stant chirp parameter. Accordingly, the resultant chirp
consisting of linear and nonlinear contributions can be
obtained as
Sw(r,z) = —p (A>+ B%) —q. (12)
The substitution of ansatz (11) into Eq. (8) and (10)
yields four algebraic equations that define the chirp
parameters:
3v+26 u
do0 2« (13)
and give important constraint equations between the
model coefficients as yn + 2dr = 0 and 3y + 20 = 2.
This implies that the parameters J, 7, r and y are not in-
dependent and the propagating chirped soliton pairs are
obtained in the framework of these conditions.

It is very interesting to see that the phase in (11) has a
nontrivial form and has an intensity dependent chirg)ing
term related to the pair intensity I = |q|* + |g2|” =
A? 4 B2, in addition to the linear contribution described
by the last term. Note that one must require p # 0
in (12) in order to obtain nonlinearly chirped soliton pair
solutions for Egs. (3) and (4). In order to ensure this
we select appropriate self-steepening and self-frequency
shift coefficients in (13) so that 3y + 2§ # 0. In the
trivial limit, when p = 0, the expression (12) becomes
independent of the amplitudes A and B, and the resulting
soliton solutions will present a linear chirp.

Now using Egs. (11) and (13) in Egs. (7) and (9), we
respectively obtain

AN — a1A6 —|— CLQAB —|— a3A32 — G,4ASB2

—(l(;AB4 — aﬁA = O, (14)
and
B" — a1B% + a3 B® + a3 BA? — a, B3 A?

—agBA* — agB = 0, (15)

where
o = (20 4 37) (26 —v) — 1600 o — 2a8 — wy
e 16a2 T T2
. 20 (0s+ A) —uyn
3 — 202 )
— (26 4+ 37) (26 + v — 2yn) — 1606
4 — 80[2 )
(26 + 37v) (26 + 3y — 4yn) — 16061
ag = )
162
dka + u?
g = T 402 (16)

Equations (14) and (15) are elliptic-type differential
equations with a fifth-degree nonlinear term. In what
follows, we present, for the first time to our knowledge,
new types of soliton pair solutions with nonlinear chirp
for these equations. We also report parametric conditions
for which these optical solitons exist.

3. Chirped soliton solutions pairs

We note that the finding of exact soliton solutions to
Egs. (14) and (15) is a nontrivial issue. Below we pro-
pose efficient ansétze which are able to determine vari-
ous chirped solitonic solutions for the above equations.
By considering such ansétze solution, we can offer an ac-
curate estimate of the dynamics of chirped solitons in
birefringent fibers such as their rules of evolution and
conditions of existence. Here we have found five types of
soliton pair solutions for these coupled equations. Inter-
estingly, such solutions are derived in the most general
case, when all the coefficients a; (with i = 1,...,6) have
nonzero values.

3.1. Case I

To start with, we propose localized soliton ansétze of
the type

A(§) = p + wy/sech (uf), (17)
B(£) = p — wy/sech (ug), (18)

where p, w and p are unknown parameters to be
determined.

Substituting expressions (17) and (18) into Eqs. (14)
and (15) and equating the equal powers of sech (ug) to
zero yields the following consistency conditions:

— (a1 + as +ag) p° + (a2 + a3) p* —agp =0,  (19)
1

ZUWQ — (5ay + a4 — 3ag) p*w

+ (3ag — as) p*w — agw = 0, (20)
w? (—10a1p® + as + az + 2asp® — 2agp*) =0,  (21)

3

Zwﬁf + (a1 + a4 + ag) w® =0, (22)
w?p (—10a1p* + 3az — az + 2a4p® — 2a6p®) = 0, (23)
pw? (5a; + ay — 3ag) = 0. (24)
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First, one solves Eq. (24) to obtain a necessary condition
for the existence of the above soliton pair solutions as:
5a; + a4 — 3ag = 0. Second, using Egs. (21) and (23), we
find another important constraint equation which must
be satisfied: ay = az. Introducing these conditions into
Egs. (20) — (23), one obtains the soliton parameters p, i
and w as

az
=,/ — 25
P \/4% ~ o0y (25)

2 _ 52
M:Q\/%(aﬁ as) ~ 0 (26)

2a¢ — a4

- i/( 3a2 — 3ag (2a6 — ay) (27)

2&6 — a4) ((11 “+ a4 + CL6) '

Also from relations (25) and (19) the following restriction
is obtained: a2 (7Tag — bas — a1) — 4ag (2a6 — ag)® = 0.
Now because parameter p needs to be positive for the ex-
istence of the solutions (17) and (18), one must choose the
parameters a; to satisfy (2ag — ay) [ag (2a6 — aq) — ag] >
0, as it follows from (26). We also find from (25) that
one must require ag (2a6 — aq) > 0 for the parameter p
to exist.

If we insert the solutions (17) and (18) into (5) and (6),
we obtain new chirped soliton solutions of Eqs. (4)
and (5) of the form

a1(2,7) = [prw/sech (u(7—uz))| e 6Ok (28)

go(z,7) = [p—w sech (p (T—uz))] el(x(©)=kz (99)

which exist provided that the conditions: ~vn + 2§r = 0,
3y + 20 = 2vn, ba1 + a4 — 3ag = 0, as = a3z, and
a2 (Tag — Hay — a1) — 4ag (2a — as)” = 0 are satisfied.

Figure 1a and b depicts intensity profiles of the above
soliton pair for the following values of the model param-
eters: a = 1.6001, s = —2.6885, ¢ = 1, v = 0.30814,
n = 3.98601, § = 0.76604, r = —0.801687, 6 = 0.235207,
u=4.1184, k = —39.431 and I' = Z. To make ay = as,
we set A = 1.1841064. This leads to a bright-type
soliton solution |q1(z,7)|2 that has a pronounced plat-
form underneath it, and an interesting envelope solution
lg2(z, 7)|” that takes the shape of W. Clearly, the inten-
sity profile of the go-soliton is similar with the W-shaped
soliton reported in [18]. However, the solution form is
distinctive from the ones in [18] in having the v'sech-
shaped envelope.

It is also very interesting to see that Eqgs. (14) and (15)
possess another type of bright-W shaped soliton pair of
the form

A(€) = p+wy/sech (4f), (30)
B(€) = —p+ wy/sech (g, (31)

which has the same parameters as those given in Egs. (25)
- (27).

The corresponding associated chirping is obtained by
substituting the solutions (17) and (18) into Eq. (12) as
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Fig. 1. Intensity profile for the (a) bright soliton
|q1(0,7)|? as a function of 7 as computed from Eq. (28)
and (b) W-shaped soliton |g2(0,7)|* as computed from
Eq. (29). (c) Chirping profile of soliton pair as a func-
tion of 7 as computed from Eq. (32). The parameters
are given in the text.

dw(r, z) = =2p (p* + w’sech (1)) — g, (32)
where the first two terms denote the nonlinear chirp that
results from the self-steepening and self-frequency shift,
while the last term accounts for the linear chirp. Fig-
ure lc shows the resultant chirping (32) at z = 0.

3.2. Case II

Now we propose the following soliton ansétze for solv-
ing Egs. (14) and (15) :
A(§) = f + gsech (), (33)
B(§) = f — gsech(ps), (34)
where f, g and p are real constants to be determined by
the physical parameters of the model.
Substituting expressions (33) and (34) into Eqs. (14)
and (15) and equating coefficients of the same powers of
sech? (u&) for j =0,..,5 to zero, we obtain

— (a1 +ag+ag) O+ (az+a3) f2 —asf =0,  (35)
—gu® + (5a1 + aq — 3ag) fg
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+ (a3 — 3as) 29 —agg =0,
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(36)

f9* (—10a1 f? + 3az — az + 2a4f* — 2agf*) = 0, (37)

2g91° + 10a1 f°¢° — a2g® — asg® — 2a4f*¢°

+2a6f2g% = 0, (38)
fg* (5a1 + a4 — 3ag) = 0, (39)
g° (a1 4+ as +ag) =0, (40)

Equations (39) and (40) can be solved to yield the neces-
sary conditions for the existence of soliton solutions (33)
and (34) as: a4 + 2a6 = 0, and a; = ag. Inserting the
condition (40) into Eq. (35), we obtain
ae

feyf (41)
Now substituting the condition (39) and Eq. (41) into
Eq. (36), one can obtain the pulse width u as

2a6 (a3 — CLQ)
= == =7 42
K as + a 42)

By using (39) and (42), Eq. (38) gives

2(16
= ) 43
9=\ &t as (43)

From these expressions, we can see that one must choose
the parameters as, ag and ag to satisfy ag (az + ag) > 0
and ag > ae. Having obtained the expressions for the
pulse parameters f, g and p, we construct a new family
of chirped soliton pair solutions for Egs. (14) and (15) as
follows:

q1(z,7) = [f + gsech (u(r — uz))]  XEOTF - (44)

4s(2,7) = f — gsech (u(r —uz))]e! XOF). (45)
which exist provided all the previous conditions are sat-
isfied [namely, yn+ 26r = 0, 3y+2§ = 2yn, ag+2as = 0,
ay = ag, ag (ag + az) > 0 and az > as|.

The intensity profiles of this kind of soliton pair are
shown in Fig. 2a and b. Here we have used the values:
a = 1.6001, v = 0.30814, § = 0.15407, n = 2, ' = 3,
s =2.6885,0=1,r=-2 60 =—-0.0074175, u = 4.1184,
A =1.1841064 and k = —8.0214725. As seen in these fig-
ures, the solutions (44) of ¢; describes the bright-type lo-
calized wave that has a pronounced platform underneath
it, while the solution (45) accounts for the W-shaped pro-
file of the wave ¢s.

Here the wave for ¢ has the same sech solution form
as for the W-shaped soliton presented in [18]. But the
intensity profile form is distinctive from the one in [18§]
which has an intensity value much higher in the middle
than the one obtained in our case. It should be noticed
that this intensity depends on the chosen parameter val-
ues which must satisfy the necessary conditions for the
existence of the soliton solutions.

The chirp associated with these optical pulses is
given by

Sw(r,z) = —2p (f* + g*sech®(u€)) — q. (46)

Figure 2c presents the typical profile of chirping at
z = 0 for the same model parameters. As seen from

the figure, the chirping for this soliton pair has a maxi-
mum at the center of the pulse and it saturates at a given
finite value as 7 — +oc.

2
3]
—

-04

dw

-08

Fig. 2. Intensity profile for the (a) bright soliton
|q1(0,7)|? as a function of 7 as computed from Eq. (44)
and (b) W-shaped soliton |g2(0,7)|°> as computed
from Eq. (45). (c) Chirping profile of soliton pair as
a function of 7 as computed from Eq. (46). The param-
eters are given in the text.

3.3. Case III

Next we investigate bright-type localized waves using
the ansétze [30]:

A(€) = bysech (uf), (47)

B(€) = basech (ug), (48)
where b; and by are real constants to be determined by
the physical parameters of the model.

Substituting these ansiitze into Eq. (14) and equating
the coefficients of independent terms, one obtains

b1 (1? — ag) =0, (49)
by (—26® + a2b? + asb3) =0, (50)
by (a1b] + asb3b3 + agb3) = 0. (51)
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Now substituting these ansitze into Eq. (15) gives

b (1* — ag) =0, (52)
by (—24° + azb3 + asb?) = 0, (53)
bo (a1b3 + asbib3 + agbt) = 0. (54)

The above set of equations can be readily solved to obtain
the following expressions for the solitons parameters:

N (55)

2
by = 4+by = + 46

—, (56)
az + as
and the condition: ay + a4 + ag = 0. From these expres-
sions it is obvious that ag > 0 and as + az > 0 must be
satisfied for the existence of the soliton pair solutions (47)
and (48). By combining Egs. (5), (6), (47) and (48), we
obtain a chirped soliton pair solutions of the form
q1(z,7) = bysech (u(r — uz)) et X(O=k2) (57)

@2(2,7) = £bysech (p (1 — uz)) e X(E7F2) (58)
which exist provided that yn + 26r = 0, 3y + 2§ = 2vn,
a1 +aq4+ag=0,as >0, and as + ag > 0.

Figure 3a and b display the intensity profiles of the soli-
ton pair solutions g; and g2 at z = 0 for the following val-
ues of the model parameters: a = 1.6001, s = —2.6885,
o =2, v = 030814, n = 3.98601, 6 = 0.76604, r =
—0.801687, § = —0.1174, v = —30.1280, k = —150.2856,
A =1, and I' = 0.4194. These two solitons are bright-
type pulses. We clearly see that the present solutions pair
possess the same intensity profile in both components ¢;
and gs.

The substitution of the solutions (47) and (48) into

Eq. (12) yields the chirp associated with the optical
pulses

Sw(T,z) = —2pbisech? (ug) — q. (59)
The corresponding pulse chirp obtained for the same val-
ues of parameters is shown in Fig. 3c.

3.4. Case IV

Let us now focus on kink type solitons using anséitze
solution of the form [11]:

A(§) = ¢ + rtanh(uf), (60)

B(£) = ¢ — rtanh(uf), (61)
where ¢ and k are real constants to be determined by
the physical parameters of the model.

Upon substituting these expressions into Egs. (14)
and (15) and collecting all the terms of the same power
of sech® (u&) and sech(ué) tanh (u€) for i = 0,2,4, we
can get the algebraic equations

—a1p (" + 100°K> + 56%) + asep (9* + 3K%)
+asp (0* — 57) — aap (9* — K2)°

—agp (@2 + 3&2) (<p2 — I€2) —agyp =0,
10a196> (K> + ¢%) + (a3 — 3az) K

(62)

—2a40K> (¢* — K?) — 2a6pK> (36> — %) =0, (63)
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Fig. 3. Intensity profile for the (a) bright soli-
ton |qi1(0,7)]° as a function of 7 as computed
from Eq. (57) and (b) bright soliton |g2(0,7)|* as com-
puted from Eq. (58). (¢) Chirping profile of soliton pair
as a function of 7 as computed from Eq. (59). The pa-
rameters are given in the text.
or* (5a; + a4 — 3ag) = 0, (64)
26p% — 2a1K3 (KQ + 5(,02) + (ag + a3) K>
+2a4k® (p* — K?) — 2a6k> (/{2 + <p2) =0, (65)
KO (a1 + ay + ag) = 0, (66)
a1k (/14 + 10p%k? + 5(,04) — ask (,%2 + 3(,02)
2
+ask (<p2 — ,%2) + a4k (902 — /{2)
+agk (k' + 29°k* — 3¢%) + agk = 0. (67)

Solving Egs. (64) and (66) yield the necessary conditions
for the existence of the present soliton pair solution:
as + 2a¢g = 0 and a1 = ag. If we insert these conditions
into Egs. (62) and (67), one gets ¢ = . Substituting
this latter relation into Egs. (63), (65) and (67), we
obtain

1 [3az —
o=t L[R2 =08
4 aq

(68)
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o= 1\/((12 - ag) (30,2 - 0,3)’ (69)

4 al

and the constraint of the system parameters:
(3az —ag) (ag +a3) = 16ajas. Notice that the
pulse parameters ¢, x, and p exist provided that
ay (3az —az) > 0 and as > as.

Substitution of the traveling wave solutions (60)
and (61) in Egs. (5) and (6) yields the following dark-
dark soliton pair solutions to Egs. (3) and (4) :

q1(z,7) = [¢ + s tanh (u (7 — uz))] el (X(©)—kz) (70)

@2(2,7) = [p — ktanh (u (1 — uz))] e XE=F2) (71
which exist provided that the previous parametric con-
ditions are satisfied [namely, a1 = ag, a4 + 2a6 = 0,
(3ag — a3) (ag + ag) = 16aiags, a1 (3az —az) > 0 and
as > as.
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Fig. 4. Intensity profile for the (a) kink-shaped soliton
lq1(0,7)|? as a function of 7 as computed from Eq. (70)
and (b) antikink-shaped soliton |g2(0,7)|* as computed
from Eq. (71). (c) Chirping profile of soliton pair as a
function of 7 as computed from Eq. (72). The parame-
ters are given in the text.

Figure 4a and b illustrate the intensity profiles of the
above soliton pair for parameter values: a = 1.6001, v =

0.30814, § = 0.15407, = 2, I' = 3, s = 2.6885, 0 = 2,

r = —=2,0 = —0.0074175, v = 4.1184, A = 1.1841064
and k = —179.599. Clearly, the profiles of the waves ¢;
and ¢o represent the kink-shaped and anti-kink-shaped
soliton pulses, respectively. These pulses may undistort-
edly propagate in normal-dispersion regime under the
constraint as > asz, which is obtainable for a positive
GVD parameter satisfying the condition o > %
The corresponding chirp takes the expression:

Sw(T,z) = —2p [¢* + K> tanhQ(uf)] —q. (72)
Finally, Fig. 4c shows the pulse chirp obtained for the
same values of parameters.

3.5. Case V

Next we consider bright-bright type solutions using the
ansitze [31]:
C1

MO = (73)
I p— (74)

/D3 + cosh(ué)’

where C; (I = 1,2) represents the amplitude of the soli-
tons for the two components ¢q; and ¢, respectively, and
w1 is the inverse width of the solitons in both compo-
nents. Substituting these ansétze into Eqgs. (14) and (15)
and setting the coefficients of the linearly independent
functions to zero leads to

1
—a6024D12 — ZDQ (4&40120221)1 + 4a1014D2
—4D1 (a3022D1 + a2012D2 — a6D1D2)

+3Dop?) =0, (75)
—20,6024D1 + a3022D12 — 2a1C'12D2 + 2(12012D1D2

+2a3C22D1 Dy — 2a6D1% Dy 4 apC1 % Dy?

—2agD1Dy? — a,C12Co? (D1 + Ds)

%DQ (34 D1Dy) > =0, (76)
—a101* — a4C12Co? — agCo® + aC1? Dy + 2a3C5° Dy

—agD1% + 29012 Dy 4 a3C22 Dy — 4ag Dy Dy

—agDo? + i (=3 —4D1Ds + Do*) p*> =0,  (77)

a2012 + a3022 — 2ag (Dl + Dg)

1
+5 (=D1+ Do) p? =0, (78)
—a1C2* D1 — Dy {C2* Dy (a4C1” — azDy) + [a6Cr*
3D 2,2
+D, (—a3C12 + (LGDl)] DQ} - Z H =0, (79)

—20,1024D1 + a2022D12 — 2&6014D2 + 2a3C'12D1D2
+2a2C'22D1D2 - 2a6D12D2 + a3012D22

—2(16D1D22 — a4012022 (D1 + DQ)
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1
—§D1 (3+D1D2)/J’2 =0, (80)
7‘16014 — a4C12022 — a1024 + a3012D1
+2a2C22 D1 — agD1? + 2a3C12 Dy + 2a5Co° Dy

—4G6D1D2 - a6D22
1

+5 (=3+ D1? — 4Dy Ds) pi* = 0, (81)
asCh? + a2C5” — 2a6 (D1 + Ds)

+% (D1 — Do) p* =0, (82)
Cagt ﬂ; 0. (83)

By solving the above equations we can determine the soli-
tons parameters as follows:

1= £2./ag, (84)
a3C’12 + a2022

D, = 3371 T2 85
2 Tag (85)
G/QC% + CL3022
Di=—-—= 86
! 4a6 ’ ( )
Sasaz — 2a3 — 8asas + M /2
Cy=-C , 87
2 1\/ 3a% — 16a1ag (87)

where M? = (—10aga3 + 4a3 + 16asag) — 4(—3a3 +
16a1a6)(48a2 + 4azaz — Tak + 16agag).

Substituting (73) and (74) into (5) and (6), one can
obtain new chirped bright-bright soliton solutions for
Egs. (3) and (4) as

C .
qi(z,7) = 1 el(x(&)—lcz)7 (88)
/D1 + cosh (u (1 — uz))
C .
@(z,7) = 2 el (X(©)=k2) (gg)
/D2 + cosh (u (1 — uz))
which exist provided that ag > 0 and

(16a1a6 — 3a§) [2 (5a2a3 — 2a§ — 8a4a6) + M] < 0.
In this case, the resulting intensity profiles will present
the same shape as the ones derived in case III and the
only difference concerns the maximum value of intensity
which depends crucially on the pulse parameters and
the conditions of existence of solutions.

Then substituting the above solutions into (12), we
find that the corresponding chirping is given by

dw(T, z) = (90)
C? C3
P (Dl + cosh(pé) * Dy + COSh(Mf)) -

4. Conclusion

In this paper, we have investigated the propagation
of chirped femtosecond solitons in a birefringent op-
tical fiber that is described by two coupled nonlinear
Schrodinger equations. The model used involves cubic-
quintic nonlinearity, self-steepening, self-frequency shift

and the four-wave mixing term. After introducing a new
ansatz that includes a novel form of chirping, the so-
lutions were investigated within the framework of a set
of coupled nonlinear ordinary differential equations in-
volving many parameters. Various pairs of soliton so-
lutions including bright-W shaped, kink and anti-kink,
and bright-bright soliton pairs are derived, together with
the nonlinear chirp that accompanied the existing pulses.
The existence domain for the chirped soliton pair solu-
tions has been found in the coupled NLS equations pa-
rameter set. This constitutes the first investigation of the
existence of a variety of interesting soliton pair solutions
with nonlinear chirping in birefringent fibers exhibiting
higher-order effects. The obtained results are of interest,
in particular, for possible chirped-soliton-based applica-
tions of highly birefringent fiber systems.

Future research problems for us include how to ex-
tend the proposed ansatz to find the nonlinear chirp that
accompanied propagating soliton pulses for a set of NV
coupled nonlinear Schrédinger-type equations. It also
remains open how to find chirped solitons for coupled
wave equations describing the interaction of a fundamen-
tal wave and its second harmonic in a quadratic nonlinear
optical medium.
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